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Abstract

There are a number of essential ingredients which must
be brought together in order to develop a model-based
control theory of boundary flows. In any such theory,
models of fluid dynamics must (i) be simple enough to
run in real-time, and (ii) be able to capture the physics
of control actuator interaction with the fluid. Active
vortex generators are one interesting candidate class of
actuators which may be used together with vortex mod-
els or panel methods to broaden our understanding of
flow separation control in various applications settings.
While these methods offer the hope of modeling the es-
sential aspects of the boundary flows with reasonable fi-
delity, their use in applications will require new (hybrid
model based) approaches to simulation and control.

1 Introduction

There are many reasons for interest in controlling sep-
aration of the boundary layer over an airfoil. Effec-
tive control of separation can improve lift, reduce drag,
and lessen turbulent velocity fluctuations, leading to
improvements in performance and safety. Previous ex-
perimental work has shown that the use of pulsed-jet
actuators at the leading edge of an airfoil can exert
significant control over the separation of flow at high
angles of attack [5].

An effective model-based theory of this type of control
requires a model of the separation dynamics that accu-
rately captures the physics of interaction between the
actuator and the fluid while being simple enough to run
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in real time. One promising avenue for creating such
a model is the use of point vortex methods. In these
methods, vortices are treated as particles that influence
each other in an otherwise irrotational, inviscid flow.

This paper presents an attempt to develop a point-
vortex based model of separation dynamics that meets
the accuracy and simplicity requirements for real-time
control.

2 The model

The method used to model flow in two dimensions is
a C° panel method. The flow is treated as a complex
potential flow. The complex potential w is given by

w(z) = ¢(z) +ih(2)

where ¢ is a real potential function, 9 is a real stream
function, and z is the complex coordinate x + iy. The
functions ¢ and v are conjugates, i.e., they satisfy the
Cauchy-Riemann equations:
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This condition guarantees that w is analytic.

The fluid velocity at a point z is given by
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where u and v are the x- and y-components of velocity,

respectively, and the overline signifies complex conju-

gation. Note that the complex velocity u + iv is the

complex conjugate of Ow/0z. Any valid complex po-

tentials can be superimposed or scaled as necessary.



2.1 Flow components
The complex potential for a point vortex of strength T’
at a point 2y is given by

r
w = — log(z — 20),

2
which gives a velocity field of
r
= 1
- 27(z — 2p) (1)

A vortex in a flow field will be convected by all external
flow elements. Thus, for a family of n vortices with lo-
cations z; and strengths I[';, the motion of the individual
vortices is described by

dzi — L
dt )~ T om(z; — z5)

The complex potential for a uniform flow with constant
velocity components U and V' in the x- and y-directions
is

w=(U—iV)z.

2.2 The panel method

The contribution to the flow field made by the airfoil
is determined by applying a C° panel method. The
surface of the airfoil is modeled as a set of node points
connected by line segments, or panels. Each panel is
considered to have a distributed surface vorticity that
varies linearly along the length of the panel. The sur-
face vorticity is continuous from panel to panel, though
not smoothly so. Thus, the distribution of surface vor-
ticity is determined by the densities at the node points.

At any point in time, these densities are determined
by applying a non-penetration condition to the surface
of the airfoil. The non-penetration condition is imple-
mented by requiring that the net mass flux through
each panel of the body surface be zero.

At any location z, the fluid velocity dw/dz is linearly
dependent on the vorticity density at each node point.
Hence, the fluid flow through each panel is linearly de-
pendent on these values as well. Thus, we need to find
a solution to the system
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where

e A is a square matrix expressing the relationship
between the vorticity densities at the node points
and the fluid flux through the body panels,

e ~; is the density of surface vorticity at node point
i

e N is the number of body panels (and hence the
number of node points),

e Fj is a vector containing the desired flux through
the body panels (in this case, a vector of N ze-
roes.)

e F,..; is a vector containing the flux through the
body panels due to external conditions (e.g., the
free stream, external point vortices, etc.).

In the absence of fluid sources or sinks, the total mass
flux through a closed curve (such as the body surface)
must be zero. Hence the vectors Fy and Fe,; only have
dimension N — 1, and eq. 2 cannot be used to fully
determine the values ;. In order to make the system
fully deterministic, we add an equation for the value of
the stream function 1 at one of the node points. Thus,
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where

e A’ is identical to A except that the bottom row
has been replaced by a set of coefficients express-
ing the relationship between the v; values and the
stream-function at one of the node points,

e F) and F),, are vectors containing the first N —1
elements of F; and F,,; respectively.

o g is the desired stream function value at the
specified node point,

® ., is the value of the stream function at the
specified point due to external factors.

The value of 14 at any point in time is determined
by the current Kutta circulation of the airfoil, i.e., the
total vorticity in the airfoil’s boundary layer. The value
g is set such that the integral of vorticity around the
airfoil’s surface is equal to the Kutta circulation.

2.3 Diffusion and Vortex shedding

Diffusion of vorticity is handled stochastically. At each
time-step of the integration process, all vortices are
given random displacements J, and d,. These displace-
ments have Gaussian distribution with mean and stan-
dard deviation

E:EZO 06,,0, = v/ 2At/Re. (4)



Figure 1: An abstraction of the vortex shedding scheme.
The figure shows one panel with three subpan-
els. The open dots are the starting points of
the trial vortices, the arrows represent the con-
vection of the vortices over one time step, the
dashed circles show the viscous (stochastic) dif-
fusion of the vortices, and the solid dots show
the final positions. In this diagram, the cen-
tral vortex escapes the control zone (shown by
the dotted line) and persists through subse-
quent time-steps; the other two vortices are re-
absorbed into the surface viscosity.

where At is the time-step of the integration and Re is
the Reynolds number of the flow (Re = U - d/v, where
U is free-stream flow speed, d is a characteristic length,
and v is kinematic viscosity.)

The integration method used is an Adams-Bashforth
second-order method. For each vortex i,

Zi (to + At) =Zj (to)
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where At is the time-step of the integration.

The transfer of vorticity from the airfoil surface to the
free stream is handled by allowing individual vortices
to be shed from the boundary layer. The method used
here is adapted from Lin, et. al. [6], and involves creat-
ing “trial vortices” within the airfoil’s boundary layer
and allowing some of these vortices to escape the sur-
face vorticity layer through convection and diffusion.

A control zone is prescribed around the airfoil, with
boundaries set a specified distance e from the airfoil
surface. The control zone is considered to represent the
region in which airfoil’s surface vorticity resides.

Each panel of the airfoil surface is broken into a number
of subpanels. For each subpanel, at each time-step of
the integration, a trial vortex is created a distance n < €
from the panel surface. The strength of the trial vortex
is equal to the total surface vorticity distributed along
the subpanel. Effectively, each trial vortex represents
the possibility of the surface vorticity of its subpanel
diffusing into the free stream.

The trial vortices are convected for one time-step us-
ing Euler’s integration method, together with a ran-

dom displacement (d,,d,) where (d,,d,) are bivariate
normal random variables distributed as in Eq. 4 (Fig-
ure 1.) Thus for each trial vortex,

Ao+ A = =) G, g
+  (0p +idy).

The position of the vortex is then evaluated to deter-
mine whether the vortex has “escaped” into the free
stream. If the position z;(to+ At) lies outside the airfoil
control zone, the vortex will persist through subsequent
time steps, during which it will be treated like any other
free-stream vortex, governed by eq. 5. If the position
zi(to + At) lies within the control zone, the vortex is
eliminated and its vorticity is re-absorbed by the airfoil
surface vorticity.

Finally, free-stream vortices are not guaranteed to re-
main free. Any free-stream vortex that re-enters the
control zone is re-absorbed into the surface vorticity,
just like a trial vortex.

Over most of the airfoil surface, the direction of flow
near the foil surface will be nearly parallel to the sur-
face, and hence nearly parallel to the control zone
boundary. Thus, the escape of vortices from the control
zone, as well as any subsequent recapture, will depend
greatly on the stochastic diffusion, with the small com-
ponent of flow velocity normal to the surface serving
to increase or decrease the possibility of a trial vortex
diffusing out of the control zone. Very rarely, if ever,
will a trial vortex be convected out of the control zone
by the bulk flow.

This method depends on simulating vorticity diffusion
by means of random movement of point vortices. Be-
cause of this, it should be noted that the method may
not work well in all cases. In particular, low Reynolds
number flows are not well-simulated, because in these
cases viscous diffusion of vorticity tends to dominate
other effects. In such cases, the density of vortices de-
creases with time away from the control zone and the
flow is not uniformly well approximated by the point
vortex model. It is remarkable that at higher Reynolds
numbers, coherent structures appear (as described in
the next section). In this case, the density of vortices
in the coherent structures tends to remain constant over
time.

2.4 Computational issues
The procedure for computing one time-step of the sim-
ulation is:

1. Calculate the new positions of all free-stream vor-
tices (eq. 5.)

2. Create trial vortices for the subpanels and deter-
mine their positions at the end of the time-step

(eq. 6.)



3. Eliminate any vortices within the control zone
and return their vorticity to the airfoil surface.

In most cases, the first step is the most computation-
ally intensive. Conceptually, the simplest method for
evaluating eq. 5 is to directly compute the influence of
each vortex on every other vortex. This requires time
O(n?), where n is the number of vortices.

The current method for evaluating eq. 5 is adapted from
Barnes & Hut [1] and involves grouping vortices that
are close to each other into clusters. A hierarchy of
clusters is established, with small clusters belonging to
larger clusters. The influence on a vortex of a suffi-
ciently distant cluster can be approximated to a desirec
accuracy without the necessity of examining each vor-
tex within the cluster. This reduces the computational
load to O(nlogn).

In order to further lessen the computation required, a
method for merging vortices is used. Two nearby vor-
tices may be merged into a single vortex if the difference
between the induced velocity field at the body surface
before and after merging is less than some threshold.
As a result, vortices near the body generally remain
distinct, while vortices in the wake will often be merged.

Because the fluid velocity generated by a point vortex
approaches infinity as the point of interest approaches
the vortex, care must be taken to ensure that the re-
sulting stiffness of the system does not introduce large
errors into the simulation. There are several ways to
handle this stiffness:

1. Use an integration scheme with an adaptive step-
size. This is impractical for our purposes be-
cause the step-size used must be small enough to
accurately handle the closest pair of vortices in
the wake. Since distances between vortices and
their nearest neighbors vary widely throughout
the wake, the vast majority of vortices will not
require small-stepsize treatment, but the neces-
sity of using the same (small) stepsize across the
entire space will force the entire computation to
slow down.

2. Replace the point-vortex model with a “vortex
blob” model by replacing eq. 1 with

) I (z—=2)
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where o is a “core radius” of the blob. This elim-

inates the singularity at the center of the vortex.

3. Employ a method for merging nearby vortices.
This method assumes that when two vortices ap-
proach each other closely enough, they will coa-
lesce into a single vortex. This is the method we
are using.

3 Results

3.1 Cylinder

The first case investigated was that of two-dimensional
flow past a cylinder. The cylinder was given a unit di-
ameter and the free-stream was set to uniform velocity,
thus giving Re = 1/v.

Figure 2 shows a series of snapshots of the simulation.
The most noteworthy feature visible is the formation of
coherent vortex structures in the wake of the cylinder.
As time flows and the wake develops, clockwise vortex
clusters are shed alternately with counterclockwise clus-
ters. This agrees qualitatively with often-repeated ex-
perimental results [2], and provides some assurance that
this method captures important aspects of the physics
of vorticity shedding.

3.2 Airfoil

Figure 3 shows the simulated flow past a Clark-Y airfoil
at an angle of attack o = 0.25rad. Airfoil chord length
and freestream flow speed are both unity so, as for the
cylinder simulations, Re = 1/v. For these simulations,
a Reynolds Number of 1.5 x 10° was used. The airfoil
is instantaneously accelerated from rest with attitude
held constant.

At time ¢t = 0.50, a large amount of vorticity has been
shed from the trailing edge of the wing — an expected
effect of an instantaneous start from rest. Also, a build-
up of vorticity is beginning to appear on the upper sur-
face of the wing near the leading edge. At time ¢t = 1.50,
a large structure of clockwise vorticity has begun to de-
tach from the surface. The effect of the vortex merging
process is apparent at the downstream end of the wake,
where several vortices have been merged to save com-
putation time.

At later times, vortex shedding continues. In the last
two snapshots, at times ¢ = 5.0 and ¢ = 10.0, the wake
has evolved into a series of horseshoe-shaped vortic-
ity structures with alternating regions of clockwise and
counterclockwise vorticity.

Figure 4 shows the Fourier transform of the coefficient
of lift for the Clark-Y airfoil simulation of Figure 3.
The primary peak occurs at a period of about 4.3 units
of nondimensional time, which corresponds to the ob-
served period of vortex shedding in the simulation.

Experimental observations of a 10cm-chord Clark-Y
airfoil in a wind tunnel with a flow speed of 21.5m/s
showed that the primary component of the lift signal at
high angles of attack has a frequency of about 40Hz [5].
This corresponds to a period of about 5.4 units of nondi-
mensional time, which agrees roughly with our simula-
tion.
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Figure 3: Simulation snapshots of flow past a Clark-Y
airfoil at a = 0.25rad.
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Figure 2: Simulation snapshots of flow past a cylinder ac-
celerated instantaneously from rest. The small
circular arcs represent point vortices, and the
fluid flows from left to right. The first two pic-
tures show the initial vorticity shedding and the
development of a viscous wake. In the third
view, a large mass of clockwise vorticity is sep-
arating from the wake. The fourth view shows -01 s s s s
two counter-rotating coherent structures, and 0.0 20 4.0 period 6.0 80 10.0
the fifth shows a third forming in the wake.
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Figure 4: Fourier analysis of the lift signal for the Clark-Y
airfoil at a = 0.25rad.
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Figure 5: An abstraction of a jet actuator. (a) the place-
ment of the actuator in the airfoil. (b) Close-up
of the actuator. The point source at the bot-
tom of the notch creates an upward flow, and
the vortices shed from the walls of the notch
keep the jet collimated.

4 Future work

4.1 Improving computational efficiency

As stated previously, the most computationally in-
tensive task in evaluating this model is handling the
vortex-vortex interactions. Under the current algo-
rithm, the time required is O(nlogn), where n is the
number of vortices, because of the method of organiz-
ing vortices into clusters and simplifying intercations
between clusters and distant vortices.

Further efficiency can be obtained by abstracting inter-
actions between clusters as well, as described by Green-
gard and Rohklin [3]. This method has a computa-
tional load of O(n), and is used by Koumoutsakos and
Leonard in [4].

4.2 Simulating actuators

The ultimate goal of this work is to develop a theory
of boundary control of flows using pulsed air injection.
To that end, a means of modeling a pulsed-jet actuator
is needed.

One possible model is shown in figure 5. The jet is
simulated by a point source inside a notch in the airfoil
surface. (A point source has complex potential w =
m/(27)log(z — z9) where m is the source strength and
zp is its location.) This combination results in a flow out
the top of the notch. In an inviscid potential flow (i.e.,
no vortex shedding) such a flow would disperse in all
directions at the notch opening. However, if the walls of
the notch are treated as vortex-shedding surfaces (i.e.,
as ordinary panels of the airfoil surface) then vortices
will escape the notch walls at the upper corners. These
vortices will serve to shape the outflow into a jet, which
is the appropriate physical result.

4.3 Investigating coherent structures
The qualitative features of the coherent vortex struc-
tures observed in the simulations agree with experi-

ments. These structures are of fundamental importance
to boundary flows. While we are a long way from hav-
ing a complete theory of the formation of the coherent
structures observed in both nature and our point-vortex
simulations, it has not been difficult to obtain a num-
ber of striking results on the formation of patterns in
low dimensional vortex systems. It is well known, for
instance, that an infinite line of evenly spaced vortices
of equal strength is an equilibrium for the point vortex
dynamics discussed in Section 2.1. Similarly, a pattern
of point vortices of equal strengths evenly distributed
around the circumference of a circle is a relative equi-
librium wherein the configuration remains a circle of
fixed radius and constant rotation rate with the indi-
vidual vortices remaining on the circle at a fixed dis-
tance from each other. What is surprising is that if n is
the number of vortices, the circular relative equilibrium
configuration is stable if and only if n < 7. Whether
such qualitative results can be extended to the point
where they illuminate the more difficult questions of
how the coherent structures depicted in Figures 2 and
3 are formed and how they might be controlled (using
the actuator models discussed above) is a goal of fu-
ture research. Our goal is to develop a theoretical and
computational basis for understanding how to organize
pulsed-jet actuation to shape and control the dynamics
of coherent structures. More specifically, our immedi-
ate aim is to develop a theory governing the type of
flow control discussed in [5]. While all results to date
have involved 2-d models (and hence 2-d effects), it may
be necessary to account for three-dimensional effects in
order to understand how pulsed jets actually influence
the flow.

References

[1] J. E. Barnes and P. Hut. A hierarchical
O(N log N) force-calculation algorithm. Nature, 1986.

[2] G. K. Batchelor. Fluid Dynamics. Cambridge
University Press, 1967.

[3] L. Greengard and V. Rokhlin. A fast algorithm
for particle simulations. Journal of Computational
Physics, 1987.

[4] P. Koumoutsakos and A. Leonard.  High-
resolution simulations of the flow around an impulsively
started cylinder using vortex methods. Journal of Fluid
Mechanics, 1995.

[5] S. H. Lee. Control of boundary layer separation
using pulsed jet actuators. Master’s thesis, Boston Uni-
versity, September 1998.

[6] H. Lin, M. Vezza, and R. A. M. Galbraith.
Discrete vortex method for simulating unsteady flow
around pitching aerofoils. AIAA Journal, 35(3):494-
499, 1997.



