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Abstract

In this paper we investigate the problem of identifying
static nonlinear maps as part of a general, structured
interconnected system. The static nonlinear maps that
require identification are not naturally parameterized
via basis functions or other expansions. Thus, we are
interested in non-parametric identification of these non-
linear maps.

The particular focus of this paper is the issue of “identi-
fiability”. Loosely speaking, the static nonlinear maps
in an interconnected system are identifiable if it is pos-
sible to determine them uniquely on the basis of input-
output experiments. As is well known, identifiability
concepts are of fundamental importance in system iden-
tification [15].

In this paper, we focus on the case where only the static
nonlinearity needs to be identified and the linear com-
ponents of the interconnection are known. We offer a
readily computable test for identifiability in the case
that the inputs to every nonlinear map are measured.
This test reduces to a matrix positivity computation.

1 Introduction

In the field of nonlinear system identification many
open problems still remain. We categorize the avail-
able results using two criteria.

First we distinguish between a parametric or non-
parametric approach to the problem of identifying
static nonlinear maps. Much of the previous literature
uses a parametric approach where nonlinear maps are
represented using small sets of basis functions. Non-
parametric methods include Volterra kernel expansions,
neural networks, radial basis function expansions, and
Fourier series [2, 7, 13, 20, 11, 14]. These studies offer
asymptotic analyses, and local convergence results.

Second, we differentiate between structured and un-
structured problems. Unstructured problems treat the
most general case but frequently a priori structural in-
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formation about the system to be identified can be in-
corporated [23, 17, 22], resulting in a model with struc-
ture. Further, with unstructured methods it is typi-
cally difficult to ascribe physical interpretation to the
resulting models, and they are usually not well suited
for subsequent analysis and design. They do however
have the advantage of being general purpose. The most
thoroughly investigated structured identification prob-
lems are Hammerstein and Weiner system [3, 17, 19].
However, many of the simplest problems here remain
open.

This paper is concerned with identification problems of
interconnected structured nonlinear systems. We be-
lieve that it is fruitful to concentrate on a specific class
of structured nonlinear systems. Our broad objective
is to develop and analyze appropriate identification al-
gorithms for structured models. In particular, we are
concerned with problems in which the nonlinear ele-
ments to be identified are non-parametric. By this we
mean that these elements do not have a natural pa-
rameterization that is known or suggested from an an-
alytical understanding of the underlying process. Such
problems are particularly common in process control
applications, or in nonlinear model reduction problems
where an approximation is sought for a subsystem con-
taining complex nonlinear dynamics.

In this paper we focus on the issue of identifiability.
Loosely speaking, the nonlinear maps in an intercon-
nected system are identifiable if it is possible to deter-
mine them uniquely on the basis of input-output ex-
periments. Identifiability is a fundamental concept in
system identification. Much of the available literature
on identifiability covers linear model structures only.
This includes work on non-parametric linear models
[15], and on parametric (including nonlinearly parame-
terized) linear models [10, 11, 12, 24, 25]. For nonlinear
model structures much less is known. Notable here are
the research of [16, 9] which offer results for parametric
nonlinear model structures based on differential ideals.

Identifiability issues of nonlinear maps are still unex-
plored. There is little previous work on identifiability
of non-parametric nonlinear systems with the excep-
tion of [4, 5] which treat one single-input single-output



static nonlinearity in an interconnected system. Our
result in [8] extends the work of [4, 5] to several mul-
tivariable nonlinearities. In this paper we explore this
issue further and provide a readily computable test for
identifiability.

The remainder of this paper is organized as follows.
Section 2 establishes our notation. In Section 3, we de-
fine the class of model structures under consideration.
In Section 4, we make some (fairly standard) definitions
of identifiability. Section 5 contains our main results
and the computational aspects. These are for the spe-
cial case where the inputs to the nonlinear elements are
measured. The proofs of our main results may be found
in the Appendix.

2 Notation

We deal exclusively with one-sided sequence spaces. We
denote a sequence as w = (wp, w1, ...), that is w; is
the value of sequence w at time ¢. Associated with the
sequence w will be the multiplication operator {w;}
with action ({w:}(u))r = weus. Let S denote the set of
one-sided vector-valued real sequences. Let {5 denote
the Hilbert space of one-sided sequences equipped with
the usual norm.

Let z denote the left-shift (advance) operator on S, i.e.
z(ug,u1,...) = (u1,uz,...)

and 27! is the right-shift (delay) operator

) = (0,up,uq,...).

Note that zz=! = I but 27!z # I and that only z~!
commutes with any linear time-invariant operator. An
input-output operator is a map H : {5 — S, and will
be called time-invariant if it commutes with the right-
shift operator, i.e., Hz~! = 27 1H. The operator H is
called static if it is time-invariant and (Hu); depends
only on uy.

27 (ug, ug, - . .

In the interest of readability, we supress the dimensions
of all sequence spaces, and the input-output dimensions
of all operators.

Two input-output operators Hy, Hy are equal if if they
have the same action, i.e. Hy(u) = Ha(u) for all u € £5.
We shall largely deal with linear time-invariant (LTI)
operators £, and static nonlinear operators N .

A linear time-invariant operator L is stable if it is in-
duced ¢5-norm bounded.

3 Problem Setup

We are concerned with identification problems of in-
terconnected structured nonlinear systems. As is well
known [18], we may rearrange a general class of in-
terconnected systems to the linear fractional transfor-
mation (LFT) form shown in Figure 1. Here, u is the

RP-valued applied input signal, y is the R?-valued mea-
sured output signal, and £ is a linear time-invariant
system. As we will not treat noise models in this pa-
per, we have suppressed exogenous noise inputs.

This is a general situation. Indeed, every finite dimen-
sional nonlinear system (and associated identification
problem) can be rearranged to this LFT framework.
This framework allows us to explore specific classes of
structured nonlinear system identification problems in
a common framework.
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Figure 1: Nonlinear Model Structure

All the nonlinearities in the interconnection are gath-
ered into the m-input, n-output static block A/. This
is the block that requires identification, i.e. £ is known.
Note also that the nonmlinear block N has a block-
diagonal structure, owing to the fact that nonlineari-
ties appear in specific components in our interconnec-
tion. That is, in actuality a particular output of N
may depend on only a subset of the inputs z. Define
[V1,..,N,] as the component maps of A, each possi-
bly multi-input, but single-output. We will also require
that the inputs to each nonlinearity are distinct, in that
no two nonlinearities share a common input. This can
be achieved without loss of generality by duplicating
outputs of L.

This situation is depicted conceptually as:

Ny
N=| o (1)
N,

The structure of the nonlinear block N is known and
fixed. We will make the assumption that the compo-
nent nonlinearities Ny () are C!, i.e. they admit contin-
uous first partial derivatives everywhere. Nothing else
is known about N, and it is precisely in this sense that
our identification problem is non-parametric.

Definition 2 Let N be the set of C' mappings from R™
to R™ with structure described above. We will refer to
the set of models given by the interconnection shown in
Figure 1, subject to N' € N, as the model structure M.
For a fized nonlinear block N° € N, we write M(N°) to
mean the input-output operator from u to y in Figure 1
with the nonlinear block being fized at N°.



4 Identifiability

We are now in a position to introduce our various no-
tions of identifiability. Roughly these capture the idea
that for an identifiable model, there is only one nonlin-
earity from the set of nonlinearities under consideration
that will reproduce the exact same input-output behav-
ior.

Definition 3 Suppose N° € N. The model structure
M is identifiable at N° if for any N* € N,

MNY) = M(N°®) implies that N' = N°.

The model structure M is locally identifiable at N° if
there exists € > 0 such that

M(NY) £ M(N°).
YN! € N with N* # N° and |[N' — N°|| < e
The model structure M is identifiable everywhere if it

is identifiable at all N° € N for which the interconnec-
tion of Figure 1 is well-posed.

The model structure M is locally identifiable
everywhere if it is locally identifiable at all N° € N for
which the interconnection of Figure 1 is well-posed.

5 Main Results

Consider again the interconnected nonlinear model
structure shown in Figure 1. Recall that £ is known
and N is a nonlinear block to be identified.

Partition £ comformably with its inputs and outputs
as

We will exclusively consider the case where z is mea-
sured, i.e. z can be inferred from knowledge of u and
y. This is implied by (but not equivalent to) the con-
dition L.,, = 0. While we do not need this stronger
hypothesis, we will assume L,,, = 0 to simplify our
arguments.

Now suppose we have two nonlinear maps N° € N
and V! € N that cannot be distinguished using input-
output experimentation, i.e. for all u

0 = MWNYHu— MN°)u

= Lyw(Nl - NO)(LzuU)
LywN (Lyu)

where NV(2) := (N1 — N°)(2) := N (2) — N°(z). Note
that N € N also. Therefore the model structure M is

not identifiable at A/° if there exists a nonzero static
non-linear map N € N such that

LywN L.y =0 (4)

If such a map exists, it is clear that it can be made ar-
bitrarily small because scaling does not affect equation
(4). Also note that equation (4) does not depend on
N°. In summary we have

Proposition 5 Consider the model structure M. As-
sume that L., = 0. Then, M is identifiable at N°

<= M is identifiable everywhere
<= M is locally identifiable at N°
< M is locally identifiable everywhere.

Given that all our notions of identifiability coalesce

in the z-measured case, we will simply use the term
“identifiable”.

Let us define the structure set

X = {X eR™™:X,; =0if the i-th output
of A/ does not depend on the j-th input}.

Remember that the model structure M is identifiable if
and only if A N € N, N # 0 such that Ly, N L, =0.
We will show in the Appendix that the existence of
such a nonlinearity is equivalent to the existence of a
constant matrix in the above define set X'\

We can now state our main result:

Theorem 6 The model structure M of Figure 1 is
identifiable if and only if

2X €X,X#0: LyyXL.=0 (7)

Proof: See Appendix |

We now turn our attention to developing a readily com-
putable test for the identifiability condition of Theorem
6, that is, does there exist such an X7 The essential
idea here is as follows. The constraint X € X is linear,
and so the condition (7) is equivalent to checking if a
collection of (multivariable) LTI systems is linearly in-
dependent over the field of reals. This in turn can be
checked efficiently using s norm based computations.

The identifiability condition (7) reduces to a matrix
positivity test. The matrix involved is of size r x r,
where r is the dimension of the subspace X'. This ma-
trix is computed by solving one Lyapunov equation of
size (2rn,) where n, is the number of states of the
original system L.

We will now describe explicitly how to perform this
test. Consider the model structure M of Figure 1. Let

A| B, B,
L~ Cy| Dy, Dyy
L C.| Dw Dy J




be a state space realization of L. Let K; : i =1,---,r
be basis matrices for X, i.e. any X € X can be written
as

Xp =) Kb
i=1
Define @y to be the system
Q9 = LwaQLzu = ZLwaszuaz = ZTzeza

i=1 i=1

where T; is a system with state space realization

4| B A 0 B,
Ti ~ [ Cz Dl :| = BwKiCz A BwKiDzu
v ’ DwaiCZ Cy | DwaiDzu

Now we wish to check if there is a nontrivial choice for
6 =[01, - ,6,] such that @y = 0. Observe that Qg has

realization
F | GO
Qo ~ [ 7|70 ]

where F,G, H, J are defined as

F = diag(4;), G =diag(B;)

H=[C - C ], J=[Di - D]

and © = [ 0.1

Let W be the observability grammian of (9 which can
be computed as the solution of the Lyapunov equation
W = F*WF + H*H. We now use the fact that Qy =0
if and only if ||Qgl|2, = 0. Using results from e.g. [27],

1Qo|24,

6,1 ]* c R"P*P,

trace (0*J*JO + O*G*WGO)
= trace (0" [J*'J+G*"WG]0O)

All e Alr

= trace (O* oo, 0)
Arl e Arr

= trace (Z 0l6]A”)

ij=1

= 6*Q8,

where J*J + G*W (G was partitioned to yield the p x p
matrices A;;, and p is the dimension of the signal w.
Further, € is defined to have ij’th entry [trace (A;;)].
Notice that Q@ depends only on the known quantities L
and the nonlinearity structure X', and can be readily
computed.

To summarize, we have that A 6 # 0 such that Qp =0
if and only if 2 is positive definite or negative definite.
We have shown the following result:

Theorem 8 The model structure M is identifiable if
and only if

QO>00r02<0,

with Q defined as above.

6 Appendix

In the following section let L and R be LTI systems of
appropriate dimensions and let A € N. We will prove
the main step of our main result (Theorem 6) namely
that

(AN #0:LNR=0) < AX € X, X #0: LXR =0)

Define Gy = VN|py)«) for t > 0 and G = 0 for
t < 0, where VN is the Jacobian of N and u is the
input signal to the system R.

Also define L) to be the truncated Toeplitz matrix

Ly 0 - 0

= | L Lo :
: : .0
Ly Lyn_1 -+ Ly

where Lj are the Markov parameters of L and define
RW) likewise. Also define the set of consecutive gra-
dients G = {(G,...,Gr+nN) 1 k € Z} and the vectors
X = (Xo,-.- ,Xn) where X; € X. Finally define the
linear map

M) (X) = (LMXRW™) | AX)

WhereAX:[XO—Xl XN—l_XN

]T
The following lemmas are needed to prove the main
result.

Lemma 9 VN has the same structure as N as im-
posed by the model structure M, i.e N € N —
VN, € X.

Lemma 10 From the linearity of L and R and the
chain rule it is easily verified that LNR = 0 —

Lemma 11 If LNR = 0 and VN|, = 0 then evalu-
ating the gradient VN at v = Rz *u and simple ma-
nipulation yields that Lz=*{G}z*R = 0 for all k > 0.
Observe that z=*{G,;}2* = {0,...,0,Go,G1,...}

Lemma 12 L{G;}R =0 = L*{G;}> " *R =0 for
all k > 0. Note that z*{G;}27% = {Gy,Gry1,.-.}

Lemma 13 Let M € RP*P then it is easy to show that
Vi>p: Miz=0 = MPz =0.



The following four lemmas cover different cases which
combined prove the needed Theorem 19.

Lemma 14 If VN|, # 0 and LNR = 0 then
VN|, € X and LVN|,R =

Lemma 15 Define the range space of R to be R.
If LNR = 0 and R # R™ then 3z # 0 so that

¢ 0 z¢ 0
{0 O]EXandL{O O}R_O'

Proof: A representation of the range space of R at
any time t is R = Span{Rp, Ry, ...} where R; are the
Markov parameters of R. R is a subspace of R™ where
m is the dimension of the signal z

Partition N as in equation (1) where A; has m; in-
puts. Recall that the inputs to each non-linearity are
separated so that Y., m; = m. Define the sub-
spacesSi:[O oo 0 Iy, O O]Rngi
Since R # R™ at least one of the above subspaces
is strictly contained in R™:, without loss of generality
let S; C R™ which implies 3z € Si-,z # 0. Define

X = {l;) 8] Note that 0 # X € X. Now observe
that with r = Ru
r1
ezt O . A S
o[8[ ][]
Tn

since z is perpendicular to r; € S;. In conclusion
LXRu =0 Yu. [ |

Lemma 16 If R = R™ and Null(®WN)) = {0} then
LNR = 0 implies that N' = 0, i.e. these conditions
cannot occur if N' # 0.

Proof:  Since Null(®M)) = {0} there exists a left

inverse (V) such that (M) &) = I. Which implies

TN(LMXRWN AX) = X, VX. Since the gradients

Gy arein X, ¥N)(LIMMGRW) AG) = G also holds for

all G € G. But LMGRW) =0 VG € G which implies
A

there exists matrices A, B such that G = { B ] AG.

Define g [Gk GrynN-1 ]T and

ok = (gk —gk+1)  Then
Jk+1 = B(;k Vk (17)

or alternatively (I + B)gg+1 = B g, Vk. Multiplying
by (I+ B) from the left and using the previous equation
recursively yields

(I + B)*gr+1 = (I + B)Bgy, = B(I + B)g, = B*gx—1
this procedure can be repeated and yields

(I + B)'g;, = Blg;_;, Vk, VI > 0.

Note that gr—; =0, VI > k+ N since G; =0, Vj <0
by definition. Therefore

(I + B)lg, =0, Vk, VI > max{0,k+ N}.

Let p be the size of B and consider three cases:

1. If ¥k < —N then (I + B)?g, = 0 since
I =p>max{0,k+ N}
2. If —-N < k < p— N then (I + B)Pg; = 0 since
l=p>k+N2>0
3. If k > p— N then (I + B)**Ng; = 0 and using
Lemma 13 (I4+B)Pgy, = 0 since k+N > p = size(I+B)
Combined this proves that (I + B)Pgy =0, Vk. Using
Equation 17 again this implies

0 = (I+B)’(gr — gr+1)
(I + B)P~'[I(gr. — gr+1) + B(6)]
= (I+B)" 1(gk — Gk+1 + Grt1)
(I+B)"g

Repeating this process finally yields g, = 0, Vk Note

that g, = 0 also implies G; = VN|(RU) 0 =0, Vt,
i.e. the gradient of A is zero everywhere in R™ which
implies that N = 0. |

Lemma 18 If R = R™ and Null(®WN)) #£ {0} then
AN # 0 : LNR = 0 implies 3X € X : X # 0 and
LXR=0.

Proof: We will show that there is a converging
sequence of matrices X™) and that the limit of this
sequence fulfills LXR = 0. Let X(") ¢ Null(®W)).
Note that AX(N) = 0 implies X; = Xj Vi,j. Be-
cause the elements X; are identical for vectors in the
nullspace it can be equivalently represented by the sub-
space SV) defined to be the projection of Null(®))
onto its first element X;. Note that S¥) C X and for
all XN € S(V) holds L<N)X<N)R<N) = 0. Also note
that SINtD € S(NV) and that SV # {0}, VN due to
Lemma 16. Let sy = dim(S")) then the sequence of
integers {sn} is monotone non-increasing and bounded
below by 1, therefor it converges after a finite number
of steps, say k&, and 3X € S**) C X : X # 0 such that
LXR=0. [ ]

Theorem 19 Let L, R and N be defined as above then

(AN #0: LNR=0) < (3X € X, X #0: LXR = 0)

Proof: («<=) If 3X # 0 then define N = X

( = ) Assume IN # 0 : LN'R = 0 which implies
L{G}R = 0 with G, defined as above.

First note that the case where VN, # 0 is covered by
Lemma 14 and that the case where R # R is treated
in Lemma 15.



If VN|, =0 and R = R™ then Null(®) is not trivial
because this would contradict ' # 0 (Lemma 16) and
dX € X, X #0: LXR = 0 according to Lemma 18.

In conclusion if N : LN'R = 0 then either X = VAN,

or X = “i) g } or X € S®) (all in the set X) fulfill
LXR=0. |
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