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Devwudfw� Zh suhvhqw d irupdolvp iru frpsdulqj wkh
dv|pswrwlf g|qdplfv ri g|qdplfdo v|vwhpv zlwk sk|vlfdo
v|vwhpv wkdw wkh| prgho1 Wkhuh lv riwhq qr qhhg iru wkh gh0
wdlohg +wudmhfwru|0zlvh, frpsdulvrq ri d g|qdplfdo v|vwhp
dqg wkh sk|vlfdo v|vwhp wkdw lw prghov/ exw rqo| frpsdulvrq
lq vwdwlvwlfdo vhqvh1 Iru wkdw sxusrvh/ lqyduldqw phdvxuhv
duh w|slfdoo| frqvlghuhg1 Exw/ lqyduldqw phdvxuhv xvxdoo|
fdq qrw eh revhuyhg gluhfwo| lq dq h{shulphqw1 Wkxv/ zh
edvh rxu irupdolvp rq wlph0dyhudjhv rewdlqhg iurp d vlq0
joh revhuydeoh1 Lq sduwlfxodu/ zh frqvwuxfwlyho| suryh wkdw/
jhqhulfdoo|/ d vlqjoh revhuydeoh lv qhhghg lq rughu wr uhfryhu
dq lqyduldqw hujrglf phdvxuh1 Svhxgrphwulfv rq vsdfh ri g|0
qdplfdo v|vwhpv fdq eh gh�qhg xvlqj wklv irupdolvp lq rughu
wr frpsduh wkhlu vwdwlvwlfdo ehkdylru1 Zh dovr lghqwli| wkh
qhhg wr jr eh|rqg frpsdulqj rqo| lqyduldqw hujrglf phd0
vxuhv ri v|vwhpv dqg lqwurgxfh dq hujrglf0wkhruhwlf wuhdw0
phqw ri d fodvv ri vshfwudo ixqfwlrqdov wkdw doorz iru wklv1
Wkh irupdolvp lv h{whqghg iru d fodvv ri vwrfkdvwlf v|vwhpv=
glvfuhwh Udqgrp G|qdplfdo V|vwhpv1 Wkh lghdv lqwurgxfhg
lq wklv sdshu fdq eh xvhg iru sdudphwhu lghqwl�fdwlrq dqg
prgho ydolgdwlrq ri gulyhq qrqolqhdu prghov zlwk frpsol0
fdwhg ehkdylru1 Dv dq looxvwudwlrq zh surylgh dq h{dpsoh
lq zklfk zh frpsduh wkh dv|pswrwlf ehkdylru ri d frpexv0
wlrq v|vwhp phdvxuhg h{shulphqwdoo| zlwk wkh dv|pswrwlf
ehkdylru ri wkh prgho wkdw lv d vwrfkdvwlf frqwuro g|qdplfdo
v|vwhp1

L1 Lqwurgxfwlrq

Wklv sdshu lv frqfhuqhg zlwk wkh lvvxh ri frpsdulvrq ri
gl�huhqw g|qdplfdo v|vwhp prghov ri sk|vlfdo v|vwhpv ru
prghov ri sk|vlfdo v|vwhpv zlwk wkh v|vwhp lwvhoi1 Wkhuh
duh ydulrxv zd|v ri frpsdulqj wkh ehkdylru ri wzr g|qdp0
lfdo v|vwhpv1 Doo ri wkhp lqyroyh gh�qlqj d phwulf ru frq0
yhujhqfh +ri frxuvh/ rqfh zh gh�qh d phwulf zh fdq gh�qh
frqyhujhqfh,1 Zlwklq wkh g|qdplfdo v|vwhpv frppxqlw|/
wklv ohdg wkh lqyhvwljdwlrq ri wkh deryh lvvxh lq wkh gluhf0
wlrq ri gh�qlqj gl�huhqw wrsrorjlhv rq vsdfhv ri g|qdplfdo
v|vwhpv1 Wkh gh�qlwlrqv ri zhdn dqg vwurqj wrsrorjlhv iru
dxwrprusklvp jurxsv duh jlyhq lq ^9`/ ^<`1 Wkhvh duh edvhg
rq wkh frpsdulvrq ri wkh dfwlrq ri g|qdplfdo v|vwhpv rq
rshq vhwv ri wkh skdvh vsdfh/ dqg duh h�hfwlyho| uhtxluh0
phqwv wkdw wkh wzr v|vwhpv dfwlrqv eh forvh hyhu|zkhuh1
Iru h{dpsoh/ frqyhujhqfh ri d vhtxhqfh ri dxwrprusklvpv
Wl wr W lq wkh vwurqj wrsrorj| phdqv wkdw iWlj dqg W fr0
lqflgh rq d odujhu dqg odujhu sruwlrq ri wkh skdvh vsdfh
dv l lqfuhdvhv1 Lq wkh frqwh{w ri prgholqj/ wkh uhtxluh0
phqw wkdw wkh dfwlrq ri wzr g|qdplfdo v|vwhpv eh forvh
hyhu|zkhuh lv wrr vwurqj1 Frqvlghu/ iru h{dpsoh v|vwhpv
wuhdwhg lq vwdwlvwlfdo phfkdqlfv1 Wkh h{shulphqwdoo| hvwde0
olvkhg uhodwlrqvkls SY @ UW lv uhfryhuhg e| hpsor|lqj d
prgho frqvlvwlqj ri qrqlqwhudfwlqj sduwlfohv lq d frqwdlqhu1

Wklv prgho lv fhuwdlqo| qrw yhu| forvh wr wkh uhdo g|qdp0
lfv ri prohfxohv ri prqdwrplf jdvhv iru vrph uhjlphv lq
wkh vhqvh wkdw wkhlu g|qdplfdo dfwlrqv rq wkh skdvh vsdfh
duh forvh1 Exw/ wkh| srvvhvv wkh vdph wlph0dyhudjhg surs0

huwlhv1 Dqrwkhu vlwxdwlrq ri lqwhuhvw rffxuv zkhq v|vwhpv
zlwk +irupdoo|, lq�qlwh qxpehu ri ghjuhhv ri iuhhgrp duh
wuxqfdwhg xvlqj h1j1 Jdohunlq phwkrg wr rewdlq d �qlwh
v|vwhp ri ruglqdu| gl�huhqwldo htxdwlrqv1 Lq wklv fdvh/ rqo|
d surshu vxevhw ri wkh lqlwldo frqglwlrqv dydlodeoh iru wkh
lq�qlwh0glphqvlrqdo v|vwhp fdq eh sursdjdwhg lq wlph e|
wkh �qlwh0glphqvlrqdo wuxqfdwlrq/ dqg wkh frpsdulvrq lq
wkh ghwdlohg vhqvh ri vwurqj ru zhdn wrsrorjlhv lv qrw srv0
vleoh1 Wkhvh frqvlghudwlrqv qdwxudoo| ohdg wr wkh vwxg| ri
dv|pswrwlf g|qdplfv ri vhohfwhg wudmhfwrulhv dqg wklv ds0
surdfk zdv wdnhq lq ^6`/ zkhuh wkh vwuhvv lv rq frpsdu0
lqj lqyduldqw phdvxuhv1 Lq wkh fdvh zkhq rqh ri wkh wzr
v|vwhpv kdv d vpdoohu vsdfh ri lqlwldo frqglwlrqv wkdq wkh
rwkhu +h1j1 Jdohunlq surmhfwlrqv,/ surmhfwlrq ri lqyduldqw
phdvxuhv lv xvhg1
Zkloh lq qxphulfdo h{shulphqwv dqg dqdo|wlfdo zrun wkh

ixoo vwdwh ri d v|vwhp lv dq revhuydeoh/ lq h{shulphqwv wklv lv
w|slfdoo| qrw wkh fdvh1 Xvxdoo| wkh ydoxh ri rqh revhuydeoh 0
d ixqfwlrq rq wkh skdvh vsdfh 0 lv phdvxuhg1 Wklv revhuyd0
wlrq ohdg wr ghyhorsphqw ri wkh Wdnhqv hpehgglqj wkhruhp
^46`/ ^4`1 Khuh zh ghyhors d vlplodu dssurdfk xvlqj wlph dy0
hudjhv ri ixqfwlrqv1 Lq sduwlfxodu/ zh frqvwuxfwlyho| suryh
wkdw hujrglf sduwlwlrqv dqg lqyduldqw phdvxuhv ri v|vwhpv
fdq eh frpsduhg xvlqj d vlqjoh revhuydeoh1 Zh ghyhors
svhxgrphwulfv rq vsdfhv ri g|qdplfdo v|vwhpv xvlqj wklv
uhvxow1
Lq vrph frqwh{wv wkrxjk/ frpsdulqj lqyduldqw phdvxuhv

lv qrw hqrxjk1 Frqvlghu/ iru h{dpsoh wzr v|vwhpv wkdw kdyh
d +jhrphwulfdoo|, lghqwlfdo joredoo| dwwudfwlqj olplw f|foh/
exw rq wkh olplw f|foh ri wkh �uvw v|vwhp wkh g|qdplfv lv
jlyhq e| b� @ $4 dqg rq wkh olplw f|foh ri wkh vhfrqg v|vwhp
wkh g|qdplfv lv jlyhq e| b� @ $5/ zkhuh $4 9@ $51 Zkloh
wkhvh wzr v|vwhpv kdyh lghqwlfdo lqyduldqw phdvxuhv vxs0
sruwhg rq wkh vdph jhrphwulfdo remhfw/ wkhlu dv|pswrwlf

vshhg lv gl�huhqw1 Zh sursrvh khuh d irupdolvp edvhg rq
kduprqlf dqdo|vlv wkdw h{whqgv wkh frqfhsw ri frpsdulqj
wkh lqyduldqw phdvxuhv1 Zh vkrz wkdw lqirupdwlrq eh|rqg
wkdw rewdlqhg xvlqj wlph dyhudjhv fdq eh dftxluhg e| wdn0
lqj kduprqlf dyhudjhv li wkh v|vwhp kdv d idfwru wkdw lv d
urwdwlrq rq wkh flufoh1
Erwk wkh frqfhswv ri lqyduldqw phdvxuh dqg wkh kduprqlf

dyhudjh irupdolvp ghyhorshg khuh duh uhodwhg wr vshfwudo
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surshuwlhv +lq sduwlfxodu/ wkh srlqw vshfwuxp, ri wkh vr0
fdoohg Nrrspdq rshudwru X> d olqhdu rshudwru wkdw dfwv rq
ixqfwlrqv rq wkh skdvh0vsdfh ^:`1 Zh vwuhvv wkdw lq wklv frq0
wh{w txhvwlrqv ri lghqwl�fdwlrq ru ydolgdwlrq ri dv|pswrwlf
surshuwlhv ri qrqolqhdu �qlwh0glphqvlrqdo v|vwhpv zlwk
frpsoh{ g|qdplfv lv wudqvihuuhg wr txhvwlrqv ri lghqwl�0
fdwlrq ru ydolgdwlrq ri d olqhdu/ doehlw lq�qlwh0glphqvlrqdo
Nrrspdq rshudwru= Khuh zh dqdo|}h rqo| wkh srlqw vshf0
wuxp ri wkdw rshudwru1 Rxu krsh lv wkdw vrph ri wkh phwk0
rgv ghyhorshg lq frqwuro wkhru| ri olqhdu v|vwhpv fdq eh
xvhg wr vwxg| wkhvh lvvxhv ixuwkhu1

LL1 Frpsdulvrq ri orqj0whup g|qdplfv= hujrglf

sduwlwlrqv dqg lqyduldqw phdvxuhv

D1 Lqyduldqw phdvxuhv iurp d vlqjoh yduldeoh

Zh duh jrlqj wr frqvlghu d g|qdplfdo v|vwhp lq glvfuhwh
wlph gh�qhg e|

{l.4 @ W +{l,>

|l @ i+{l,> +4,

zkhuh l 5 ]/ {l 5 P / W = P $ P phdvxudeoh dqg i d
vprrwk uhdo ixqfwlrq rq d frpsdfw Ulhpdqqldq pdqlirog
P hqgrzhg zlwk wkh Eruho vljpd dojheud1 Hyhu| g|qdp0
lfdo v|vwhp rq d frpsdfw pdqlirog srvvhvvhv dq lqyduldqw
phdvxuh �= Zh fdoo wkh ixqfwlrq i� wkh wlph dyhudjh ri d
ixqfwlrq i xqghu W li

i�+{, @ olp
q$4

4

q

q�4[

l@3

i+W l{,

doprvw hyhu|zkhuh +d1h1, zlwk uhvshfw wr wkh phdvxuh � rq
P 1 Wkh wlph dyhudjh i� lv d ixqfwlrq ri wkh lqlwldo vwdwh {1
Wkh rshudwru SW = O4

$ O4 vxfk wkdw SW +i, @ i� lv fdoohg
wkh wlph0dyhudjlqj rshudwru1 Qrwh wkdw e| Elunkr�*v srlqw0
zlvh hujrglf wkhruhp ^<`/ i� h{lvwv d1h1 iru hyhu| ixqfwlrq
i 5 O4+P,1
D sduwlwlrq ) riP lv gh�qhg wr eh d froohfwlrq ri glvmrlqw

vhwv G)
�/ zkhuh � lv vrph lqgh{lqj vhw/ vxfk wkdw �+^

�
G�, @

�+P, +vhh ^43`,1 D surgxfw )
Z
� ri wzr sduwlwlrqv )> �

lv d sduwlwlrq lqwr vhwv G
)
Z
�

+�>�, @ G)
� _ G�

� l1h1 vhwv wkdw

duh lqwhuvhfwlrqv ri hohphqwv ri wkh wzr sduwlwlrqv1 Iru
d �qlwh ru frxqwdeoh surgxfw � ri sduwlwlrqv �l/ zh zulwh
� @

Z
l �l= Wkh nh| remhfw lq rxu frqvlghudwlrqv lv sduwlwlrq

ri wkh skdvh vsdfh lqwr vhwv rq zklfk wkh wlph0dyhudjhv duh
frqvwdqw/ l1h1 lqwr ohyho vhwv ri i� = ohw i eh d frqwlqxrxv
ixqfwlrq rq P 1 Wkh idplo| ri vhwv F�> � 5 U vxfk wkdw
F� @ +i�,�4+�, lv d +phdvxudeoh, sduwlwlrq ri P 1 Zh
ghqrwh wklv sduwlwlrq e| �i dqg fdoo lw wkh sduwlwlrq lqgxfhg

e| i 1
Hyhu| sduwlwlrq �i vsolwv wkh skdvh vsdfh lqwr vhwv rq

zklfk wkh wlph0dyhudjh ri i lv frqvwdqw1 Lw wxuqv rxw wkdw
iru frqwlqxrxv i wkh phdvxuh }hur vhw rq zklfk i� lv qrw
gh�qhg lv lqghshqghqw ri i ^;` zkhqP lv d frpsdfw phwulf
vsdfh1 Iru rxu sxusrvh/ wkh nh| sduwlwlrq dvvrfldwhg zlwk
d g|qdplfdo v|vwhp W lv lwv hujrglf sduwlwlrq= sduwlwlrq ri

wkh skdvh vsdfh lqwr vhwv G rq zklfk W lv hujrglf1 Pruh
suhflvho|/ wkh hujrglf sduwlwlrq �h ri P xqghu W lv d sduwl0
wlrq lqwr vhwv G� vxfk wkdw rq hdfk vhw G� wkhuh h{lvwv dq
hujrglf phdvxuh �G� vxfk wkdw
41 �G�+G�, @ 4>
51 Iru hyhu| i 5 O4+P,> i�+{ 5 G�, @

U
G�

ig�G� d1h1
zlwk uhvshfw wr �G� dqg
61 Iru dq| lqyduldqw phdvxuh �> dqg dq| phdvxudeoh vhw E>

�+E, @

]
P

�G�+{,+E,g�+{,>

zkhuh G�+{, lv wkh hohphqw ri wkh sduwlwlrq vxfk wkdw { 5
G�=
Rxu jrdo lv wr xvh wlph dyhudjhv rewdlqhg iurp d vlq0

joh revhuydeoh wr frqvwuxfw wkh hujrglf sduwlwlrq dqg wkxv
doorz iru uhfrqvwuxfwlrq ri wkh hujrglf sduwlwlrq iurp h{0
shulphqwv1

Wkhruhp LL14= Ohw P eh d frpsdfw Ulhpdqqldq pdql0
irog ri glphqvlrq p1 Ohw o@5 A mi m dqg �l> l 5 Q d vh0
txhqfh ri frqwlqxrxv shulrglf ixqfwlrqv lq F+^�o@5> o@5`,
wkdw lv frpsohwh1 Frqvlghu d frxqwdeoh vhw ri ixqfwlrqv
il4>===>l5p.4

@ �l4+i, ��l5+i �W , � = = = ��l5p.4
+i �W 5p, +zkhuh

l4> l5> ===> l5p.4 5 Q> lm 9@ ln iru dq| m 9@ n,= Wkhq/ iru
Fu> u 4 4 sdluv +i> W , lw lv d jhqhulf surshuw| wkdw wkh hu0
jrglf sduwlwlrq ri d g|qdplfdo v|vwhp W rq P lv

�h @
b

l4>===>l5p.4

�il4>===>l5p.4
=

Wkh hvvhqfh ri wkh deryh uhvxow lv wkh iroorzlqj1 ZkhqP
lv d frpsdfw Ulhpdqqldq pdqlirog/ zh rqo| qhhg wr h{klelw
d ghqvh frxqwdeoh vxevhw ri frqwlqxrxv ixqfwlrqv lq rughu
wr �qg wkh hujrglf sduwlwlrq1 Vxfk d vxevhw lv jrlqj wr eh
surylghg e| frpsrvlwlrqv ri +5p.4,�surgxfwv ri frpsohwh
vhw ri frqwlqxrxv shulrglf ixqfwlrqv rq U ri shulrg o zlwk
d jhqhulf revhuydeoh i / l1h1 zh rqo| qhhg wr frpsxwh wkh
wlph0dyhudjhv ri ixqfwlrqv

�l4+i+{,, � �l5+i � W +{,, � === � �l5p.4
+i � W 5p+{,,=

Iru h{dpsoh/ wkh vhw ri surgxfwv ri ixqfwlrqv
vlq+5�

o
q{,> frv+5�

o
p{,> 4

5
zkhuh qrqh ri wkh lqwhjhuv p>q

lq wkh surgxfw duh wkh vdph lv d frpsohwh vhw lq F+E,1
Wkh vdph uhvxowv krog iru v|vwhpv qrw gh�qhg rq frpsdfw
vsdfhv/ exw zkrvh dwwudfwruv duh frpsdfw vhwv wkdw duh qrw
qhfhvvdulo| pdqlirogv1 Wkh h{whqvlrq ri Wdnhqv wkhruhp iru
wklv fdvh fdq eh irxqg lq ^44`1

E1 Svhxgrphwulfv

Dffruglqj wr wkh deryh ghvfulswlrq/ wkh dv|pswrwlf g|0
qdplfv sduwlwlrqv wkh skdvh vsdfh lqwr lqyduldqw vhwv1 D
vhtxhqfh ri qxpehuv i�m lv dvvrfldwhg zlwk hdfk vhw lq wkh
sduwlwlrq1 Zh fdq edvh gl�huhqw svhxgrphwulfv rq vsdfhv ri
g|qdplfdo v|vwhpv e| xvlqj wkh sduwlwlrq1 Ohw � eh d phd0
vxuh rq d frpsdfw phwulf vsdfh P 1 Zh duh jrlqj wr fdoo
v|vwhpv iru zklfk i� h{lvwv iru hyhu| i 5 O4+P, E0uhjxodu
^7`1

Gh�qlwlrq LL14= Ohw W4 dqg W5 eh wzr frqwlqxrxv/ E0
uhjxodu wudqvirupdwlrqv rq P= Wkhq

gd+W4> W5, @ pd{
i5F+P,

mSW4+i,� SW5+i,m> +5,
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lv fdoohg wkh dv|pswrwlf glvwdqfh ehwzhhq W4 dqg W51

H{dpsoh LL15= Frqvlghu W4> W5 = U5 $ U
5 iru zklfk doo

wudmhfwrulhv whqg wr V4 5 U5 exw wkh g|qdplfv ri W4>5 rq V4

lv jlyhq e| � $ �.�4>5 zkhuh erwk �4 dqg �5 duh luudwlrqdo1
Wkh svhxgrglvwdqfh gd+W4> W5, @ 31 Rq wkh rwkhu kdqg/ li
�5 lv udwlrqdo/ wkh svhxgrglvwdqfh lv qrq}hur1 Wklv wrsrorj|
lv �doprvw glvfuhwh� exw zlwk wkh gl�huhqfh wkdw htxlydohqfh
fodvvhv ri wudqvirupdwlrqv zlwk wkh vdph vwdwlvwlfv duh iruphg1

Lw zdv vkrzq lq ^7` wkdw hyhq li d vhtxhqfh ri wudqviru0
pdwlrqv iWlj frqyhujhv wr W lq wkh vwurqj wrsrorj|/ W grhv
qrw qhhg wr eh E0uhjxodu1 Wkxv wkh vwurqj wrsrorj| grhv
qrw surylgh d jrrg vhwwlqj wr frpsduh vwdwlvwlfdo surshu0
wlhv ri v|vwhpv1 Exw hyhq +5, pljkw qrw eh wrr xvhixo iru
frpsdulqj wkh vwdwlvwlfv= rq rqh kdqg lw grhv qrw glvwlq0
jxlvk ehwzhhq wkh v|vwhpv kdylqj yhu| gl�huhqw g|qdplfv
exw htxdo vwdwlvwlfv olnh lq wkh h{dpsoh +LL15,/ dqg rq wkh
rwkhu kdqg lw glvwlqjxlvkhv ehwzhhq wkh v|vwhpv ghvfulehg
lq wkh iroorzlqj h{dpsoh=

H{dpsoh LL16= Ohw W4 = �l.4 @ ��l4 dqg W5 = �l.45 @
��l5 . � zkhuh �4> �5 5 V4 dqg � ? 41 Dovr/ ohw i3+{, @
4@5> i5q�4+{, @ vlq+q{,> i5q+{, @ frv+q{, eh d frpsohwh
vhw ri ixqfwlrqv lq V41 Wkh �uvw v|vwhp kdv dq dv|pswrw0
lfdoo| vwdeoh �{hg srlqw dw �4 @ 3 dqg wkh vhfrqg rqh dw
�5 @ �@+4 � �,1 Wkh svhxgrglvwdqfh gd+W4> W5, A d A 3
iru �p @ 4@p +l1h11h1 d lv d orzhu erxqg rq wkh svhx0
grglvwdqfh, dv vlq+q{, lv htxdo wr }hur dw }hur dqg mvlq+q
�@+4� �,,m @ e A d A 3 iru vrph q dqg vpdoo d1

Dv vkrzq lq wkh deryh h{dpsoh/ wzr v|vwhpv wkdw kdyh
dwwudfwruv wkdw duh yhu| forvh lq vsdfh fdq eh glvwdqw df0
fruglqj wr gd1 Wkxv zh frph wr wkh srlqw zkhuh zh gh�qh
d yhu| qdwxudo glvwdqfh ehwzhhq wzr v|vwhpv zkhq zh duh
rqo| lqwhuhvwhg lq pdwfklqj wkh dv|pswrwlf g|qdplfv rq
vrph vfdoh= fkrrvh d �qlwh qxpehu ri ixqfwlrqv +l1h1 lqwur0
gxfh d fxw0r�, rq wkh skdvh vsdfh dqg frpsduh wkh vwdwlv0
wlfv rq wkrvh1 Wkh svhxgrglvwdqfh ehwzhhq W4> W5 uhodwlyh
wr d ixqfwlrq i = P $ U lv gh�qhg dv

gdi +W4> W5, @ mSW4+i,� SW5+i,m> +6,

Wkh prvw lpsruwdqw surshuw| ri gdi wkdw lw uhqghuv v|vwhpv
wkdw kdyh �forvh� dwwudfwruv �forvh�1 Lq h{dpsoh +LL16,/
pdnlqj � vpdoohu zrxog pdnh W5 frqyhujh wr W4 lq gdi iru
dq| vprrwk i 1 Reylrxvo|/ wkh vxp ri dq| qxpehu ri svhx0
grphwulfv lv d svhxgrphwulf1 Lq d vshfl�f sureohp/ lw lv
w|slfdoo| hdv| wr lghqwli| wkh lpsruwdqw i *v1 Lq rxu wkhu0
prg|qdplf h{dpsoh iurp wkh lqwurgxfwlrq lw fdq eh wkh
hqhuj| ri wkh v|vwhp1 Lq wkh fdvh ri rvfloodwruv/ lw zloo eh
wkh dpsolwxgh ri rvfloodwlrq/ hwf1 Wkh svhxgrphwulf +6, lv
vwloo qrw hqwluho| vdwlvidfwru|/ dv lw orrvhv doo wkh �wlphvfdoh�
lqirupdwlrq derxw wkh v|vwhp1 Iru h{dpsoh/ doo wkh luud0
wlrqdo urwdwlrqv rq wkh flufoh duh djdlq lghqwl�hg/ dv lq h{0
dpsoh LL151

Wr wuhdw wklv sureohp/ zh qhhg wr h{whqg rxu irupdolvp
wr lqfoxgh dgglwlrqdo vshfwudo lqirupdwlrq/ dqg zh gr vr lq
wkh qh{w vhfwlrq1

LLL1 Frpsdulvrq ri orqj0whup g|qdplfv=

kduprqlf dqdo|vlv

Lq wkh suhylrxv vhfwlrq zh kdyh lqwurgxfhg wkh rshud0
wru SW = i $ i�= Qrwh wkdw i� lv dq hljhqixqfwlrq fruuh0
vsrqglqj wr hljhqydoxh 4 ri wkh vr0fdoohg Nrrspdq rshudwru
X = O4 $ O4/ zklfk lv gh�qhg e|

Xi+{, @ i � W +{,>

dv i� lv frqvwdqw rq ruelwv l1h1 Xi�+{, @ i�+{,= Wkh rs0
hudwru SW fdq eh frqvlghuhg dv d phpehu ri d idplo| ri
rshudwruv S$

W /

S$
W +i, @ i�$ @ olp

q$4

4

q

q�4[

m@3

hl5�m$i+W m+{,,>

zkhuh SW @ S 3

W 1
H{dpsoh LLL14= Frqvlghu wkh pdsv W4> W5 = U5 $ U

5 iru
zklfk doo wudmhfwrulhv whqg wr V4 5 U5 exw wkh g|qdplfv ri W4>5
rq V4 lv jlyhq e| �3 @ �.�4>5 zkhuh erwk �4 dqg �5 duh luud0
wlrqdo1 Wkh svhxgrglvwdqfh gdi +W4> W5, @ 3 iru dq| frqwlqxrxv

+ru hyhq O4, ixqfwlrq i 1 Lq wklv fdvh S$
W w

4

+hl5��, @ 3 iru doo

$ 5V4> $ 9@ �4/ zkloh S$
W w

5

+hl5��, @ 3 iru doo $ 5V4>$ 9@ �51

Olnh wkh wlph0dyhudjhv/ wkh ixqfwlrqv i�$ dovr sod| dq
lpsruwdqw uroh lq wkh vshfwudo dqdo|vlv ri X = wkh| duh wkh
hljhqixqfwlrqv dvvrfldwhg zlwk hljhqydoxhv h�l5�$ =

Xi�$+{, @ olp
q$4

4

q

q�4[

m@3

hl5�m$i+W m.4+{,,

@ h�l5�$ olp
q$4

4

q

q�4[

m@3

hl5�+m.4,$i+W m.4+{,,

@ h�l5�$i�$+{,=

Wkdw wkh dyhudjhv uhtxluhg lq wkh gh�qlwlrq ri S$
W h{lvw

doprvw hyhu|zkhuh zdv suryhq e| Zlhqhu dqg Zlqwqhu iru
phdvxuh0suhvhuylqj v|vwhpv ^47`1 Lw lv hdv| wr ghgxfh xvlqj
phwkrgv lq ^47` wkdw wklv lv wuxh iru doo E0uhjxodu W *v/ dv wkh
h{lvwhqfh ri kduprqlf dyhudjhv ghshqgv rqo| rq wkh h{lv0
whqfh ri fhuwdlq dxwrfruuhodwlrqv zklfk lq wxuq ghshqgv rq
wkh h{lvwhqfh ri wlph0dyhudjhv ri ixqfwlrqv1 S$

W lv qrq}hur
rqo| rq d frxqwdeoh vhw ri $*v +Ohppd lq vhfwlrq 7 ri ^47`,1
Exw/ zkhq lw lv qrq0}hur/ lw fdq surylgh vxevwdqwldo qhz
lqirupdwlrq derxw wkh surfhvv wkdw zh duh vwxg|lqj1

Lw lv hdv| wr vkrz wkdw hljhqixqfwlrqv ri X fdq rqo| eh
ri wkh irup i�$= lq idfw d qrq}hur S$

W lv wkh ruwkrjrqdo
surmhfwlrq rshudwru rqwr wkh hljhqvsdfh ri X dvvrfldwhg
zlwk wkh hljhqydoxh h�l5�$1

D1 Kduprqlf dqdo|vlv dqg hujrglf sduwlwlrqv

Zh zrxog olnh wr nqrz zkhq grhv wkh dqdo|vlv ri S$

W
+i,

eulqj lq qhz vwdwlvwlfdo lqirupdwlrq derxw W ryhu zkdw zh

douhdg| nqrz xvlqj wkh hujrglf sduwlwlrq phwkrg1 Wklv

fdq eh dqvzhuhg xvlqj wkh surgxfw � = P � V4
$ P �

V4>�+{> �, @ +W +{,>�+�,, ri W dqg d urwdwlrq � = V4
$ V4
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jlyhq e| �$ �.$= Frqvlghu ixqfwlrqv k+{> �, @ hl5��i+{, =
P � V4 $ F1 Dv �m @ � . m$>

k�+{> �, @ olp
q$4

4

q

q�4[

m@3

hl5�+�.m$,i+W m+{,, @ hl5��S$
W +i,>

dqg wkh lvvxh ri wkh surshuwlhv ri S$
W +i, lv htxlydohqw wr wkh

surshuwlhv ri wlph dyhudjhv xqghu � ri ixqfwlrqv rqP�V4=
Wkh vwxg| ri � ohdgv wr wkh iroorzlqj pruh jhqhudo txhv0

wlrq= jlyhq wzr wudqvirupdwlrqv W4 = P4 $ P4 dqg W5 =
P5 $P5> krz lv wkh hujrglf sduwlwlrq ri W4�W5 =P4�P5

$P4�P5 uhodwhg wr hujrglf sduwlwlrqv ri W4> W5B Dvvxph
wkdw D>E duh vhwv lq hujrglf sduwlwlrqv ri W4> W5/ uhvshf0
wlyho|1 Lw lv fhuwdlqo| qrw wuxh wkdw W4 � W5 lv hujrglf rq
D�E= frqvlghu/ iru h{dpsoh wkh f|folf jurxs F5 @ i�4> 4j
xqghu pxowlsolfdwlrq zlwk wkh phdvxuh dvvljqlqj zhljkw 4@5
wr hdfk hohphqw1 Zkloh wudqvodwlrq e| �4 lv hujrglf rq F5/
wudqvodwlrq e| +�4>�4, lv qrw hujrglf rq F5 � F5= Rq wkh
rwkhu kdqg/ lw lv hdv| wr vkrz wkdw qr vhw lq P4�P5 wkdw
lv qrw d vxevhw ri vrph D � E/ zkhuh D>E duh vhwv lq hu0
jrglf sduwlwlrqv ri W4> W5/ uhvshfwlyho|/ lv dq hohphqw ri wkh
hujrglf sduwlwlrq ri W4 � W5=

Ohppd LLL15= Ohw F �P4�P5 eh vxfk wkdw F # D�E
zkhuh D>E duh vhwv lq hujrglf sduwlwlrqv ri W4> W5/ uhvshf0
wlyho|1 Wkhq F @5 �W4�W5h =
Wkxv/ D�E lv d vxshuvhw iru dq hohphqw ri wkh hujrglf

sduwlwlrq ri W4 � W5= Lw lv dq hohphqw ri wkh sduwlwlrq li
W4 � W5 lv hujrglf rq lw1 Zh qrz uhwxuq wr rxu ruljlqdo
txhvwlrq ri wkh hujrglf sduwlwlrq ri �> ru udwkhu wkh txhv0
wlrq ri zkhq S$

W +i, eulqj xv vwdwlvwlfdo lqirupdwlrq ryhu
wkdw surylghg e| wkh wlph0dyhudjhv1 Ehfdxvh ri wkh suh0
ylrxv ohppd/ zh nqrz wkdw zh fdq uhvwulfw dwwhqwlrq wr d
vhw D rq zklfk W lv hujrglf1 Vshfl�fdoo|/ zh dvn zkhwkhu
wkhuh lv d sduwlwlrq ri D wkdw frqwdlqv qhz vwdwlvwlfdo lq0
irupdwlrq dvvrfldwhg zlwk S$

W +i,= Lw wxuqv rxw wklv lv wkh
fdvh zkhq wkhuh duh hljhqixqfwlrqv ri X wkdw duh dvvrfldwhg
zlwk frpsoh{ hljhqydoxhv1 Lq wkh iroorzlqj zh uhodwh wkhvh
hljhqixqfwlrqv zlwk urwdwlqj idfwruv ri wkh pds W 1 Uhfdoo
wkdw h{lvwhqfh ri d idfwru V = E $ E ri W lv hvwdeolvkhg
e| surylqj wkdw wkhuh lv d phdvxudeoh idfwru pds +ru kr0
prprusklvp, I = D $ E vxfk wkdw I � W @ V � I d1h1
dqg �+I�4+H,, @ �+H, iru doo phdvxudeoh H> dqg phd0
vxuhv �> �> zkhuh W suhvhuyhv � dqg V suhvhuyhv �= Zh kdyh
wkh iroorzlqj

Sursrvlwlrq LLL16= Ohw k$ = D $ F eh d qrq0frqvwdqw
hljhqixqfwlrq ri X dvvrfldwhg zlwk wkh hljhqydoxh h�l5�$=
Wkhq k$ lv d idfwru pds dqg W kdv d idfwru wkdw lv d urwd0
wlrq rq d flufoh zlwk iuhtxhqf| $1 Frqyhuvho|/ li W dgplwv
d idfwru pds wr urwdwlrq rq wkh flufoh e| dqjoh $ wkhq wkhuh
lv dq hljhqixqfwlrq ri W dvvrfldwhg zlwk hljhqydoxh h�l5�$=

Fruroodu| LLL17= Ohw D eh d vhw lq wkh hujrglf sduwlwlrq
ri W 1 S$

W +i, lv qrw frqvwdqw rq D iru hyhu| i = P $ F li
dqg rqo| li W kdv d idfwru wkdw lv d urwdwlrq rq wkh flufoh
e| dq dqjoh 5�$=

LY1 Vwrfkdvwlf v|vwhpv

Wkh deryh wkhru| fdq eh h{whqghg wr vwrfkdvwlf v|vwhpv1
Zh zloo suhvhqw wkh dssolfdwlrq ri wkh deryh lghdv wr d

vwrfkdvwlf v|vwhp lq wkh qh{w vhfwlrq dqg zh surylgh wkh
wkhruhwlfdo iudphzrun dqg uhohydqw uhvxowv khuh1

D1 Lqwurgxfwlrq dqg vhw0xs

Iru rxu sxusrvh/ wkh prvw frqyhqlhqw frqwh{w lq zklfk
wr dqdo|}h vwrfkdvwlf v|vwhpv lv wkdw ri Udqgrp G|qdp0
lfdo V|vwhpv +UGV, ^5`1 Zh zloo zrun zlwk wkh Glvfuhwh
Udqgrp G|qdplfdo V|vwhp +GUGV,

{l.4 @ W +{l> �l,>

�l.4 @ V+�l,> +7,

|l @ i+{l,

zkhuh l 5 ]> { 5 P d frpsdfw Ulhpdqqldq pdqlirog/ � @
i===> ��4> �3> �4> ===j 5 Q]> l1h1 �m 5 Q> zkhuhQ lv d frpsdfw
Ulhpdqqldq pdqlirog hqgrzhg zlwk d suredelolw| phdvxuh
s wkdw lv devroxwho| frqwlqxrxv zlwk uhvshfw wr wkh Ohehvjxh
phdvxuh rq Q 1 Wkh surgxfw vsdfh Q] lv hqgrzhg zlwk wkh
vwdqgdug surgxfw phdvxuh 
= V lv wkh vkliw wudqvirupd0
wlrq Vi===> ��4> �3> �4> ===j @ i===> �3> �4> �5> ===j= Zh frqvlghu
revhuydeohv i = P $ U ru F> i 5 O4+P,1 Zh ghqrwh
W l
�+{, @ W�l � === � W�3 zkhuh W�l+{, @ W +{> �l,= Zh dvvxph

wkdw W�+{, lv F
u> u � 4 lq { iru hyhu| � 5 Q 1 Zlwk vrph

dexvh ri qrwdwlrq/ zh zloo fdoo wkh deryh GUGV W 1 D sure0
delolvwlf phdvxuh � rq P hqgrzhg zlwk wkh Eruho vljpd
dojheud lv lqyduldqw iru phdvxudeoh W l�

H^�+W�4+E> �,,` @ �+E,

iru hyhu| phdvxudeoh E zkhuh H^�+W�4+E> �,,` @U
Q] �+W

�4+E> �,,g
+�,= Wkh dqdorjxh ri wkh Nrrspdq rs0
hudwru lv wkh vwrfkdvwlf Nrrspdq rshudwru Xv = O4+P,$
O4+P, gh�qhg e|

Xvi @ H^i � W +{> �,`>

zkhuh H^i �W +{> �,` @
U
Q] i �W +{> �,g
+�,= Wkh h{shfwdwlrq

ri wkh wlph0dyhudjh ri i xqghu W lv jlyhq e|

Hi�+{, @ olp
q$4

4

q

q�4[

l@3

X l
vi+{,= +8,

Wkh sduwlwlrq ri P lqwr ohyho vhwv ri Hi� lv ghqrwhg e|
�i = Dq hujrglf phdvxuh rq P lv d phdvxuh � vxfk wkdw
Hi�+{, @

U
P
i+{,g�+{, d1h1 rq P iru hyhu| i 5 O4+P,=

Wkh hujrglf sduwlwlrq �h ri P xqghu W lv d sduwlwlrq lqwr
vhwv G� vxfk wkdw rq hdfk vhw G� wkhuh h{lvwv dq hujrglf
phdvxuh �G� vxfk wkdw
41 �G�

+G�, @ 4>
51 Iru hyhu| i 5 O4+P,>Hi�+{ 5 G�, @

U
G�

ig�G�
d1h1

zlwk uhvshfw wr �G�
dqg

61 Iru dq| lqyduldqw phdvxuh �> dqg dq| phdvxudeoh vhw E>

�+E, @

]
P

�G�+{,+E,g�+{,>

zkhuh G�+{, lv wkh hohphqw ri wkh sduwlwlrq vxfk wkdw { 5

G�=
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E1 Hujrglf sduwlwlrqv dqg lqyduldqw phdvxuhv

Wr vwdwh uhvxowv htxlydohqw wr Wkhruhp LL14 zh qhhg wr
xvh d vwrfkdvwlf yhuvlrq ri wkh Wdnhqv hpehgglqj wkhruhp1
Wklv kdv uhfhqwo| ehhq surylghg lq ^45` +vhh h1j1 Wkhruhp :
wkhuh,1 Lq sduwlfxodu/ dvvxph wkdwQ lv d frpsdfw pdqlirog
dqg s devroxwho| frqwlqxrxv zlwk uhvshfw wr wkh Ohehvjxh
phdvxuh rqQ 1 Iru jhqhulf/ Fu> u 4 4 +i> W , dqg doprvw hy0
hu| � 5 Q]> wkh pds h = P $ U

5p.4 jlyhq frpsrqhqwzlvh
e| h+{, @ +i+{,> i+W�{,> i+W

5
� {,> ===> i+W

5p
� {,, lv dq hpehg0

glqj dqg wkxv h+P, lv d frpsdfw vxepdqlirog ri U5p.41
Djdlq/ lw lv wkhq qhfhvvdulo| frqwdlqhg lq d vx!flhqwo| odujh
er{ E ri vlgh ohqjwk o� A 5pd{

{>�
mi � W +{> �,m fhqwhuhg dw wkh

ruljlq ri U5p.4=Zh fdq uhjdug E dv d wruxv W5p.4/ l1h1 wkh
hpehgglqj h fdq eh uhjdughg dv d pds h = P $ W

5p.4=
Wkhruhp LY14= Ohw P eh d frpsdfw Ulhpdqqldq pdql0

irog ri glphqvlrq p dqg Q d frpsdfw pdqlirog ri glphq0
vlrq q hqgrzhg zlwk d phdvxuh s wkdw lv devroxwho| frq0
wlqxrxv zlwk uhvshfw wr wkh Ohehvjxh phdvxuh rq Q 1 Ohw
�l> l 5 Q eh d vhtxhqfh ri frqwlqxrxv shulrglf ixqfwlrqv lq
F+^�o�@5> o�@5`, wkdw lv frpsohwh1 Frqvlghu d frxqwdeoh vhw
ri ixqfwlrqv il4>===>l5p.4

@ �l4
+i, ��l5

+i �W�, � = = = ��l5p.4
+i �

W 5p� , +zkhuh l4> l5> ===> l5p.4 5 Q> lm 9@ ln iru dq| m 9@ n,=
Wkhq/ iru doprvw hyhu| �> iru Fu> u 4 4 sdluv +i> W , lw lv d
jhqhulf surshuw| wkdw wkh hujrglf sduwlwlrq ri d Fu> u 4 4
GUGV W rq P lv

�h @ Y _
b

l4>===>l5p.4

�il4>===>l5p.4
>

zkhuh Y @ i{ 5 P mH+H+i� � W +{> �,, 9@ Hi�+{,, lv ri
phdvxuh 3 zlwk uhvshfw wr hyhu| lqyduldqw phdvxuh ri W=

Lq wkh surri wkh vwrfkdvwlf yhuvlrq ri wkh Wdnhqv hpehg0
glqj wkhruhp suryhq dv Wkhruhp : lq ^45` lv xvhg1

F1 Kduprqlf dqdo|vlv

Wkh idplo| ri rshudwruv HS$
W /

HS$
W +i, � Hi�$ @ olp

q$4

4

q

q�4[

m@3

hl5�m$X l
vi+W

m+{,,>

sod|v wkh uroh dqdorjrxv wr wkh idplo| S$
W lq wkh ghwhuplq0

lvwlf fdvh1
Wkh v|vwhp +7, fdq eh dovr uhjdughg dv d frqwuro v|vwhp

+vhh h1j1 ^8`,1 Zkhq zh frqvlghu � dv d frqwuro lqsxw/ wkh
zkroh hujrglf sduwlwlrq rq P �Q] ehfrphv dq lqwhuhvwlqj
remhfw wr vwxg|1 Iru wkh glvfxvvlrq ri lqyduldqw phdvxuhv
lq wklv gluhfwlrq/ vhh h1j1 ^5`1
Qrz zh wxuq wr sudfwlfdo frqvlghudwlrqv1 Wkh frqfhswv

gh�qhg deryh doorz xv wr sursrvh surfhgxuhv iru lghqwl�fd0
wlrq ri sdudphwhuv ri frpsoh{ qrqolqhdu v|vwhpv1 Zh glv0
fxvv wkhvh phwkrgv dqg dsso| wkhp wr h{shulphqwdo gdwd
iurp d frpexvwlrq h{shulphqw lq wkh qh{w vhfwlrq1

G1 Suredelolw| klvwrjudpv

Wkh uljrurxv uhvxowv vwdwhg deryh vxjjhvw wkdw zh vkrxog
wdnh wkh wlph0dyhudjhv ri d frpsohwh vhw ri frqwlqxrxv ixqf0
wlrqv wr vwxg| wkh surshuwlhv ri lqyduldqw phdvxuhv1 Lq ds0
solfdwlrqv vxfk dv dqdo|vlv ri h{shulphqwdo gdwd/ zkdw lv

w|slfdoo| dydlodeoh lv suredelolw| klvwrjudpv1 Khuh zh vkrz
wkdw wkhvh lqyroyh d vlplodu frqvwuxfwlrq wr wkh rqh sur0
ylghg deryh/ d frpsrvlwlrq ri +glvfrqwlqxrxv$, ixqfwlrqv
�m = U$ U zlwk dq revhuydeoh j = P $ U1
Lq wkh frqwh{w ri fkdrwlf g|qdplfdo v|vwhpv wkh sured0

elolvwlf dssurdfk lv riwhq wdnhq dqg d v|vwhp lv ghvfulehg
lq whupv ri d klvwrjudp ri d vshfl�f ixqfwlrq j rq wkh
skdvh vsdfh1 Ohw e eh wkh elq vl}h iru wkh klvwrjudp
dqg }m 5 U> m 5 ] d vhtxhqfh ri qxpehuv vxfk wkdw
}m.4 @ }m . e1 E| wkh klvwrjudp zh phdq d vwhs ixqf0
wlrq/ frqvwdqw rq hyhu| lqwhuydo Lm @ +}m � e@5> }m . e@5,=

KW
j +Lm > {, @ olp

q$4

4

q

q�4[

l@3

�m � j+W
l+{,, @ ��m +{,>

zkhuh { 5 P 1 KW
j +Lm > {, whoov xv wkh sursruwlrq ri wlph

wkh wlph0vhulhv vshqgv lq wkh lqwhuydo Lm = Wkh ixqfwlrq �m
lv wkh fkdudfwhulvwlf ixqfwlrq rq wkh lqwhuydo Lm @ +}m �
e@5> }m . e@5,/ l1h1 �m+x, @ 4 li }m � e@5 ? x ? }m . e@5 dqg
}hur rwkhuzlvh1 Li W lv hujrglf/ K lv wkh vdph ixqfwlrq iru
doprvw hyhu| lqlwldo frqglwlrq {1 D srvvleoh svhxgrphwulf
iru hujrglf v|vwhpv zrxog eh

g+W4> W5, @
[

m

^KW4

j +Lm,�KW5

j +Lm,`
5>

zkhuh wkh vxp lv ryhu vrph �qlwh vhw ri m*v1
Wkh ohvvrq ohduqhg iurp wkh uljrurxv vwxg| lv wkdw zh

vkrxog wdnh wlph0dyhudjhv +l1h1 klvwrjudpv, ri surgxfwv ri
+�m � j+W

l+{,, zkhuh l @ 3> ===> 5p/ dqg lqfoxgh wkhp lqwr
wkh svhxgrphwulf1 Wkh dssursuldwh h{shulphqwdo surfh0
gxuh zrxog eh wr 4, Jhw wkh gdwd iurp revhuydeoh j> 5,
Ghwhuplqh wkh glphqvlrqdolw| p ri wkh v|vwhp xvlqj wkh
dssursuldwh hpehgglqj wkhruhp/ 6, Irupxodwh wkh prgho
ri wkh vdph glphqvlrq 7, Irupxodwh wkh klvwrjudpv ri
surgxfwv ri �m � j+W

l+{,, iru h{shulphqw dqg prgho 9,
Frpsduh wkhvh klvwrjudpv lq vrph phwulf1
H{dpsoh LY15= Suredelolw| klvwrjudpv iru fruuhodwhg sur0

fhvvhv1 Dv phqwlrqhg deryh/ rqh ri wkh frpprq zd|v ri
frpsdulqj ehkdylru ri wzr v|vwhpv zlwk frpsoh{ ehkdylru
lv wdnlqj klvwrjudpv iru d vlqjoh revhuydeoh1 Wr vkrz wkh
gdqjhuv ri wklv dssurdfk zkhq wkh g|qdplfv ri wkh v|vwhp
lv qrw frpsohwho| ghfruuhodwhg dqg xvhixoqhvv ri wkh Wkhr0
uhp LL14 lq wklv frqwh{w/ frqvlghu wzr v|vwhpv kdylqj olplw
f|foh dwwudfwruv lq wkh ghod| skdvh vsdfh vkrzq lq �jxuh 41
Erwk ri wkh olplw f|fohv duh hoolswlfdo/ rqh ri wkhp kdylqj lwv
pdmru d{lv doljqhg zlwk wkh d{lv }4> wkh rwkhu zlwk }5= Wkh
g|qdplfv rq erwk olplw f|fohv lv dvvxphg wr eh v|pphwulf
zlwk uhvshfw wr erwk }4 dqg }5 d{lv dqg wkxv wkh suredelolw|
klvwrjudp ri i +ghqrwhg e| s+i, lq �jxuh 4, lv wkh vdph
iru erwk v|vwhpv1 Krzhyhu/ ohw �. eh wkh lqglfdwru ixqf0
wlrq rq wkh lqwhuydo +3> o,= Wkhq �. +i, � �. +i � W , lv wkh
lqglfdwru ixqfwlrq iru wkh xsshu uljkw txdgudqw ri wkh er{
ri vlgh o vkrzq lq wkh �jxuh 41 Fohduo| wkh dprxqw ri wlph
wkdw wkhvh wzr v|vwhpv vshqg lq wkh xsshu uljkw txdgudqw lv
gl�huhqw dqg wkxv wkh wlph dyhudjh ri wklv surgxfw ixqfwlrq
uhyhdov wkh gl�huhqfh lq wkh lqyduldqw phdvxuhv vxssruwhg
rq wkh olplw f|fohv1
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Ilj1 41 Wzr gl�huhqw olplw f|fohv jlyh wkh vdph klvwrjudp ri s�
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Ilj1 51 Iurp wkh wrs wr wkh erwwrp= Frqwuro skdvh/ suhvvxuh dqg
iuhtxhqf| gdwd1 Frqwuro skdvh udps h{shulphqw1 Hvwlpdwhv ri

pdjqlwxgh dqg iuhtxhqf| ri suhvvxuh rvfloodwlrqv duh vkrzq1 Xq0
frqwuroohg phdq pdjqlwxgh ohyho lv lqglfdwhg e| wkh vrolg olqh lq
wkh vhfrqg �jxuh iurp wrs1

Y1 Dqdo|vlv ri h{shulphqwdo gdwd

Lq wklv vhfwlrq zh suhvhqw dq h{dpsoh ri xvlqj d �qlwh
qxpehu ri ixqfwlrqdov hydoxdwhg rq wudmhfwrulhv wr lghqwl�0
fdwlrq ri sdudphwhuv ri d prgho ghvfulelqj d Xqlwhg Whfk0
qrorjlhv Uhvhdufk Fhqwhu frpexvwlrq ulj rshudwlqj forvh
wr dq xqvwdeoh frqglwlrq dvvrfldwhg zlwk d orz htxlydohqfh
udwlr1 Lq dq h{shulphqw d ihhgedfn orrs kdv ehhq forvhg
durxqg wkh frpexvwru zlwk d skdvh0vkliwlqj frqwuroohu1 Wkh
frqwuro skdvh kdv ehhq ydulhg dqg d wlph wudfh ri suhvvxuh
kdv ehhq uhfrughg1 Dv wkh skdvh ydulhv/ erwk dwwhqxdwlrq
dqg h{flwdwlrq ri wkh suhvvxuh rvfloodwlrqv kdyh ehhq re0
vhuyhg1 D vlpsoh prgho ri wkh frqwuroohg frpexvwlrq sur0
fhvv frqvlvwv ri d olqhdu sodqw/ frqwuroohu/ d vdwxudwhg df0
wxdwru/ dqg d gulylqj eurdg0edqg qrlvh glvwxuedqfh1 Wkh
olqhdu prgho ri wkh v|vwhp kdv ehhq lghqwl�hg iurp dq h{0
shulphqwdoo| rewdlqhg iuhtxhqf| uhvsrqvh1 Wkh prgho kdv
d irup ri d oljkwo| gdpshg 5qg rughu v|vwhp zlwk ghod|1
Dq dqdo|vlv ri wkh olqhdul}dwlrq ri wkh v|vwhp dw wkh ruljlq
lqglfdwhv wkdw wkh olqhdu hljhqydoxhv ri wkh forvhg0orrs v|v0
whp fdq eh pryhg dzd| ru wrzdugv wkh lpdjlqdu| d{lv rq
wkh frpsoh{ sodqh1 Lq sduwlfxodu/ lw lv srvvleoh wr pryh wkh
hljhqydoxhv wr wkh uljkw0kdoi sodqh1 Lq wklv fdvh/ wkh rvflood0
wlrqv zrxog jurz dqg vhwwoh rq d olplw0f|foh/ dv wkh dfwxdwru
vdwxudwlrq suhyhqwv dq xqerxqghg h{srqhqwldo jurzwk1 Dv
rqh dggv wkh vwurqj gulylqj glvwxuedqfh lq wkh prgho/ dq
h{dfw dqdo|wlfdo vwxg| ri wkh ehkdylru ri wkh v|vwhp lv qr
orqjhu srvvleoh1 Rqh fdq vwloo uxq d qxphulfdo vlpxodwlrq
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Ilj1 61 Iurp wkh wrs wr wkh erwwrp= Frqwuro skdvh/ suhvvxuh dqg
iuhtxhqf| gdwd1 D frqwuro skdvh udps rewdlqhg iurp d prgho
vlpxdowlrq1

Go( j ω)
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c o m m a nd

P la n t: 2 n d o r d e r
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P h a s e - s h i f t ing
c on t r o l l e r

V a lv e s a tu r a t io n

Ilj1 71 Wkh eorfn gldjudp iru v|vwhp prgho1

dqg frpsduh wkh uhvxowv zlwk h{shulphqw1 E| dgmxvwlqj
wkh qrlvh ohyho dqg wkh ydoxh ri ghod| rqh fdq txdolwdwlyho|
uhsurgxfh wkh uhvxowv ri wkh skdvh udps h{shulphqw lq d
vlpxodwlrq1

Lq zkdw iroorzv wkh ghod| lq wkh sodqw dqg wkh qrlvh
ohyho zloo eh ydulhg wr pdwfk wkh uhvxowv ri h{shulphqw zlwk
forvhg orrs frqwuro iru vhyhudo ydoxhv ri frqwuro skdvh1 Zh
zloo gh�qh d phdvxuh ri d jrrg �w e| hydoxdwlqj vhyhudo
orqj whup vwdwlvwlfv dqg frpelqlqj wkhp zlwk vrph zhljkwv
lqwr d rqh qxpehu1 Iru frpsdulvrq/ zh dovr vkrz wkh skdvh
sruwudlwv ri wkh hpehgghg g|qdplfv dqg �qg wkdw wkh sd0
udphwhu ydoxhv fkrvhq edvhg rq svhxgrphwulfv lghdv uhvxow
lq d jrrg fruuhvsrqghqfh ehwzhhq wkh fruuhvsrqglqj skdvh
sruwudlwv1

Iru hdfk ri wkh hljkw ydoxhv ri wkh frqwuro skdvh iurp
wkh vhw +0498/ 0453/ 0:8/ 063/ 48/ 93/ 438/ 483, +lq gh0
juhhv, zh fkrvh d wlph lqwhuydo frqwdlqlqj derxw 318 vhf0
rqgv ri suhvvxuh gdwd +4357 vdpsohv ri suhvvxuh vdpsohg dw
5333K}, fruuhvsrqglqj wr d frqvwdqw frqwuro skdvh1 Iljxuh
5 vkrzv wkh h{shulphqwdo uhvxowv ri wkh frqwuro skdvh udps
h{shulphqwv zkhuh iru gl�huhqw frqwuro skdvh ydoxhv/ suhv0
vxuh/ phdq suhvvxuh dqg iuhtxhqf| duh vkrzq1 Lq �jxuh 6
wkh vdph gdwd iru wkh prgho uhsuhvhqwhg lq gldjudp 7 duh
vkrzq1 Lq �jxuhv 8 dqg 9 zh vkrz wkh wlph wudfhv/ skdvh
sruwudlwv/ glvwulexwlrqv/ dqg SVGv ri suhvvxuh iru frqwuro
skdvh � @ �63 dqg � @ 483 iurp h{shulphqw dqg iurp
prgho vlpxodwlrqv iru ghod| � @ 3=339 dqg iru wzr gl�uhqw
ydoxhv ri wkh qrlvh ohyho= � @ 4 dqg � @ 61 Wkh frq0
wuro skdvhv � @ �63 uhvxowv lq d vxsuhvvlrq ri wkh suhvvxuh
rvfloodwlrqv1 Wkh fruuhvsrqglqj forvhg0orrs prgho lv d vwd0



:

Ilj1 81 Iurp wkh wrs wr wkh erwwrp= Wlph wudfhv/ skdvh sruwudlwv/

glvwulexwlrqv/ dqg SVGv ri suhvvxuh iru frqwuro skdvh w ' 3�f1

Ohiw= iurp h{shulphqw1 Plggoh= iurp prgho vlpxodwlrq zlwk � '

f�ffS dqg j ' �1 Uljkw= iurp prgho vlpxodwlrq zlwk � ' f�ffS

dqg j ' �1

Ilj1 91 Iurp wkh wrs wr wkh erwwrp= Wlph wudfhv/ skdvh sruwudlwv/

glvwulexwlrqv/ dqg SVGv ri suhvvxuh iru frqwuro skdvh w ' �Df1

Ohiw= iurp h{shulphqw1 Plggoh= iurp prgho vlpxodwlrq zlwk � '

f�ffS dqg j ' �1 Uljkw= iurp prgho vlpxodwlrq zlwk � ' f�ffS

dqg j ' �1

eoh/ qrlvh gulyhq v|vwhp1 Rq wkh rwkhu kdqg/ wkh frqwuro
skdvh � @ 483 uhvxowv lq dq hqkdqfhphqw ri rvfloodwlrqv1
Wkh prgho dqdo|vlv zlwkrxw qrlvh suhglfwv d olplw f|folqj
ehkdylru1 Wr ylvxdol}h wkh glvfuhsdqflhv ehwzhhq wkh gdwd
iurp wkh prgho vlpxodwlrqv dqg iurp wkh h{shulphqw/ zh
suhvhqw wkh SVGv dqg glvwulexwlrqv ri suhvvxuh iurp erwk
prghov +gdunhu olqh, rq wkh vdph sorw zlwk wkh h{shulphq0
wdo SVGv dqg glvwulexwlrqv +oljkwhu olqhv, lq �jxuhv : dqg
;1 Zh fdq vhh wkdw wkh orzhu ydoxh ri wkh qrlvh lq wkh
prgho ohdgv wr dq xqghuhvwlpdwlrq ri wkh suhvvxuh rvflood0
wlrq ohyho lq h{shulphqw iru erwk frqwuro skdvhv1 Zh dovr
revhuyh wkdw wkh glvwulexwlrq ri suhvvxuh lq wkh gdwd iurp
wkh kljk qrlvh prgho vlpxodwlrq uhvhpeohv wkh rqh iurp
h{shulphqw ehwwhu wkdq wkh gdwd iurp wkh orz qrlvh prgho
vlpxodwlrq1

Wr txdqwli| wkh glvfuhsdqflhv ri wkh gdwd iurp h{shul0
phqw dqg prgho vlpxodwlrqv zh zrxog olnh wr fkrrvh vrph
txdqwlwlhv wkdw ghvfuleh wkh dyhudjh iuhtxhqf| ri wkh rvflo0
odwlrqv/ wkh dyhudjh vl}h ri wkh rvfloodwlrqv/ dqg vrphkrz
glvwlqjxlvk d qrlvh0gulyhq olplw f|foh iurp d qrlvh0gulyhq
vwdeoh v|vwhp1 Zlwk wklv jrdo lq plqg/ iru hdfk wlph lq0
whuydo fruuhvsrqglqj wr d jlyhq frqwuro skdvh � zh fdofx0
odwhg wkh iroorzlqj phdvxuhv ri wkh orqj whup vwdwlvwlfv= 4,
Wkh phdq iuhtxhqf| ri wkh suhvvxuh rvfloodwlrqv1 5, Wkh
vwdqgdug ghyldwlrq ri wkh iuhtxhqf| suhvvxuh rvfloodwlrqv1
+Uhpdun= Erwk ri wkhvh duh uhodwhg wr vshfwudo surshuwlhv

Ilj1 :1 Frpsdulvrq si SVGv dqg glvwulexwlrqv ri suhvvxuh iru frqwuro

skdvh w ' 3�f1 Oljkw olqhv= iurp h{shulphqw1 Gdun olqhv= iurp

prgho vlpxodwlrq1Ohiw= iru � ' f�ffS dqg j ' �1 Uljkw= iru

� ' f�ffS dqg j ' �1

Ilj1 ;1 Frpsdulvrq si SVGv dqg glvwulexwlrqv ri suhvvxuh iru frqwuro

skdvh w ' �Df1 Oljkw olqhv= iurp h{shulphqw1 Gdun olqhv= iurp

prgho vlpxodwlrq1Ohiw= iru � ' f�ffS dqg j ' �1 Uljkw= iru

� ' f�ffS dqg j ' �1

glvfxvvhg lq vhfwlrq LLL1, 6, Wkh vwdqgdug ghyldwlrq ri wkh
suhvvxuh vljqdo1 7, Wkh udwlr ri suhvvxuh phdvxuhphqwv lq
wkh lqwhuydo ^�v@5> v@5` wr wkh qxpehu ri doo suhvvxuh phd0
vxuhphqw lq d jlyhq wlph lqwhuydo1 +Uhpdun= 6, dqg 7, duh
svhxgrphwulfv edvhg rq wkh suhvvxuh vljqdo klvwrjudp1, Lq
wkh vhtxho zh zloo uhihu wr wkhvh phdvxuhv dv wkh orqj whup

vwdwlvwlfv1

D phdvxuh ri d glvfuhsdqf| ri wkh vwdwlvwlfv iurp h{shul0
phqwdo gdwd dqg prgho vlpxodwlrq zdv rewdlqhg e| wdnlqj
wkh devroxwh ydoxh ri wkh gl�huhqfh ri wkh vwdwlvwlfv dqg gl0
ylglqj lw e| wkh ydoxh ri wkh vwdwlvwlf iru wkh h{shulphqwdo
gdwd1 D phdq ydoxh ri wklv uhodwlyh phdvxuh iru doo hljkw
frqwuro skdvhv lv fdoohg lq wkh vhtxho d uhodwlyh huuru iru d
jlyhq vwdwlvwlf1 Wklv uhodwlyh huuru lv d svhxgrphwulf lq wkh
vhqvh ri wkh wkhruhwlfdo sduw ri wklv sdshu1

Iurp wkh irxu uhodwlyh huuruv zh frqvwuxfw d wrwdo huuru
phdvxuh e| dgglqj wkh irxu uhodwlyh huuruv zlwk wkh iroorz0
lqj zhljkwv= 4,Wkh zhljkw iru wkh phdq iuhtxhqf| ri wkh
suhvvxuh rvfloodwlrqv= 3=61 5, Wkh zhljkw iru wkh vwdqgdug
ghyldwlrq ri wkh iuhtxhqf| suhvvxuh rvfloodwlrqv= 3=41 6, Wkh
zhljkw iru wkh vwdqgdug ghyldwlrq v ri wkh suhvvxuh vljqdo=
3=71 7, Wkh zhljkw iru wkh udwlr ri suhvvxuh phdvxuhphqwv
lq wkh lqwhuydo ^�v@5> v@5` wr wkh qxpehu ri doo suhvvxuh
phdvxuhphqw lq d jlyhq wlph lqwhuydo= 3=5=

Lq �jxuh < zh suhvhqw frpsdulvrq ri wkh orqj whup vwdwlv0
wlfv iurp h{shulphqw dqg prgho vlpxodwlrq iru � @ 3=339/
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Ilj1 <1 Orqj whup vwdwlvwlfv iurp h{shulphqw dqg prgho vlpxodwlrq
iru � ' f�ffS/ j ' �1

� @ 61

Wkh ydoxhv fruuhvsrqglqj wr wkh orzhvw wrwdo uhodwlyh hu0
uru ri 3=3<654 duh � @ 3=339 dqg � @ 61 Wkh fruuhvsrqglqj
hpehgghg skdvh sruwudlwv duh vkrzq rq wkh uljkw lq �jxuhv
8 dqg 91 Lw lv vhhq wkdw wkh frpsdulvrq zlwk h{shulphqwdo
skdvh sruwudlw/ vkrzq rq wkh ohiw ri wkh vdph �jxuhv/ lv
txlwh jrrg1

YL1 Frqfoxvlrqv

Lq wklv sdshu zh suhvhqwhg vrph lghdv wkdw vhuyh dv d
iudphzrun zlwklq zklfk prgho ydolgdwlrq dqg dqdo|vlv ri
qrqolqhdu dqg2ru vwrfkdvwlfdoo| gulyhq v|vwhpv fdq eh grqh1

Sudfwlwlrqhuv ri h{shulphqwdo dqg qxphulfdo dqdo|vlv ri
g|qdplfdo v|vwhpv kdyh irxqg juhdw xvh ri Wdnhqv hpehg0
glqj wkhruhp w|sh uhvxowv1 Exw/ hpehgglqj phwkrgv duh
riwhq vxssohphqwhg e| vwdwlvwlfdo frqvlghudwlrqv vxfk dv
dqdo|vlv ri suredelolw| ghqvlw| ixqfwlrqv dqg vshfwudo dqdo0
|vlv1 Wklv lv vshfldoo| wkh fdvh zkhq gdwd lv srooxwhg e|
qrlvh1 Khuh zh olqnhg Wdnhqv hpehgglqj w|sh uhvxowv zlwk
hujrglf wkhru| dqdo|vlv wr surylgh dq hujrglf0wkhruhwlf xq0
ghuvwdqglqj ri suredelolw| ghqvlw| dqg vshfwudo gdwd/ erwk
iru ghwhuplqlvwlf dqg udqgrp g|qdplfdo v|vwhpv1

Iroorzlqj wkh suhplvh wkdw wlph dyhudjhv ri fhuwdlq ixqf0
wlrqv rq wkh skdvh vsdfh ri d v|vwhp fdq eh hdvlo| re0
wdlqhg h{shulphqwdoo|/ zkloh frpsohwh lqyduldqw phdvxuhv
duh kdug wr revhuyh/ zh kdyh vwxglhg wkh uhodwlrqvkls eh0
wzhhq wkh wzr1 Zh kdyh dovr dujxhg wkdw lqyduldqw phd0
vxuhv gr qrw ghvfuleh +hyhq lq wkh vhqvh ri vwdwlvwlfv, hyhu|0
wklqj zh zrxog olnh wr nqrz derxw wkh dv|pswrwlf g|qdp0
lfv ri v|vwhpv1 Zh lqwurgxfhg d idplo| ri rshudwruv rq wkh
vsdfh ri ixqfwlrqv dqg glvfxvvhg krz wkh txhvwlrq derxw
wkh gl�huhqfh ri dv|pswrwlf g|qdplfv fdq eh wudqviruphg
lqwr d txhvwlrq rq wkh ehkdylru ri wklv idplo| ri rshudwruv1
Edvhg rq wklv/ zh lqwurgxfhg svhxgrphwulfv rq wkh vsdfh
ri g|qdplfdo v|vwhpv wkdw vsolw wklv vsdfh lqwr htxlydohqfh

fodvvhv ri v|vwhpv kdylqj wkh vdph +lq wkh vhqvh ri wkh fkr0
vhq svhxgrphwulf, dv|pswrwlf g|qdplfv1 Zh suhvhqwhg dq
h{dpsoh lq zklfk wklv irupdolvp lv xvhg wr rswlpl}h sd0
udphwhuv ri d prgho ri d frpexvwlrq h{shulphqw1
Zh vwuhvv wkdw txhvwlrqv ri lghqwl�fdwlrq ru ydolgdwlrq

ri dv|pswrwlf surshuwlhv ri qrqolqhdu �qlwh0glphqvlrqdo
v|vwhpv zlwk frpsoh{ g|qdplfv duh lq wklv dssurdfk wudqv0
ihuuhg wr txhvwlrqv ri lghqwl�fdwlrq ru ydolgdwlrq ri d olqhdu/
doehlw lq�qlwh0glphqvlrqdo Nrrspdq rshudwru= Rxu krsh lv
wkdw vrph ri wkh phwkrgv ghyhorshg lq frqwuro wkhru| ri
olqhdu v|vwhpv fdq eh xvhg wr vwxg| wkhvh lvvxhv ixuwkhu1
Rq wkh sudfwlfdo vlgh/ zh surylghg d frqvwuxfwlyh phwkrg

iru rewdlqlqj uhohydqw vwdwlvwlfv iurp h{shulphqwv1 Wklv
phwkrg ghshqgv rq d fkrlfh ri d sduwlfxodu frpsohwh vhw
ri shulrglf ixqfwlrqv rq dq lqwhuydo1 Zkloh wklv fkrlfh lv
luuhohydqw iurp wkh shuvshfwlyh ri wkh wkhru|/ dv dq| fkrlfh
ri d frpsohwh vhw zloo jlyh doo ri wkh uhtxluhg vwdwlvwlfdo
lqirupdwlrq/ wkh sudfwlfdo lvvxhv dulvlqj iurp wklv duh qx0
phurxv1 Iru h{dpsoh= zklfk frpsohwh vhw gr zh fkrrvh lq
rughu wr rewdlq dssur{lpdwh +�qlwh gdwd/ �qlwh vhw ri ixqf0
wlrqv, uhvxowv wkdw duh rswlpdo lq vrph vhqvhB Zh krsh wr
uhvroyh vrph ri wkhvh txhvwlrqv lq ixwxuh vwxglhv1

YLL1 Dfnqrzohgjhphqwv

Zh zrxog olnh wr wkdqn Mrkq Gr|oh dqg Mrkq Kdxvhu
iru xvhixo glvfxvvlrqv1 Dqguh Ydohqwh fduhixoo| uhdg wkh
pdqxvfulsw dqg vxjjhvwhg ydulrxv lpsuryhphqwv1 Ljru
Ph}l�f zdv sduwldoo| vxssruwhg e| dq DIRVU judqw <;0
403479/ DIRVU judqw I7<9530<;0F03339 dqg wkh Vordq
Ihoorzvkls1 Dqgu}hm Edqdv}xn zdv vxssruwhg e| DIRVU
judqw I7<9530<;0F033391

Uhihuhqfhv

^4` G1 Dh|hov1 Jhqhulf revhuydelolw| ri gl�huhqwldeoh v|vwhpv1 VLDP
Mrxuqdo rq Frqwuro dqg Rswlpl}dwlrq/ 4<=8<8�936/ 4<;41

^5` O1 Duqrog dqg K1 Fudxho1 Udqgrp g|qdplfdo v|vwhpv1 lq
Vsulqjhu0Yhuodj Ohfwxuh Qrwhv lq Pdwkhpdwlfv/ 47;9=4�55/ 4<<41

^6` J1 Ehunrr}1 Dq revhuydwlrq rq suredelolw| ghqvlw| htxdwlrqv/ ru/
zkhq gr vlpxodwlrqv uhsurgxfh vwdwlvwlfvB Qrqolqhdulw|/ :=646�
65;/ 4<<71

^7` G1 G*Dohvvdqgur/ L1 Ph}l�f/ dqg P1 Gdkohk1 Vrph hujrglf
wkhruhpv iru vhtxhqfhv ri phdvxuh suhvhuylqj wudqvirupdwlrqv1
Suhsulqw/ 4<<<1

^8` I1Frorqlxv dqg Z1 Nolhpdqq1 O|dsxqry h{srqhqwv ri frqwuro
 rzv1 lq Vsulqjhu0Yhuodj Ohfwxuh Qrwhv lq Pdwkhpdwlfv/ 47;9=4�
55/ 4<<41

^9` S1 Kdoprv1 Dssur{lpdwlrq wkhrulhv iru phdvxuh0suhvhuylqj
wudqvirupdwlrqv1 Wudqvdfwlrqv ri wkh Dphulfdq Pdwkhpdwlfdo
Vrflhw|/ 88=4�4;/ 4<761

^:` D1 Odvrwd dqg P1 F1 Pdfnh|1 Fkdrv/ Iudfwdov dqg Qrlvh1
Vsulqjhu0Yhuodj/ 4<<71

^;` U1 Pdqh1 Hujrglf Wkhru| dqg Gl�huhqwldeoh G|qdplfv1
Vsulqjhu0Yhuodj/ 4<;:1

^<` N1 Shwhuvhq1 Hujrglf Wkhru|1 Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdp0
eulgjh/ 4<<81

^43` Y1 D1 Urnkolq1 Vhohfwhg wrslfv iurp wkh phwulf wkhru| ri g|qdp0
lfdo v|vwhpv1 Dphu1 Pdwk1 Vrf1 Wudqvo1 Vhulhv 5/ 7<=4:4�573/
4<991

^44` W1 Vdxhu/ M1 D1 \runh/ dqg P1 Fdvgdjol1 Hpehgrorj|1 Mrxuqdo
ri Vwdwlvwlfdo Sk|vlfv/ 98=8:<�949/ 4<<41

^45` M1 Vwdun/ G1 V1 Eurrpkhdg/ P1 H1 Gdylhv/ dqg M1 Kxnh1 Wdnhqv
hpehgglqj wkhruhpv iru irufhg dqg vwrfkdvwlf v|vwhpv1 Qrqolq0
hdu Dqdo|vlv/ 63=8636�8647/ 4<<:1

^46` I1 Wdnhqv1 Ghwhfwlqj vwudqjh dwwudfwruv lq wxuexohqfh1 Vsulqjhu0
Yhuodj Ohfwxuh Qrwhv lq Pdwkhpdwlfv/ ;<;=69;�6;4/ 4<;41

^47` Q1 Zlhqhu dqg D1 Zlqwqhu1 Kduprqlf dqdo|vlv dqg hujrglf wkh0
ru|1 Dphulfdq Mrxuqdo ri Pdwk1/ 96/ 4<731


