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Abstract

Effects of time-dependent forcing on the flow induced
by a single vortex in a corner are studied. The objec-
tive of forcing is to maximize flux across the separating
streamline in the flow while keeping the position of the
vortex bounded within a prescribed domain. Concept-
s of chaotic advection and control theory are used to
achieve this goal. Transformation into flat coordinates
is employed to prove controllability using various ac-
tuation methods. Flat coordinates also alleviate the
search for the optimal (flux-maximizing) vortex trajec-
tory. A feedback law is designed to stabilize this tra-
jectory. Mixing in the optimized flow is studied.

1 Introduction

In the last two decades, much progress has been made
in employing dynamical systems theory to laminar mix-
ing [1, 16, 21]. In much of this work the emphasis has
been on understanding the mechanisms of mixing in
laminar flows. For example Melnikov theory and asso-
ciated lobe dynamics have been used to study trans-
port and mixing in and out of the recirculation bubble
of the vortex Batchelor couple in a pioneering study
of Rom Kedar et al [18]. Those mechanisms are now
well-understood in two-dimensional flows and partial-
ly in three-dimensional flows [12, 9]. In this study we
pursue a related question of optimizing and controlling
transport and mixing in two-dimensional flows. Akin to
first chaotic advection studies we chose a simple vortex
model - a single vortex in a corner subject to a potential
field. The motivation for this study comes from flows
in a combustor recirculation zone. In the absence of
time-dependent forcing (introduced by modulating the
potential field) the vortex is either at a stable equilib-
rium position or is moving on a periodic trajectory in
the plane.

The first question that we ask is: if we allow for the ar-
bitrary time-modulation of the potential field, can we
move the vortex from an arbitrary initial position to
an arbitrary final position in the plane? The answer to
this question is shown to be positive using the transfor-

mation to the so-called flat coordinates [15, 8]. Having
this result, we can proceed to search over all the trajec-
tories of the vortex in a bounded domain of the plane
and determine the optimal one with respect to a suit-
able measure. In this paper we choose this measure to
be the flux through the separatrix, thus linking control
theory and chaotic advection theory. Once the optimal
trajectory is found, we stabilize it using a feedback law.
The search for the optimal trajectory is pursued here
using the numerical simplex method. Various charac-
terizations of mixing utilizing dynamical systems con-
cepts can now be pursued.

2 The point vortex model

In this section, the vortex model for the recirculation
region is outlined generalizing an analytical study of
unforced flow by Suh [19].

The flow is described in a Cartesian coordinate sys-
tem z,y of which the origin coincides with the cor-
ner. The walls of the corner lie on the z- and y-
axes and the considered domain is the first quadrant
D = {(z,y) : >0,y >0}. The independent vari-
ables are the location z = (z,y) and the time t. The z-
and y- components of the velocity field u are denoted
by w and v, respectively. The potential corner flow is
expressed by the stream function

Up(x) =kzy, (1)

or, equivalently, the velocity field u = 0,¥, = kz, v =
—0, ¥, = —ky. The constant k specifies the magnitude
of the velocity at a given location.

A vortex with circulation —I', where I' > 0, is placed
at x, = (zy, ¥»). The negative sign of the circula-
tion indicates that the induced fluid motion rotates in
clockwise direction. The no penetration condition at
the walls is enforced by mirror vortices in quadrants 2,
3 and 4 at xo = (—xy, Yv), at X3 = (—Ty, — Yy), and
at x4 = (z,, —Yu), respectively. The circulation of the
mirror vortex in quadrant n is given by I';, = (—=1)" I.
For reasons of simplicity, the position and circulation
of vortex in the domain is also denoted by x; = x, and



I'y = —T in the sequel.

The motion of the real vortex is determined by the po-
tential corner flow and the velocity field induced by the
mirror vortices. The stream function of the induced
field at location x is
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where ||x — x,,|| represents the Euclidean distance be-
tween the location and the mirror vortex n. The stream
function can be considered a function of the the loca-
tion x and the vortex position x,, since the positions of
all mirror vortices are slaved to the real vortex at each
instant.

Actuation is provided by the free-stream perturbation
€V¥., where € represents the forcing amplitude and ¥,
the free stream,

Ue(x)=Fkay. (3)

The evolution equation for the vortex position reads
%, = f(x,) + € g(x0). (4)

and contains the velocity field due to the natural dy-
namics f = (0y [¥p + ¥my], =0z [¥p + ¥my])|x=x, and
the actuation field g = (0y¥¢, —0;¥c)|x=x,- At € =0,
the evolution equation has the form of an autonomous
system. Otherwise, time-dependence due to e enters
in a simple form which is well investigated in control
theory. Employing Egs. (1),(2),(4) yields
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where 7, = /22 +y2 and v = I'/4nr. The equations
can be simplified by non-dimensionalization with length
scale L = /I'/8nk and time scale T' = 1/2k, yielding
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Note that for € = 0 the streamfunction (or Hamiltoni-
an) for the velocity field (7) is given by
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In the sequel, we assume all quantities to be non-
dimensionalized correspondingly and use the original
symbols for reasons of simplicity

In addition to free-stream forcing, several local actua-
tions with associated stream function € ¥, were studied.
The actuators are sources (sinks) when the amplitude e
is positive (negative). The no-penetration condition is
violated at the actuator position and is enforced else-
where by mirror sources. The studied actuator config-
urations include (a) a source at the origin,

U.(x) = arctan [%] ) 9)

(b) a source at positive z-axis (¢,0) with the corre-
sponding image at (—c¢,0),

U.(x) = arctan [ } + arctan { Y
x+
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and (c) zero-net flux source-sink combination at (0, c)
and (¢,0) with corresponding images,

¥.(x) = arctan [y — c} + arctan {y + c] +
x x

arctan{ ]+arctan[ a } (11)
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The dynamics of the fluid is parametrized by the mo-
tion of the vortex. The motion of a fluid particle with
position g, is given by

g, = (0,0, —0, ) (12)

X=Xfp

where ¥ = ¥, + ¥, + ¢ ¥.. The velocity field induced
by the four vortices and the time-dependent strain field
has the streamfunction expressed by

U (Xtp, Xn, €) = Uy (Xep, X)) + (1 + €) P (Xgp)
‘T
= Z 2—; In||xep — xp|| + (1 + €)kzepyp-  (13)
n=1

Similar expressions are valid for the alternative actua-
tion fields stated above.

Note that this problem which is based on point vortex
model of the velocity field carries many of the proper-
ties of the "real” fluid mixing problem where by ”re-
al” we mean the problem posed within the context of
Navier-Stokes equations. The control e enters in the
vortex motion equation (7) the way it would enter into
Navier-Stokes. On the other hand, we are interested in
changing the properties of (13), not (7). The control
affects (13) both directly through the input € and in-
directly, by changing the original velocity field as the
position of the vortex has changed.

3 Vortex motion

The vortex position (0, %v0) = (1, 1) is readily seen to
be a fixed point of Egs. (7). At this point, the induced



velocity of the mirror vortices is equal but opposite to
the potential corner flow. In non-normalized coordi-
nates, this fixed point is expressed by z,0 = Yy =
V/7/2k, i.e. the distance between the fixed point and
the origin increases with the strength of the vortex and
decreases with the magnitude of the potential corner
flow, as intuitively clear. It is a simple exercise to show
that there exist no further fixed points in the domain
Ty, Yy > 0.

The dynamics of the infinitesimal perturbation 2z’
around z,¢ is described by

The fixed point is hence a marginally stable center and
small perturbations have angular frequency w = 1. The
dimensional value of the frequency w = 2k increases
with potential flow magnitude and is independent of
the circulation.

The linearization of the vector field calculated in
the previous section shows that the critical point
(Zv0,Yw0) = (1,1) of the streamfunction is not singu-
lar. In fact, trajectories close to the fixed point must
be periodic orbits. By the fact that the topological type
of the intersections of constant planes with the stream-
function changes only at critical points, all of the tra-
jectories in the first quadrant of the plane (excluding
the axis) have to be periodic orbits. The velocity ,
can be zero only if y, < 1 and by symmetry around
Ty = Yu, Yy can be zero only if x,, < 1. These proper-
ties are reflected in numerical solutions of Eqgs. (7) that
are shown in figure 1 - the computed orbits are peri-
odic trajectories around the fixed point with clockwise
orientation.

From simulations we observe that the period Tpe, of the
vortex motion increases with the amplitude of oscilla-
tion which is defined as the maximum distance of the
orbit from the fixed point,

R: = H;%XHXU(t) — Xyo]|- (14)

At R < 0.5, this relationship is approximately de-
scribed by Tper = 2 (1 + 0.24R?). This increase is
a useful fact in considerations of forced vortex motion.
In particular, consider time-periodic forcing given by
€(t) = e(t + 7),|e| < §. Then, using Moser’s version of
the KAM theorem [2] it can be shown, using the fact
that 0Tper/OR > 0 that most of the quasi-periodic or-
bits of the related Poincaré map persist in the forced
case for small enough 4. In other words, for small e-
nough control the vortex motion will be quasi-periodic
starting from most initial conditions. A simple con-
sequence of this is that, for small control, vortex that
starts at the equilibrium point will not drift far from
it at any time. However, the motion of the vortex can
become chaotic starting from some initial conditions
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Figure 1: Orbits associated with natural periodic vor-
tex motion. The bullet at (1,1) indicates
the fixed point.

- those that are close to resonant periodic orbits for
which the period of unforced motion and the period of
the forcing are rationally related.

In the pioneering mixing study of Rom-Kedar, Leonard
and Wiggins [18], actuation of the vortex pair is as-
sumed to be periodic with periodic forcing e = A sin Qt.
In the present study, we want to prescribe a much larger
class of vortex motion by control laws for actuation as
a function of time and vortex position, € = €(xy, yy, ).
This class includes periodic motion at arbitrary fre-
quencies and at arbitrary not necessarily small ampli-
tudes. The goal can be achieved in the framework of
control theory. The key element of the strategy is find-
ing a transformation into the so-called flat coordinates
[15, 8]

21 = a1 (Ty, Yo), 22 = aa(Ty, Yy) (15)

such that Eqn. (4) can be expressed in the form

Z1 = 22, Zy = p(21,22) + €q(21, 22). (16)

Thus, the first flat coordinate can be prescribed by an
arbitrary function of time z; = 2{(¢). The first deriva-
tive corresponds to the second flat coordinate 2§ = 2{.
Eqn. (16) represents the controlled vortex dynamics
and any such vortex motion (z{, z{) is easily seen to

arise by imposing the control law

- d .d
q(zf, 25)

provided that g # 0.

Differentiation of the first coordinate (15) employing



Eqn. (4) yields
z = LfOél + € LgOél (18)

with Lie derivatives Lyay = fi 0,01 + f2 Oy, 01 and
Ljon = g1 0,01 + g2 Oy,01. Comparing Eqn. (18)
and (16) implies Lya; = 0 and 22 = Ly(2y,yy), since
the first transformed equation (16) does not contain
€. Geometrically, the first condition requires that the
gradient of the flat coordinate z; is everywhere perpen-
dicular to the forcing field g, or, equivalently, that z; is
a function of the (non-dimensionalized) stream function
U, = %xv Y-

Equations (7) can be brought into flat form by straight-
forward computations. The transformation is given by

21 = Ty Yo, =P (19)

the inverse map being

1 1/4 1 1/4
:rv=21< Zz) , yuzzl< +22> . (20)

1+ 29 1— 2

The dynamics in flat coordinates is described by
Z1 =22, Zz=p+eq, (21)

where p = —4z, y, (T, Yo — 1)/7';41 and ¢ = —41‘12] y?)/rfj'
Vortex motion is controllable: if we want the vortex to
go from an arbitrary point (219, 220) to (217, 2z27) during
the time T, we can prescribe a function z{(t) such that
24(0) = 210, 28(0) = 220 and 2{(T) = 217, 2(T) = 2or.
Then controllability follows by applying the control law
(17), since ¢ does not vanish in the domain z,,y, > 0.

The control law (17) has to be enhanced by stabilizing
feedback terms to account for transient behaviour,
24 —plz1,22) — ka(z1 — 2) — ka(z2 — 29)

€= pTE . (22)

The coefficients k;, k> must be chosen such that the
deviations e; = z; — zf, ey = zp — zg tend to zero
with increasing time. For this, it is sufficient to choose
k1 > 0and ks > 0.

4 An optimal mixing problem

The instantaneous flow is determined by the vortex po-
sition. The fluid motion is typically characterized by
streamlines, pathlines and streaklines. Under steady-
state conditions, i.e. x, = 9, € = 0, all three kinds of
curves coincide.

Under periodic conditions, i.e. at natural or controlled
periodic vortex motion, the fluid motion may be char-
acterized by the Poincaré map x* = ®r(x), where x
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Figure 2: Principal sketch of the Poincaré map. The
associated controlled vortex motion has si-
nusoidal flat coordinate z; = 1+ Asin Qt at
Q=1and R=0.1.

represents the initial position of the fluid particle and
x* the position one period Tper later. At small am-
plitudes, the Poincaré map has (at least) three fixed
points, one at the origin, one =, on the z-axes and one
x,, on the y-axis (see Fig. 2) as the hyperbolic points of
the Poincaré map persist under perturbation. The fixed
point zs (z,) has a stable (unstable) manifold Wy(z)
(Wy(xy)) extending into the domain. The manifolds in-
tersect each other infinitely many times near the fixed
points [10]. Fixed points and invariant manifolds can
be shown to be symmetric with respect to the x = y
bisector, if the vortex motion has the same symmetry
and if the initial position of the vortex is on the z = y
line. We define a curve C which consists of the sections
of the invariant manifolds from the fixed points to the
first intersection point (Fig. 2) [18]. For the consid-
ered parameters, the curve is nearly circular. In Sec.
5, further implications of the Poincaré map on mixing
dynamics will be discussed. The recirculation region R
shall be defined by the region bounded by the z- and
y-axis and C. In the limit of small amplitudes R, the
curve C converges to the steady state separatrix.

Mixing is associated with the behaviour of an ensem-
ble of fluid particles over a finite period of time. In
a Hamiltonian system such as (12) it is known from
numerical simulation that in the region near the sep-
aratix good mixing occurs for unsteady perturbation-
s of steady flows [21]. In particular it can be rigor-
ously proven that some particles exhibit chaotic be-
havior. Kolmogorov-Sinai entropy - which is for two-
dimensional systems the integral of positive Lyapunov



exponent over area - was recently introduced as a mea-
sure of mixing in zones where flow is chaotic [7]. This
quantity is, in the case of small unsteady perturbations
to a steady flow, monotonically related to the flux over
one period (which is the size of the lobe) and in turn to
Melnikov integral [20]. Thus mixing will be increased
if the size of the fluid exchange across C' is increased.
The instantaneous rate of fluid exchange is quantified
by

Pinst = /dS |Un|
C

where ds represents an arc element of C' and wu, the
normal component of the velocity. A suitable mixing
measure ¢ may be defined by the flux averaged over
one period and normalized with the area |R],

Toer
[
d=_——— [dt [ds]|upl- (23)
TourR] | )10

® vanishes under steady-state conditions. 1/® has the
dimension of a time. This time is an order-of-magnitude
estimate of the period during which most of the un-
trapped fluid may be expected to be exchanged by new
fluid.

In the optimal mixing problem, vortex motion is as-
sumed to be periodic and bounded. The restriction
to periodic motion significantly simplifies the solvabil-
ity of the problem. The requirement of boundedness
is motivated by engineering interest to limit the lev-
el of unsteadiness. Let V(Rmax, Iper) be the set of all
controlled vortex motions z,(t) which satisfy the fol-
lowing three conditions: C1: The vortex motion has
period Tper = 27/, ie. @y (t + Tper) = x,(t) for all ¢
C2: The vortex motion is bounded by a circle of ra-
dius Rmax around the fixed point .9, i.e. R < Rmax
where R is defined in Eqn. (14). C3: The vortex mo-
tion satisfies the evolution equations (7) with control
law (22). We want to find the optimal vortex motion
29" € V(Rmax, Tper) which maximizes the flux (23),
ie.,

®(xPY) = sup D (xy).
Xy EV(Rmax:Tper)

This optimization problem may be re-formulated ex-
ploiting the controllability, i.e. that the vortex mo-
tion is parametrized by the flat coordinate z;: Let
Z(Rmax, Tper) be the set of all differentiable functions
with period Tper = 27/ and for which the associated
vortex motion' satisfies C2. Find the optimal flat out-
put trajectory z{*" € Z(Rmax, Tper), Which maximizes
the flux of the associated vortex motion.

The optimal mixing problem is likely to have no glob-
al solution for the following physical reason. Assume

IThe vortex position x,(t) is obtained from (z,22) =
(21, 21) via the inverse transformation (20).

Table 1: Results of the optimal mixing problem: The
first two rows contain the parameters for the
side constraints. ®™) represents the flux of
the locally optimal vortex motion based on a
truncated Fourier expansion up to IN-th har-
monics (24).

Q 08 [ 1 [ 12
Rinax 1/2
[ @™ [0.404 [ 0.393 [ 0.323 |
[ @® ]0.430 [ 0.401 | 0.368 |

29" € V(Rmax, Tper) has the largest flux. Then, a vor-
tex motion with a large multiple of the frequency of
z%"% can be expected to induce a still larger flux, since
more actuation is required at higher frequency and the
actuation also contributes to the flux. Similarly, low-
amplitude high-frequency wiggles may lead to large ac-
tuations € and hence contribute to the flux. Howev-
er, there is numerical evidence for the existence of lo-
cal maxima in a suitable finite-dimensional subspace,
i.e. there exist vortex trajectories such that every small
perturbation of this trajectory leads to a smaller flux.
In the sequel, only these local maxima are considered.
This problem is avoided if a bound on actuation size
(i.e. the magnitude of |e| is also specified.

The search for a local maxima is carried out by a direct
variational method. The flat coordinate z; is approxi-
mated by a truncated Fourier expansion

N
z1 =bo + Z [an sin(nQt) + b, cos(nQt)] (24)

n=1

The associated flux is denoted by ®N). For reason-
s of simplicity, we set N = 3 and by = 1. Thus,
the flux is a function of six Fourier coefficients, ® =
®®) (a1, a,as,by, by, b3) subject to the side constrain-
t C2. Optimal local solutions are numerically found
using a simplex method [17]. Tab. 1 enumerates the
achieved fluxes ®(!) with an optimal sinusoidal flat co-
ordinate z; and ®®) based on expansion (24). Near the
natural frequency € = 1, the higher harmonics of the
optimal solution change sign, i.e. vanish and the fluxes
are nearly equal. At lower and higher frequencies the
higher harmonics help to improve the flux by roughly
10% to 20%.

The vortex and particle motion are illustrated in Fig.
3 for the optimal numerical solutions. The stable and
unstable manifolds of the fixed points of the Poincaré
map &1 are shown.

Apparently, the inclusion of the higher harmonics in



Figure 3: Results for the optimal solution at 2 = 0.8,
1, and 1.2 (left to right) and at Rya.x = 0.5.
For details see text.

the optimization problem has little effect at 2 = 1 but
extends the orbits closer to the constraining circle at
Q # 0. The actuation ¢ is largest close to the origin
at © = 0.8 while actuation is largest away from the
origin at @ = 1.2. The instantaneous flux associat-
ed with vortex positions close to the origin decreases
with increasing (2, indicating that the larger averaged
flux ® may partly be due to the free-stream actuation.
Another contribution may arise from the fact that the
curve C' moves away from the origin as Q decreases.
Thus, the instantaneous flux through C increases with
decreasing frequency when the vortex is closest to the
origin. In the residence time distributions, three re-
gions can be clearly distinguished: the trapped region
around the vortex, a mixing region inside the recircu-
lation region where most of the particles leave during
the first period, and a free outer region. The trapped
region corresponds in the Poincaré map to the region
which is embraced by the lobes of W, and W,,.

5 Mixing dynamics and statistics

In the preceding section, controlled vortex motion
which locally maximizes flux were presented. In this
section, focus is placed on the dynamics of mixing em-
ploying dynamical systems theory.

The iso-contourlines of the residence time distribution
and the shape of the invariant manifolds of the Poincaré
map display many similarities for the optimal controlled
motion (Fig. 3). These similarities are based on rig-
orous results of dynamical systems theory [18]. The
lobe of the stable manifold W contains the fluid which
leaves the recirculation region R during one period of
the Poincaré map (Fig. 2). This fluid is bounded by
the first intersection point, the Ws-lobe and the initial
W, section. The lobe of the unstable manifold W, con-
tains the fluid which enters R during the same interval.
This fluid is bounded by the first intersection point, the
W-lobe and the initial W section. Hence, the inter-
section of both areas identifies the fluid which enters
and leaves during the considered time interval, i.e. the
area between invariant manifolds connecting intersec-

tion points 2 and 3. Thus, the total fluid exchange
Tper |R|® during one period is represented by the ar-
eas bounded by C and both lobes, Wy, W,, counting
the overlap area twice. The region around the vortex
which is embraced by both lobes neither leaves nor en-
ters the recirculation zones during the considered peri-
od. The embraced region can roughly be identified as
the trapped region neglecting convection effects due to
the thin higher-order lobes near the axes (not resolved
by present computations).

The conclusions from the studies of Poincaré maps are
corroborated by a statistical analysis of fluid motion.
For this analysis ®;(A) represents the region covered
by the fluid particles at time ¢ which were initially in
A at t = 0. The residence coefficient a(t) is defined
by the fraction of the fluid initially in the recirculation
region R which has remained or returned to this region
at time ¢. Let the absolute sign | | denote the area of
a region, then the residence coefficient is expressed by

_ |®:(R) NR|

a(t) R]

(25)

Fig. 4 (top) displays the residence coefficient for the
vortex motion corresponding to R = 0.2. The coef-
ficient corresponding to 2 = 0.8 almost converges to
the asymptotic behaviour in one period, i.e. most of
fluid either leaves R for ever or is trapped for infinite
time. This behavior was inferred from the large overlap
region between the Wy and W, lobes of the Poincaré
map. One the other hand, at 2 = 1.2, the transient
phase is much longer, i.e. a significant fraction of the
fluid particles stays in R for one or several periods be-
fore it eventually leaves. This dynamics was concluded
from the small overlap region of the invariant manifold
lobes of the Poincaré map. Fig. 4 (bottom) illustrates
the distribution function of the residence time. The un-
derlying ensemble consists of the fluid particles which
was initially in R at ¢t = 0 and which have left R two
periods later.

6 Conclusion

We have examined a problem that we deem typical in
the subject of controlled fluid mixing. In particular, the
control affects the velocity field but the objectives are
specified in terms of particle motion. Enhanced mixing
has been achieved in a recirculation zone using a vor-
tex model for the natural and forced dynamics and em-
ploying control theory to prescribe the vortex motion.
Controllability has been exploited to formulate an op-
timal mixing problem under suitable side constraints.
Thus, the shape of the orbits have been modified by
control laws to enhance mixing. The effect of actuation
on hydrodynamic mixing has been derived from the in-
variant manifolds of Poincaré maps at periodic vortex
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Figure 4: Residence coefficient a(t) (top) and prob-
ability distribution of the residence time
(bottom) for the controlled motion with
R =02and Q =08 (2), Q@ =1 (©)
and Q =1.2 (¢).

motion. For instance, the regions of in- and outgoing
fluid, the fluid exchange across the recirculation region,
the region of the trapped fluid, and the residence time
distribution have thus been elucidated.

The present study allows to enhance time-averaged flux
by the order of 10% incorporating higher harmonics
in the flat coordinate. The size of the mixing region
and the flux is approximately proportional to the am-
plitude of oscillation at constant frequency. The area
embraced by the lobes of both invariant manifolds in-
creases strongly with increasing amplitude. Thus, the
average residence time decreases with increasing flux.
At large amplitudes, most fluid particles stay in the
recirculation region for times of the order of 1 period.
However, the overlap area between both manifolds can
be decreased at nearly constant mixing region with s-
mall changes of the frequency. Thus, the flux and the
average residence time can to some extend be indepen-
dently controlled by suitably chosing the desired vortex
motion and the corresponding control laws. This possi-
bility represents a clear advantage over the concept of
periodic open-loop forcing, in which the frequency dif-

ference between the natural and the forcing frequency
may lead to quasi-periodic beat phenomena. Period-
ic vortex motion at non-natural frequencies cannot be
excited. The class of controlled vortex motions is sig-
nificantly larger than the class associated with periodic
forcing.

The fluid dynamics of a recirculation region is highly
idealized by the present vortex model. For instance,
the shear-layer dynamics at the upper stagnation point
has been shown to be of large importance at backward-
facing steps [11] and in dump combustors [13], but this
effect is neglected in the present study. Similarly, the
non-negligible effect of turbulent fluctuations is not con-
sidered. Experiments of periodically forced flow behind
a backward facing step give rise to velocity fields peri-
odic in time, similar to the ones presented here. This
similarity includes, for instance, the behaviour of the
instantaneous separating streamline and the motion of
the lower separation point [3]. Some observed features
of the Lagrangian mixing dynamics can hence be ex-
pected to be generic for a large class of recirculation
regions. These features include the fluid intake near
the separation point at the lower wall, the fluid dis-
charge near the separation point at the vertical wall
and the long (ideally: infinite) residence time of the
fluid trapped around the vortex, neglecting viscous and
turbulent diffusion effects. Hence, several conclusion-
s from the present control study can be expected to
qualitatively hold in real flows.

Numerous generalizations of the present framework
may be envisioned and may help to guide industrial
applications. Control of coherent shear-layer structures
under longitudinal and transverse actuation may be in-
vestigated in a similar manner with point vortices or
vortex blobs. Present investigations at UTRC [14] in-
dicate that the excitation of certain vortex configura-
tions are beneficial for transversal mixing and pressure
recovery in high-Reynolds number diffuser flows. Actu-
ation employing control theory for higher-dimensional
vortex methods require a re-formulation in the prob-
lem [6][4][5]. For instance, control laws need not neces-
sarily depend on a single vortex position, but may be
based on properties of an ensemble of vortices, of an
ensemble of fluid particles or of the instantaneous ve-
locity field sensed at one or more locations. For higher-
dimensional vortex methods the ‘receding horizon tech-
nique’ in which a quantity is optimized over a finite
period of time, might be employed. In addition, opti-
mization strategies for actuator positions may be car-
ried out in the present framework. Current research in
this direction is in progress.
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