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Abstract— We present a formalism for comparing the
asymptotic dynamics of dynamical systems with physical
systems that they model. There is often no need for the de-
tailed (trajectory-wise) comparison of a dynamical system
and the physical system that it models, but only comparison
in statistical sense. For that purpose, invariant measures
are typically considered. But, invariant measures usually
can not be observed directly in an experiment. Thus, we
base our formalism on time-averages obtained from a sin-
gle observable. In particular, we constructively prove that,
generically, a single observable is needed in order to recover
an invariant ergodic measure. Pseudometrics on space of dy-
namical systems can be defined using this formalism in order
to compare their statistical behavior. We also identify the
need to go beyond comparing only invariant ergodic mea-
sures of systems and introduce an ergodic-theoretic treat-
ment of a class of spectral functionals that allow for this.
The formalism is extended for a class of stochastic systems:
discrete Random Dynamical Systems. The ideas introduced
in this paper can be used for parameter identification and
model validation of driven nonlinear models with compli-
cated behavior. As an illustration we provide an example
in which we compare the asymptotic behavior of a combus-
tion system measured experimentally with the asymptotic
behavior of the model that is a stochastic control dynamical
system.

I. INTRODUCTION

This paper is concerned with the issue of comparison of
different dynamical system models of physical systems or
models of physical systems with the system itself. There
are various ways of comparing the behavior of two dynam-
ical systems. All of them involve defining a metric or con-
vergence (of course, once we define a metric we can define
convergence). Within the dynamical systems community,
this lead the investigation of the above issue in the direc-
tion of defining different topologies on spaces of dynamical
systems. The definitions of weak and strong topologies for
automorphism groups are given in [6], [9]. These are based
on the comparison of the action of dynamical systems on
open sets of the phase space, and are effectively require-
ments that the two systems actions be close everywhere.
For example, convergence of a sequence of automorphisms
T; to T in the strong topology means that {7T;} and T co-
incide on a larger and larger portion of the phase space
as ¢ increases. In the context of modeling, the require-
ment that the action of two dynamical systems be close
everywhere is too strong. Consider, for example systems
treated in statistical mechanics. The experimentally estab-
lished relationship PV = RT is recovered by employing a
model consisting of noninteracting particles in a container.

This model is certainly not very close to the real dynam-
ics of molecules of monatomic gases for some regimes in
the sense that their dynamical actions on the phase space
are close. But, they possess the same time-averaged prop-
erties. Another situation of interest occurs when systems
with (formally) infinite number of degrees of freedom are
truncated using e.g. Galerkin method to obtain a finite
system of ordinary differential equations. In this case, only
a proper subset of the initial conditions available for the
infinite-dimensional system can be propagated in time by
the finite-dimensional truncation, and the comparison in
the detailed sense of strong or weak topologies is not pos-
sible. These considerations naturally lead to the study of
asymptotic dynamics of selected trajectories and this ap-
proach was taken in [3], where the stress is on compar-
ing invariant measures. In the case when one of the two
systems has a smaller space of initial conditions than the
other (e.g. Galerkin projections), projection of invariant
measures is used.

While in numerical experiments and analytical work the
full state of a system is an observable, in experiments this is
typically not the case. Usually the value of one observable -
a function on the phase space - is measured. This observa-
tion lead to development of the Takens embedding theorem
[13], [1]. Here we develop a similar approach using time av-
erages of functions. In particular, we constructively prove
that ergodic partitions and invariant measures of systems
can be compared using a single observable. We develop
pseudometrics on spaces of dynamical systems using this
result.

In some contexts though, comparing invariant measures
is not enough. Consider, for example two systems that have
a (geometrically) identical globally attracting limit cycle,
but on the limit cycle of the first system the dynamics is
given by 6 = wy and on the limit cycle of the second system
the dynamics is given by 6 = ws, where wy # wo. While
these two systems have identical invariant measures sup-
ported on the same geometrical object, their asymptotic
speed is different. We propose here a formalism based on
harmonic analysis that extends the concept of comparing
the invariant measures. We show that information beyond
that obtained using time averages can be acquired by tak-
ing harmonic averages if the system has a factor that is a
rotation on the circle.

Both the concepts of invariant measure and the harmonic
average formalism developed here are related to spectral



properties (in particular, the point spectrum) of the so-
called Koopman operator U, a linear operator that acts on
functions on the phase-space [7]. We stress that in this con-
text questions of identification or validation of asymptotic
properties of nonlinear finite-dimensional systems with
complex dynamics is transferred to questions of identifi-
cation or validation of a linear, albeit infinite-dimensional
Koopman operator. Here we analyze only the point spec-
trum of that operator. Our hope is that some of the meth-
ods developed in control theory of linear systems can be
used to study these issues further.

II. COMPARISON OF LONG-TERM DYNAMICS: ERGODIC
PARTITIONS AND INVARIANT MEASURES

A. Invariant measures from a single variable

We are going to consider a dynamical system in discrete
time defined by

zip1 = T(x;),

yi = f(21), (1)

where i € Z, v; € M, T : M — M measurable and f a
smooth real function on a compact Riemannian manifold
M endowed with the Borel sigma algebra. Every dynam-
ical system on a compact manifold possesses an invariant
measure ;. We call the function f* the time average of a
function f under T if

* : 1 = %
f*(x) = lim — ;f(T z)

almost everywhere (a.e.) with respect to the measure p on
M. The time average f* is a function of the initial state .
The operator Py : L' — L' such that Pp(f) = f* is called
the time-averaging operator. Note that by Birkhoff’s point-
wise ergodic theorem [9], f* exists a.e. for every function
feLY(M).

A partition ¢ of M is defined to be a collection of disjoint
sets DS, where « is some indexing set, such that u(%‘JDa) =
w(M) (see [10]). A product ¢\/ A of two partitions ¢, A
is a partition into sets Dgoy N = D; N Dg i.e. sets that
are intersections of elements of the two partitions. For
a finite or countable product ¢ of partitions (;, we write
¢ =V, G- The key object in our considerations is partition
of the phase space into sets on which the time-averages are
constant, i.e. into level sets of f* :let f be a continuous
function on M. The family of sets C,,a € R such that
Co = (f*) () is a (measurable) partition of M. We
denote this partition by (y and call it the partition induced
by f.

Every partition (; splits the phase space into sets on
which the time-average of f is constant. It turns out that
for continuous f the measure zero set on which f* is not
defined is independent of f [8] when M is a compact metric
space. For our purpose, the key partition associated with
a dynamical system T is its ergodic partition: partition of

the phase space into sets D on which 7T is ergodic. More
precisely, the ergodic partition (., of M under 7T is a parti-
tion into sets D, such that on each set D, there exists an
ergodic measure pp, such that

L KD, (Da) = 17

2. For every f € LY(M), f*(x € Do) = [}, fdup, a.e.
with respect to pp, and

3. For any invariant measure j, and any measurable set B,

u(B) = /M i o) (B)dis(),

where D, () is the element of the partition such that = €
D,,.

Our goal is to use time averages obtained from a sin-
gle observable to construct the ergodic partition and thus
allow for reconstruction of the ergodic partition from ex-
periments.

Theorem II.1: Let M be a compact Riemannian mani-
fold of dimension m. Let {/2 > |f| and k;,i € N a se-
quence of continuous periodic functions in C([—1/2,1/2])
that is complete. Consider a countable set of functions
Fivrosipg sy = Kir (f) - Ki, (foT) - By, (foT?™) (where
i1,%2, ..., domt1 € Nyi; # 4 for any j # k). Then, for
C"™,r > 1 pairs (f,T) it is a generic property that the er-
godic partition of a dynamical system 7" on M is

o=V

(2R

i 241
2m+1

The essence of the above result is the following. When M
is a compact Riemannian manifold, we only need to exhibit
a dense countable subset of continuous functions in order
to find the ergodic partition. Such a subset is going to be
provided by compositions of (2m+1)—products of complete
set of continuous periodic functions on R of period [ with
a generic observable f, i.e. we only need to compute the
time-averages of functions

K’Zl(f(x)) ’ '{’iz(f OT(I)) T K/i27n+l(f Osz(x))'

For example, the set of products of functions
sin(2Ena), cos(3Emx), 3+ where none of the integers m,n
in the product are the same is a complete set in C(B).
The same results hold for systems not defined on compact
spaces, but whose attractors are compact sets that are not
necessarily manifolds. The extension of Takens theorem for

this case can be found in [11].

B. Pseudometrics

According to the above description, the asymptotic dy-
namics partitions the phase space into invariant sets. A
sequence of numbers [ is associated with each set in the
partition. We can base different pseudometrics on spaces of
dynamical systems by using the partition. Let 1 be a mea-
sure on a compact metric space M. We are going to call
systems for which f* exists for every f € L'(M) B-regular
[4].

Definition II1.1: Let T; and T be two continuous, B-
regular transformations on M. Then

d*(1y,T3) :feﬂé%[)lpﬂ(f) — Pr,(f)l, (2)



is called the asymptotic distance between T} and T5.

Example II.2: Consider T}, T» : R? — R? for which all
trajectories tend to S' € R? but the dynamics of T2 on St
is given by 8 — 6+ o 2 where both o and ay are irrational.
The pseudodistance d*(T},T2) = 0. On the other hand, if
«p is rational, the pseudodistance is nonzero. This topology
is "almost discrete” but with the difference that equivalence
classes of transformations with the same statistics are formed.

It was shown in [4] that even if a sequence of transfor-
mations {T;} converges to T in the strong topology, T' does
not need to be B-regular. Thus the strong topology does
not provide a good setting to compare statistical proper-
ties of systems. But even (2) might not be too useful for
comparing the statistics: on one hand it does not distin-
guish between the systems having very different dynamics
but equal statistics like in the example (I1.2), and on the
other hand it distinguishes between the systems described
in the following example:

Example I1.3: Let Ty : 611 = /\0?{ and 15 :
M5 + € where 01,05 € S* and A < 1. Also, let fo(x) =
1/2, fap—1(z) = sin(nz), fo,(z) = cos(nz) be a complete
set of functions in S'. The first system has an asymptot-
ically stable fixed point at €; = 0 and the second one at
02 = €/(1 — X). The pseudodistance d*(Ty,72) > a > 0
for €, = 1/m (ie.e. ais a lower bound on the pseu-
dodistance) as sin(nx) is equal to zero at zero and |sin(n
€/(1—=A))| =b>a >0 for some n and small a.

i+1
02

As shown in the above example, two systems that have
attractors that are very close in space can be distant ac-
cording to d*. Thus we come to the point where we define
a very natural distance between two systems when we are
only interested in matching the asymptotic dynamics on
some scale: choose a finite number of functions (i.e. intro-
duce a cut-off) on the phase space and compare the statis-
tics on those. The pseudodistance between 17,75 relative
to a function f : M — R is defined as

d}(Ty, Tz) = |Pr,(f) = P, (f)]; (3)

The most important property of d} that it renders systems
that have ”close” attractors "close”. In example (IL.3),
making € smaller would make T converge to T; in d} for
any smooth f. Obviously, the sum of any number of pseu-
dometrics is a pseudometric. In a specific problem, it is
typically easy to identify the important f’s. In our ther-
modynamic example from the introduction it can be the
energy of the system. In the case of oscillators, it will be
the amplitude of oscillation, etc. The pseudometric (3) is
still not entirely satisfactory, as it looses all the ” timescale”
information about the system. For example, all the irra-
tional rotations on the circle are again identified, as in ex-
ample IL.2.

To treat this problem, we need to extend our formalism
to include additional spectral information, and we do so in
the next section.

III. COMPARISON OF LONG-TERM DYNAMICS:
HARMONIC ANALYSIS

In the previous section we have introduced the opera-
tor Pr: f — f*. Note that f* is an eigenfunction corre-

sponding to eigenvalue 1 of the so-called Koopman operator
U: L' — L', which is defined by

Uf(x) = foT(),

as f* is constant on orbits i.e. Uf*(z) = f*(z). The op-
erator Pr can be considered as a member of a family of
operators Py,

n—1
PE() = [ = lim =3 279 (19 (a),

=0

where Pp = P%.

Example I11.1: Consider the maps 17,1 : R? — R? for
which all trajectories tend to S' € R? but the dynamics of 11,2
on St is given by 8 = )+ o where both ; and as are irra-
tional. The pseudodistance d% (T1,T>) = 0 for any continuous
(or even L1) function f. In this case j“ilt(em”g) = 0 for all
w €St w # ay, while j“izt(eizﬂe) =0 for all w €St,w # ay.

Like the time-averages, the functions f also play an
important role in the spectral analysis of U: they are the
eigenfunctions associated with eigenvalues =27 :

n—1
* . 1 1 2T jw 741
Ufale) = Jim 5 37 e FI ()
7=0
. e .
_ e—sz.u lim — Z 6127T(]+1)wf(Tj+1 (LE))

n—oo N, "
Jj=0

_ e—iQTrwf‘: (LE)

That the averages required in the definition of P% exist
almost everywhere was proven by Wiener and Wintner for
measure-preserving systems [14]. It is easy to deduce using
methods in [14] that this is true for all B-regular T’s, as the
existence of harmonic averages depends only on the exis-
tence of certain autocorrelations which in turn depends on
the existence of time-averages of functions. Pj is nonzero
only on a countable set of w’s (Lemma in section 4 of [14]).
But, when it is non-zero, it can provide substantial new
information about the process that we are studying.

It is easy to show that eigenfunctions of U can only be
of the form fJ: in fact a nonzero Py is the orthogonal
projection operator onto the eigenspace of U associated
with the eigenvalue e~%27«,

A. Harmonic analysis and ergodic partitions

We would like to know when does the analysis of P¥(f)
bring in new statistical information about 7" over what we
already know using the ergodic partition method. This

can be answered using the product IT : M x St — M x
S (z,0) = (T'(x),0(0)) of T and a rotation © : S* — S1



given by § — 6+w. Consider functions h(z, ) = €7 f(z) :
MxS'—C. As b, =0+ jw,

n—1
B*(2,0) = lim = 3 2055 {(T9 (1)) = 20 Py (1),
n—oo n =
and the issue of the properties of Py/(f) is equivalent to the
properties of time averages under II of functions on M x S*.

The study of II leads to the following more general ques-
tion: given two transformations 77 : My — My and 15 :
Ms — My, how is the ergodic partition of T xT5 : My x My
— My x Ms related to ergodic partitions of T, 757 Assume
that A, B are sets in ergodic partitions of 17,75, respec-
tively. It is certainly not true that 77 x 7% is ergodic on
A x B: consider, for example the cyclic group Co = {—1,1}
under multiplication with the measure assigning weight 1/2
to each element. While translation by —1 is ergodic on Cy,
translation by (—1,—1) is not ergodic on Cy x Cs. On the
other hand, it is easy to show that no set in M; x Ms that
is not a subset of some A x B, where A, B are sets in er-
godic partitions of 77, T3, respectively, is an element of the
ergodic partition of Ty x T5:

Lemma II1.2: Let C' C My x My be such that C & Ax B
where A, B are sets in ergodic partitions of 17,75, respec-
tively. Then C ¢ ¢11<12,

Thus, A x B is a superset for an element of the ergodic
partition of 77 x T,. It is an element of the partition if
Ty x Ty is ergodic on it. We now return to our original
question of the ergodic partition of II, or rather the ques-
tion of when PY¥(f) bring us statistical information over
that provided by the time-averages. Because of the pre-
vious lemma, we know that we can restrict attention to a
set A on which T is ergodic. Specifically, we ask whether
there is a partition of A that contains new statistical in-
formation associated with P¥(f). It turns out this is the
case when there are eigenfunctions of U that are associated
with complex eigenvalues. In the following we relate these
eigenfunctions with rotating factors of the map 7. Recall
that existence of a factor S : B — B of T is established
by proving that there is a measurable factor map (or ho-
momorphism) F : A — B such that FoT = So F a.e.
and p(F~Y(E)) = v(E) for all measurable E, and mea-
sures u, v, where T preserves p and S preserves v. We have
the following

Proposition III.3: Let h, : A — C be a non-constant
eigenfunction of U associated with the eigenvalue e %27,
Then h,, is a factor map and 7" has a factor that is a rota-
tion on a circle with frequency w. Conversely, if T" admits
a factor map to rotation on the circle by angle w then there
is an eigenfunction of T associated with eigenvalue e %27,

Corollary I11.4: Let A be a set in the ergodic partition
of T. P¥(f) is not constant on A for every f: M — C if
and only if 7" has a factor that is a rotation on the circle
by an angle 27w.

IV. STOCHASTIC SYSTEMS

The above theory can be extended to stochastic systems.
We will present the application of the above ideas to a

stochastic system in the next section and we provide the
theoretical framework and relevant results here.

A. Introduction and set-up

For our purpose, the most convenient context in which
to analyze stochastic systems is that of Random Dynam-
ical Systems (RDS) [2]. We will work with the Discrete
Random Dynamical System (DRDS)

wiy1 = T(xi, &),
gi—‘rl - 5(51)7
yi = f(ax;)

where ¢ € Z,x € M a compact Riemannian manifold, £ =
{L,671,609 ¢ ..} € NZ ie. &9 € N, where N is a compact
Riemannian manifold endowed with a probability measure
p that is absolutely continuous with respect to the Lebesgue
measure on N. The product space N” is endowed with the
standard product measure 2. S is the shift transforma-
tion S{...,671,€0 &1 .} = {..., &Y, ¢4, €2 ...}, We consider
observables f : M — R or C,f € L*(M). We denote
Tg(x) =T¢, 0...0Tg, where T, (z) = T'(,&;). We assume
that T¢(x) is C",r > 1 in « for every £ € N. With some
abuse of notation, we will call the above DRDS T'. A prob-
abilistic measure p on M endowed with the Borel sigma
algebra is invariant for measurable 7" iff

Elu(T™"(B,¢€))] = u(B)

for every measurable B where E[u(T 1(B,£))] =
Sz (T~1(B,£))dQ(€). The analogue of the Koopman op-
erator is the stochastic Koopman operator Us : L™(M) —
L (M) defined by

Usf =E[f o T(x,)],

where B[foT (z,&)] = [yz foT (x,&)dQ(E). The expectation
of the time-average of f under T is given by

(4)

1 n—1 ]

Ef*(z) = lim — Uf(x). 5

(0) = Jim, 3 021(c) (5)
The partition of M into level sets of Ef* is denoted by
(r. An ergodic measure on M is a measure p such that
Ef*(z) = [,, f(x)du(z) a.e. on M for every f € L>(M).
The ergodic partition (. of M under 7T is a partition into
sets Dy such that on each set D, there exists an ergodic
measure (p, such that
L KUD, (Da) = 17
2. For every f € LY(M),Ef*(x € D,) = Ip, fdup, ae.
with respect to pp, and
3. For any invariant measure j, and any measurable set B,

n(B) = [ o) (B)dn(e).

where D, () is the element of the partition such that z €
D,.



B. Ergodic partitions and invariant measures

To state results equivalent to Theorem II.1 we need to
use a stochastic version of the Takens embedding theorem.
This has recently been provided in [12] (see e.g. Theorem 7
there). In particular, assume that NN is a compact manifold
and p absolutely continuous with respect to the Lebesgue
measure on N. For generic, C",r > 1 (f,T) and almost ev-
ery £ € N”, the map e : M — R?™+1 given componentwise
by e(z) = (f(z), f(Tex), f(Tgm), - f(Tgma:)) is an embed-
ding and thus e(M) is a compact submanifold of R2™+1,
Again, it is then necessarily contained in a sufficiently large
box B of side length l¢ > 2maéx\f oT(x,&)| centered at the

Z,

origin of R#™+1 We can regard B as a torus T?"1 i.e. the
embedding e can be regarded as a map e : M — T?™+1,

Theorem IV.1: Let M be a compact Riemannian mani-
fold of dimension m and N a compact manifold of dimen-
sion n endowed with a measure p that is absolutely con-
tinuous with respect to the Lebesgue measure on N. Let
ki,t € N be a sequence of continuous periodic functions in
C([—l¢/2,1¢/2]) that is complete. Consider a countable set
of functions fil,---viz,,bﬂ = ki, (f) Ka,(fole) ... Ky, (fo
Tgm) (where 41,12, ...,%9m+1 € N,i; # iy for any j # k).
Then, for almost every &, for C",r > 1 pairs (f,T) it is a
generic property that the ergodic partition of a C",r > 1
DRDS T on M is

Ce=VnN \/

oty

where V = {x € M[E(E(f* o T'(z,€)) # Ef*(z)) is of
measure 0 with respect to every invariant measure of 7.

In the proof the stochastic version of the Takens embed-
ding theorem proven as Theorem 7 in [12] is used.

Chiy.

, )
tam1

C. Harmonic analysis

The family of operators EP,

n—1
EPY =Ef’ = lim — E Erjer f (T
T(f) fw nl nj=06 sf( (CL‘))7

plays the role analogous to the family Py in the determin-
istic case.

The system (4) can be also regarded as a control system
(see e.g. [5]). When we consider & as a control input, the
whole ergodic partition on M x N% becomes an interesting
object to study. For the discussion of invariant measures
in this direction, see e.g. [2].

Now we turn to practical considerations. The concepts
defined above allow us to propose procedures for identifica-
tion of parameters of complex nonlinear systems. We dis-
cuss these methods and apply them to experimental data
from a combustion experiment in the next section.

D. Probability histograms

The rigorous results stated above suggest that we should
take the time-averages of a complete set of continuous func-
tions to study the properties of invariant measures. In ap-
plications such as analysis of experimental data, what is

typically available is probability histograms. Here we show
that these involve a similar construction to the one pro-
vided above, a composition of (discontinuous!) functions
k;j : R — R with an observable g : M — R.

In the context of chaotic dynamical systems the proba-
bilistic approach is often taken and a system is described
in terms of a histogram of a specific function g on the
phase space. Let b be the bin size for the histogram
and z; € R, j € Z a sequence of numbers such that
zjy1 = zj +b. By the histogram we mean a step func-
tion, constant on every interval I; = (z; — b/2,z; + b/2):

n—1

.1 ; .
HE () = Tim =3 0 g(T'(2) = (),
=0

where © € M. HgT(Ij,;z:) tells us the proportion of time
the time-series spends in the interval I;. The function &;
is the characteristic function on the interval I; = (z; —
b/2,2z; +b/2),ie. kj(u) =11if z; —b/2 <u < z; +b/2 and
zero otherwise. If T is ergodic, H is the same function for
almost every initial condition x. A possible pseudometric
for ergodic systems would be

d(Ty, o) = 3 [ Hy (1) = H (1)

where the sum is over some finite set of j’s.

The lesson learned from the rigorous study is that we
should take time-averages (i.e. histograms) of products of
(k; 0 g(T%(z)) where i = 0,...,2m, and include them into
the pseudometric. The appropriate experimental proce-
dure would be to 1) Get the data from observable g, 2)
Determine the dimensionality m of the system using the
appropriate embedding theorem, 3) Formulate the model
of the same dimension 4) Formulate the histograms of
products of k; o g(T%(z)) for experiment and model 6)
Compare these histograms in some metric.

Ezxample IV.2: Probability histograms for correlated pro-
cesses. As mentioned above, one of the common ways of
comparing behavior of two systems with complex behavior
is taking histograms for a single observable. To show the
dangers of this approach when the dynamics of the system
is not completely decorrelated and usefulness of the Theo-
rem II.1 in this context, consider two systems having limit
cycle attractors in the delay phase space shown in figure 1.
Both of the limit cycles are elliptical, one of them having its
major axis aligned with the axis z;, the other with z5. The
dynamics on both limit cycles is assumed to be symmetric
with respect to both z; and 25 axis and thus the probability
histogram of f (denoted by p(f) in figure 1) is the same
for both systems. However, let x4 be the indicator func-
tion on the interval (0,1). Then sy (f) - k+ (f o T) is the
indicator function for the upper right quadrant of the box
of side [ shown in the figure 1. Clearly the amount of time
that these two systems spend in the upper right quadrant is
different and thus the time average of this product function
reveals the difference in the invariant measures supported
on the limit cycles.
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Fig. 1. Two different limit cycles give the same histogram of f.
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control phase.

Fig. 2. From the top to the bottom: Control phase, pressure and
frequency data. Control phase ramp experiment. Estimates of
magnitude and frequency of pressure oscillations are shown. Un-
controlled mean magnitude level is indicated by the solid line in
the second figure from top.

V. ANALYSIS OF EXPERIMENTAL DATA

In this section we present an example of using a finite
number of functionals evaluated on trajectories to identifi-
cation of parameters of a model describing a United Tech-
nologies Research Center combustion rig operating close
to an unstable condition associated with a low equivalence
ratio. In an experiment a feedback loop has been closed
around the combustor with a phase-shifting controller. The
control phase has been varied and a time trace of pressure
has been recorded. As the phase varies, both attenuation
and excitation of the pressure oscillations have been ob-
served. A simple model of the controlled combustion pro-
cess consists of a linear plant, controller, a saturated ac-
tuator, and a driving broad-band noise disturbance. The
linear model of the system has been identified from an ex-
perimentally obtained frequency response. The model has
a form of a lightly damped 2nd order system with delay.
An analysis of the linearization of the system at the origin
indicates that the linear eigenvalues of the closed-loop sys-
tem can be moved away or towards the imaginary axis on
the complex plane. In particular, it is possible to move the
eigenvalues to the right-half plane. In this case, the oscilla-
tions would grow and settle on a limit-cycle, as the actuator
saturation prevents an unbounded exponential growth. As
one adds the strong driving disturbance in the model, an
exact analytical study of the behavior of the system is no
longer possible. One can still run a numerical simulation

fle rb0p19.
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Fig. 3. From the top to the bottom: Control phase, pressure and
frequency data. A control phase ramp obtained from a model
simualtion.
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Fig. 4. The block diagram for system model.

and compare the results with experiment. By adjusting
the noise level and the value of delay one can qualitatively
reproduce the results of the phase ramp experiment in a
simulation.

In what follows the delay in the plant and the noise
level will be varied to match the results of experiment with
closed loop control for several values of control phase. We
will define a measure of a good fit by evaluating several
long term statistics and combining them with some weights
into a one number. For comparison, we also show the phase
portraits of the embedded dynamics and find that the pa-
rameter values chosen based on pseudometrics ideas result
in a good correspondence between the corresponding phase
portraits.

For each of the eight values of the control phase from
the set (-165, -120, -75, -30, 15, 60, 105, 150) (in de-
grees) we chose a time interval containing about 0.5 sec-
onds of pressure data (1024 samples of pressure sampled at
2000Hz) corresponding to a constant control phase. Figure
2 shows the experimental results of the control phase ramp
experiments where for different control phase values, pres-
sure, mean pressure and frequency are shown. In figure 3
the same data for the model represented in diagram 4 are
shown. In figures 5 and 6 we show the time traces, phase
portraits, distributions, and PSDs of pressure for control
phase # = —30 and 6 = 150 from experiment and from
model simulations for delay 7 = 0.006 and for two diffrent
values of the noise level: ¢ = 1 and ¢ = 3. The con-
trol phases § = —30 results in a supression of the pressure
oscillations. The corresponding closed-loop model is a sta-



Fig. 5. From the top to the bottom: Time traces, phase portraits,
distributions, and PSDs of pressure for control phase 6§ = —30.
Left: from experiment. Middle: from model simulation with 7 =
0.006 and o = 1. Right: from model simulation with 7 = 0.006
and o = 3.

i
i

Fig. 6. From the top to the bottom: Time traces, phase portraits,
distributions, and PSDs of pressure for control phase § = 150.
Left: from experiment. Middle: from model simulation with 7 =
0.006 and o = 1. Right: from model simulation with 7 = 0.006
and o = 3.

ble, noise driven system. On the other hand, the control
phase 8 = 150 results in an enhancement of oscillations.
The model analysis without noise predicts a limit cycling
behavior. To visualize the discrepancies between the data
from the model simulations and from the experiment, we
present the PSDs and distributions of pressure from both
models (darker line) on the same plot with the experimen-
tal PSDs and distributions (lighter lines) in figures 7 and
8. We can see that the lower value of the noise in the
model leads to an underestimation of the pressure oscilla-
tion level in experiment for both control phases. We also
observe that the distribution of pressure in the data from
the high noise model simulation resembles the one from
experiment better than the data from the low noise model
simulation.

To quantify the discrepancies of the data from experi-
ment and model simulations we would like to choose some
quantities that describe the average frequency of the oscil-
lations, the average size of the oscillations, and somehow
distinguish a noise-driven limit cycle from a noise-driven
stable system. With this goal in mind, for each time in-
terval corresponding to a given control phase 6 we calcu-
lated the following measures of the long term statistics: 1)
The mean frequency of the pressure oscillations. 2) The
standard deviation of the frequency pressure oscillations.
(Remark: Both of these are related to spectral properties
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Fig. 7. Comparison pf PSDs and distributions of pressure for control
phase & = —30. Light lines: from experiment. Dark lines: from
model simulation.Left: for 7 = 0.006 and o = 1. Right: for
7 =0.006 and o = 3.
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Fig. 8. Comparison pf PSDs and distributions of pressure for control
phase 8 = 150. Light lines: from experiment. Dark lines: from
model simulation.Left: for 7 = 0.006 and ¢ = 1. Right: for
7 =0.006 and o = 3.

discussed in section IIL.) 3) The standard deviation of the
pressure signal. 4) The ratio of pressure measurements in
the interval [—s/2, s/2] to the number of all pressure mea-
surement in a given time interval. (Remark: 3) and 4) are
pseudometrics based on the pressure signal histogram.) In
the sequel we will refer to these measures as the long term
statistics.

A measure of a discrepancy of the statistics from experi-
mental data and model simulation was obtained by taking
the absolute value of the difference of the statistics and di-
viding it by the value of the statistic for the experimental
data. A mean value of this relative measure for all eight
control phases is called in the sequel a relative error for a
given statistic. This relative error is a pseudometric in the
sense of the theoretical part of this paper.

From the four relative errors we construct a total error
measure by adding the four relative errors with the follow-
ing weights: 1)The weight for the mean frequency of the
pressure oscillations: 0.3. 2) The weight for the standard
deviation of the frequency pressure oscillations: 0.1. 3) The
weight for the standard deviation s of the pressure signal:
0.4. 4) The weight for the ratio of pressure measurements
in the interval [—s/2,s/2] to the number of all pressure
measurement in a given time interval: 0.2.

In figure 9 we present comparison of the long term statis-
tics from experiment and model simulation for 7 = 0.006,



Mean frequency of pressure signal, relative error 0.0055018
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control phase
Standard deviation of mean frequency, relaiive error 0.18344
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control phase, total weighted relative error, 0.09321

Fig. 9. Long term statistics from experiment and model simulation
for 7 = 0.006, o = 3.

o=3.

The values corresponding to the lowest total relative er-
ror of 0.09321 are 7 = 0.006 and o = 3. The corresponding
embedded phase portraits are shown on the right in figures
5 and 6. It is seen that the comparison with experimental
phase portrait, shown on the left of the same figures, is
quite good.

VI. CONCLUSIONS

In this paper we presented some ideas that serve as a
framework within which model validation and analysis of
nonlinear and/or stochastically driven systems can be done.

Practitioners of experimental and numerical analysis of
dynamical systems have found great use of Takens embed-
ding theorem type results. But, embedding methods are
often supplemented by statistical considerations such as
analysis of probability density functions and spectral anal-
ysis. This is specially the case when data is polluted by
noise. Here we linked Takens embedding type results with
ergodic theory analysis to provide an ergodic-theoretic un-
derstanding of probability density and spectral data, both
for deterministic and random dynamical systems.

Following the premise that time averages of certain func-
tions on the phase space of a system can be easily ob-
tained experimentally, while complete invariant measures
are hard to observe, we have studied the relationship be-
tween the two. We have also argued that invariant mea-
sures do not describe (even in the sense of statistics) every-
thing we would like to know about the asymptotic dynam-
ics of systems. We introduced a family of operators on the
space of functions and discussed how the question about
the difference of asymptotic dynamics can be transformed
into a question on the behavior of this family of operators.
Based on this, we introduced pseudometrics on the space
of dynamical systems that split this space into equivalence

classes of systems having the same (in the sense of the cho-
sen pseudometric) asymptotic dynamics. We presented an
example in which this formalism is used to optimize pa-
rameters of a model of a combustion experiment.

We stress that questions of identification or validation
of asymptotic properties of nonlinear finite-dimensional
systems with complex dynamics are in this approach trans-
ferred to questions of identification or validation of a linear,
albeit infinite-dimensional Koopman operator. Our hope is
that some of the methods developed in control theory of
linear systems can be used to study these issues further.

On the practical side, we provided a constructive method
for obtaining relevant statistics from experiments. This
method depends on a choice of a particular complete set
of periodic functions on an interval. While this choice is
irrelevant from the perspective of the theory, as any choice
of a complete set will give all of the required statistical
information, the practical issues arising from this are nu-
merous. For example: which complete set do we choose in
order to obtain approximate (finite data, finite set of func-
tions) results that are optimal in some sense? We hope to
resolve some of these questions in future studies.
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