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ABSTRACT

This paper presents formulation of an adaptive filter for
rea-time calibration of redundant signals consisting of
sensor data and/or analytically derived measurements. The
measurement noise covariance matrix is adjusted as a
function of the a posteriori probabilities of failure of the
individual signals. An estimate of the measured variable is
obtained as a weighted average of the calibrated signals.
The weighting matrix is recursively updated in real time
instead of being fixed a priori. The filter software is
presently hosted in a Pentium platform and is portable to
other commercia platforms. The filter can be used to
enhance the Instrumentation & Control System Software in
tactical and transport aircraft, and nuclear and fossil power
plants

INTRODUCTION

Redundant sensors are often installed to generate
spatially averaged time-dependent estimates of critica
variables for reliable monitoring and control of complex
dynamical processes such as aircraft [Daly et a., 1979] and
power plants [Deckert et al., 1983]. Sensor redundancy is
often augmented with analytical measurements that are
obtained from physical characteristics and/or model of the
plant dynamics in combination with other available sensor
data [Desai et al., 1979; Ray et al., 1983; Ray and Desai,
1986]. Both sensor and analytical redundancies are referred
to as redundant signalsin the sequel.

Individual signals in a redundant set may often exhibit
deviations from each other after a length of time. These
differences could be caused by slowly time-varying sensor
parameters (e.g., amplifier gain), plant parameters (e.g.,
structural stiffness, and heat transfer coefficient), transport
delays, etc. Consequently, some of the redundant signals
could be deleted by a fault detection and isolation (FDI)
algorithm if these signals are not periodicaly calibrated.
On the other hand, failure to isolate a degraded signal (for
example, due to increased threshold bound in the FDI
agorithm) could cause an inaccurate estimate of the
measured variable. In this case, the plant performance and
stability may be adversely affected if the inaccurate

estimate is used as an input to the decision and control
system.

This paper presents a calibration and estimation filter
for redundancy management of sensor data and analytical
measurements. The salient features of the filter are
delineated below.

- All signals are simultaneously calibrated on-line to
compensate for their relative errors.

- The weights of individual signals for computation of
a least-square estimate of the measured variable are
adaptively updated as functions of the respective a
posteriori probabilities of failure.

In the event of an abrupt disruption of a redundant
signal in excess of its allowable bound, the respective signal
is isolated by the FDI agorithm, and only the remaining
signals are calibrated to provide an unbiased estimate of the
measured variable. For a gradual degradation (eg., a
sensor drift), the faulty signal is not immediately isolated
but its influence on the estimate and calibration of the
remaining signals is diminished as a function of its
deviation from the remaining signals. This is achieved by
decreasing the relative weight of the degraded signal as a
monotonic function of the magnitude of its residual (i.e.,
deviation from the estimate) that is a measure of its relative
degradation. Thus, if the error bounds of the FDI algorithm
are appropriately increased to reduce the probability of false
alarms, an undetected fault would have smaller bearing on
the accuracy of signal calibration and estimation as a result
of the adaptively reduced weight. Therefore, the resulting
delay in detecting a gradual degradation could be tolerated
as the weighted estimate is practicaly unaffected.
Furthermore, since the weight of a gradually degrading
signal is smoothly reduced, the eventual isolation of the
fault would not cause any abrupt change in the estimate.

The calibration and estimation filter is validated based
on redundant sensor data of throttle steam temperature
collected from an operating power plant. Development and
validation of the filter algorithm are presented in the main
body of the paper along with concluding remarks. The



Appendix presents the theory of multiple hypotheses based
on a posteriori probability of failure of asingle signal.

SIGNAL CALIBRATION AND ESTIMATION

A redundant set of (¢ sensors and/or analytical
measurements of a n-dimensional plant variable are

modeled at the k' sample as:
my =(H +DH ) x, +by +& @
where

m, isthe (¢ 1) (uncalibrated) redundant signals;

H isthe (¢ n) apriori determined matrix of scale
factor having rank n, with />n3 1,

DH | isthe (¢ n) matrix of scalefactor erors;
X, isthe (n” 1) true value of the measured variable;
b isthe (¢ 1) vector of biaserrors; and

g isthe (¢” 1) measurement noise, such that
Elg ]=0and E[g &' ]= Rdy .

Remark 1: The noise covariance matrix R, of

uncalibrated signals plays an important role in the adaptive
filter for both signal calibration and estimation. Later it is
shown how R, isrecursively tuned based on the history of

calibrated signals. n
Equation (1) is rewritten in amore compact form as:

m, = H X +¢ +6 @
where the correction ¢, due to the combined effect of bias
and scale factor errorsis defined as:

¢ © DH| X, +Dy ©)
A recursive relation of the correction ¢, is modeled similar
to arandom walk process as:

Ck+1 =Ck +Vk

4
E[vi]=0; E[vv]]=Qdy and E[vce]]=0"k, ] @

where the stationary noise V| represents modeling

uncertainties. The objective is to obtain an unbiased
predictor estimate €, of the correction ¢, so that the

signal m, can be calibrated at each sample.

Let us construct afilter that calibrates each signal with
respect to the remaining redundant signals. The filter input

is the parity vector p, of the uncalibrated signal my , which
is defined [Potter and Suman, 1977; Ray and Desai, 1986;
Ray and Luck, 1991] as:

P =V my ®

where the rows of the projection matrix V1 A¢"™"* form
an orthonormal basis of the left null space of the scale

factor matrix HT AY " inEq. (2)., i.e,
VH =0y ny n and WT =1(ny (o) ©)

and the columns of V span the parity space that contains
the parity vector. A combination of Egs. (2), (4), (5) and
(6) yields:

pk =V Ck +ek (7)
where the noise e, °Ve, having Ele,]=0 and
Eley e,-TJO VRV Tdy .

Remark 2 If the scale factor error matrix DH | belongs to
the column space of H, then the parity vector py is
independent of the true value X, of the measured variable.
Therefore, for |VDH x| <<|Vby| that includes small

scale factor errors, the calibration filter operates
approximately independent of x, . u

Now we proceed to construct a recursive algorithm to
predict the estimated correction ¢, based on the principle

of alinear least square estimator that has the structure of an
optimal minimumvariance filter [Jazwinski, 1970; Gelb,
1974] and uses Egs. (4) and (7):

Ci+1 = O + KOk given ¢ u
given Ry and Q-:-

R = (1 - KeV)R+Q
y(8)

-1
K =RVT(V[R+RIVT " givenr,
Ok © Pk- Ve innovation i)

Upon evaluation of the unbiased estimated correction ¢, ,
the uncalibrated signal my is compensated to yield the
calibrated signal y, as:

Y =My - G ©

Using Egs. (5) and (9), the innovation g, in Eq. (8) can be
expressed as the projection of the calibrated signal y, onto
the parity space, i.e.,

Ok =V (10)

By setting G, °© K,V , we obtain an alternative form of the



recursiverelationsin Eg. (8) as:

C+1 = G * G Yk given o

Ao = (1 - G)R+Q given Ry and Qy (11)
G, =R V' (V[Rk+|=1<]VT)-1V given R, Ib

-1
Remark 3 The matrix (v R+ Pk]VT) in Egs. (8) and
(11) exists because the rows of V arelinearly independent,
R,>0,and B 3 0. n

Next we obtain an unbiased weighted least squares
estimate X, of the measured variable x, based on the

calibrated signal y, as:

- - -1 -

= (HTRAH) MRy, (12
Remark 4. The inverse Ri;l of the measurement

covariance matrix R, serves as the weighting matrix for
generating the estimate X, and isused asafilter matrix. B

Remark 5 Compensation of a (slowly varying) undetected
error inthe jth signal out of ¢ redundant signals causes the

magnitude | j&k| in the correction vector ¢, to be the

largest. Therefore, a limit check on each element of ¢,

allows detection and isolation of the degraded signal(s).
The bounds of limit check, which could be different for
individual elements of €, are selected by trade-off
between the probability of false alarms and the allowable
error in the estimate %, of the measured variable. u

Degradation Monitoring

Following Eq. (12), we define the residual h, of the
calibrated signal y, as:

The residual s represent a measure of relative degradation of
individual signals. For example, under normal conditions,

al calibrated signals are clustered together, i.e., |hy|» 0,

athough this may not be true for the residuals (mk - H )?k)
of uncalibrated signals.

While large abrupt changes in excess of the error
threshold are easily detected and isolated by a standard
diagnostics procedure (e.g., Ray and Desai (1986)), small
errors (eg., slow drift) can be identified from the a
posteriori probability of failure of the calibrated signals.
The a posteriori probability of failure is recursively
computed from the history of residuals based on the

following ternary hypotheses:

HO: Normal behavior pdf ;f °(-)° jf§?|Hog
H* : High (positive) failure pdf ;f*(-)° J-f§|ng(14)
H2: Low (negative) failure pdf ;f 2(-)° jf§|H2%

where the left subscript refers to of the jth signal for
j =1,2,---,¢, and the right superscript indicates the normal

or failure mode. The density function for each residual is
determined a priori from experimental data and/or
instrument manufacturers specifications. Only one test is
needed here to accommodate both positive and negative
failuresin contrast to the binary hypotheses that require two
tests.

Let us apply the recursive relations for multi-level
hypotheses testing of single variables, derived in the

Appendix, to each signal residual. Then, for the jth signal

at the k™ sampling instant, a posteriori probability of
failure ;P isobtained following Eq. (A-17) as:

_@jPt Yk-1 6% fH(h+ jfz(jhk)gi.J

Y - -]

i’k 2(1-jp) 2§ $ 19(ihk) B;/ (15
p, =k !

iTk l+ij b

where ; p isthe a priori probability of failure of the jth

sensor during one sampling period, and the initial condition
of each state, Yo, j =1,2,---, ¢, needsto be specified.

Based on the a posteriori probability of failure, we
now proceed to formulate a recursive relation for the

measurement noise covariance matrix R, that influences
both calibration and estimation as seen in Egs. (8) to (12).
Itsinitial value R, which is determined from experimental

data and/or instrument manufacturers specifications,
provides the a priori information on individual signal
channels and conforms to the normal operating mode when

all calibrated signals are clustered together, i.e., |hi|» 0.
In the absence of any signal degradation, R, remainsclose
toitsinitial value R,. Significant changesin R, may take

place if one or more signals start degrading. The following
model captures this phenomenon:

R, =+/R® ROJF{E' with R} =1 (16)
where R® is a positive-definite diagona matrix



representing only a posteriori relative information of the

individual signal channels and isindependent of the specific
structure of the sensor system; Rlie' is recursively

generated as follows:
Rﬁlzdiag[h(jpk)], i.e, s =h(;Py) 17)

where jr|£e' and [Py are respectively the relative

variance and a posteriori probability of failure of the jth

signal at the k" instant; and h:[0D)® [L¥) is a
continuous monotonically increasing function with
boundary conditions h(0) =1 and h(j )® ¥ asj ® 1.

Remark 6. The implication of Eq. (17) is that credibility of
a signal monotonically decreases with increase in its
variance that tends to infinity as itsa posteriori probability
of failure approaches 1. The magnitude of the relative

rel

variance jrg- is set to the minimum value of 1 for zero a

posteriori probability of failure. In other words, the jth

rel

diagonal element J-ereI °1ire" of the weighting matrix

Wre| o pre |l )
k R tends to zero as Py approaches 1.

Similarly, the relative weight erkel is set to the maximum
value of 1 for jP=0.

degrading sensor carries monotonically decreasing weight
in the computation of the estimate X, in Eq. (12). u

Consequently, a gradually

Next we set the bounds on the states Y| of the
recursive relation in Eq. (15). The lower limit of ;P
(which is an algebraic function of ;Y ) is set to the

probability ; p of intra-sample failure. On the other

extreme, if ;P approaches 1, the weight erkeI (that
approaches zero) may prevent fast restoration of a degraded
sensor following its recovery. Therefore, the upper limit of
jPk is set to (I ja) where ja is the alowable

probability of false alarms of the jth signal. Conseguently,
the function h(-) in Eq. (17) is restricted to the domain
[jp, @ ja)] to account for probabilities of intra-sampling
failures and false darms. Following Eg. (15), the lower and

upper limits of the states Y| thus become 1’—.p and

"
1- ;
+:, respectively. Consequently, the initial state in Eq.
J

(15) isset as: on = 1P for j=12,---,1.
1-Jp

SUMMARY AND CONCLUSIONS

This paper develops and validates an adaptive filter for
on-line calibration of redundant signals and estimation of
the measured plant variable. The redundancy may consist
of both sensor signals and/or analytical measurements that
are derived from other sensor signals and physical
characteristics or a model of the plant. All redundant
signals are simultaneously calibrated by additive
corrections that are recursively estimated. A weighted least
square estimate of the measured variable is generated in
real time where the weighting matrix is adaptively adjusted
as a function of the a posteriori probability of failure of the
calibrated signals. The effects of intra-sample failure and
probability of false alarms are taken into account in the
recursive filter that has been tested for on-line calibration of
four redundant sensors of the throttle steam temperature in
a commercia-scale fossil power plant. The software is
presently hosted in a Pentium platform and is portable to
other commercial platforms. The important features of this
real-time adaptive filter are summarized bel ow:

- A model of the physical processis not necessary for
calibration and estimation if sufficient redundancy of
sensor data and/or analytical measurements is
available.

- All signals are simultaneously calibrated on-line to
compensate for their relative errors.

- The weights of individual signals for computation of
a least-square estimate are adaptively updated as
functions of the respective a posteriori probabilities
of failure.

The proposed calibration and estimation filter can
enhance the Instrumentation & Control System Software in
tactical and transport aircraft, and nuclear and fossil power
plants. However, a limitation of this filter is its inability to
handle common mode faults (i.e.,, similar faults, possibly
due to a common source, in al or a majority) of redundant
sensors because the filter algorithm relies on the relative
error among the individual signals. Additional information
(e.g., analytic redundancy) is needed to deal with common-
mode faults.

APPENDIX: Multiple Hypotheses Testing

Let {hk, k =1,2,3,---} beindependent observations of

a single variable (e.g., residual of a signal) at consecutive
sampling instants. We assume M distinct possible modes
of failure in addition to the normal mode of operation that is
designated as the mode 0. Thus, at each sampling instant,
there are (M +1) mutually exclusive and exhaustive

modes. Each of these (M +1) modes is treated as a
Markov state. The hypotheses of failure of (M +1) modes



at the k™ sample are defined for ,i=12---,M as
follows:

HY :Normal apriori pdf f°(-)° f§|H0§‘:3j
i . . (AD
H, : Abnormal a priori pdf f'(-)° f§|H 'g

We assume a one-one correspondence between the set of
(M +1) modes and the set of their failure hypotheses
ij, j=0,4,2---,M . In the sequel, the terms, mode and
hypothesis, are synonymously used.

We define the a posteriori probability pli of the jth

mode at the k" sample as:

pJ° P[H}|Z].j=012M (A-2)

k

based on the cumulative information Z, ° () z over k
i=1

samples where the events z ° {h;T B} are mutually

independent and B is the region of interest at the it

sample. The problem is to derive arecursive relation for a
posteriori probability P of any one of the M failure

modes at the k™ sample:

> (D> (D

M )
U H/[Z

ei=l

P,°P

(o ey end

(A-3)

<

M j O
= &PH/|Z«|P Py = &p;
j=1 =1

Equation (A-3) holds because of the exhaustive and
mutually exclusive properties of the Markov states,

ij ,J=12,---,M . To construct a recursive relation for
P\ » weintroduce the following definitions:

Joint probability: x, © P[H, Z,] (A-4)
I e é i

A priori probability: | } © Pézk|H|i § (A-5)
" v gl o pé iyl 0

Transition probability: ay! © PéH|i|Hk_1g (A-6)

Then, because of independence of the events z, and Z)_q,
Eq. (A-4) takesthe following form:
Xy =PIHy, 202 1]

. . (A-7)
= Plz|HJIP[H ], Zy 1]

Furthermore, the exhaustive and mutually exclusive
properties of the Markov states Hli, j=012---,M ,and

independence of Z,_; and Hli lead to:

. M . .
Py zea|= Bplg i, 2
i=

M . o, . N .
— 2 I Up€y ! U [
= izi\OPng_l|Hk_1aPéHk|Hk_1gP[H e
= % P& |H! uP[Hi z ]
—.2,78 ke e Tkl

The following recursive relation is obtained from a
combination of Egs. (A-4) to (A-8) as:

iy R A
X =I kigoak Xp-1 (A-9)

Weintroduce anew term

. J
y oK (A-10)

— 1= (A-11)

to obtain the a posteriori probability plj in Eq. (A-2) in

termsof x,! andy ] as:

PIH}.Z ] _ PIHL Z]

Py =
k= Plzi] Ml
& P[H,.Z
j |=0j (A-12)
- X Yk
x0+'\é1/|xi 1+'\§1/|yi
Kz K =1 K

A combination of Egs. (A-3) and (A-12), leads to the a
posteriori probability P | of failureas:

P =0k withy,© Ay (A-13)
1+Yk k j=1 k

The above expressions can be realized by a simple
recurrence relation under the following four assumptions:

e Assumption A-1: At the starting point (i.e., k=0), all

signals operate in the norma mode, i.e., P[Hg] =1



and P[H/]1=0 for j=12--,M.

xJ=landx{ =0 for j=1,2,M.

Therefore,

e Assumption A2: Transition from the normal mode
to any abnormal mode is equally likely. That is, if
p isthe a priori probability of failure during one

P

sampling interval, then al?'o =1- p and a|?'i =5

fori=22,---,M ,andal k.

e Assumption A-3: No transition takes place from an
abnormal mode to the norma mode implying that
a,%=0 for i=12--,M, and al k. The

implication is that a failed sensor does not return to
the normal mode (unless replaced or repaired).

e Assumption A-4: Transition from an abnorma mode
to any abnormal mode including itself is equally
likely. That is, a' =L for i,j=12,-,M, and
al k.

A recursive relation br Y, is generated based on the
above assumptions and using Eq. (A-11) for j=21,2,---,M:

M .
j p+'ély'k_1 aej(t‘) .
— 1= - Ai —
Yk —qu;glveny0 =0 for (A-14)

<

which is simplified by use of the relation Y ° ay | in
i=1
Eq. (A-13) as:

P+t Y1 6
V=& aa |

j=1

given Yo =0 (A-15

Qo=
7\—o|x~—

If the probability measure associated with each abnormal
mode is absolutely continuous relative to that associated
with the normal mode, then the ratio | Jk/I ?( of a priori
probabilities converges to a Radon-Nikodym derivative as
the region B, in the expression z, © {h, T B,} approaches

zero measure [Wong and Haek, 1985]. This Radon-
Nikodym derivative is simply the likelihood ratio

fith)/ t0(hy), j=12,-,M, where fl()is the a
priori density function conditioned on the hypothesis
H j, j=0,,2,---,M. Accordingly, Eq. (A-15) becomes:

VoY1 68 L0 ey o (A-16)
k=8 @ pM bja:lfo(hk) g 0=

For the specific case of two abnormal hypotheses (i.e.,
M =2) representing positive and negative failures, the
recursive relations for Y, and P in Egs. (A-16) and (A-
13) become:

_p* Y1 6@ i)+ 1200

Yk - . -
2-p) g 10(hy) @y given Y, =0 (A-17)

_ Yk I

Pr= 1+Y g b

REFERENCES

Day, K.C., E. Ga and JV. Harrison (1979), “Generalized
Likelihood Test for FDI in Redundant Sensor
Configurations,” Journal of Guidance and Control, Val.
2,No. 1, pp. 9-17.

Deckert, J.C., JL. Fisher, D.B. Laning and A. Ray (1983),
"Signal Vadlidation for Nuclear Power Plants,” ASME
Journal of Dynamic Systems, Measurement and Control,
Vol. 105, No. 1, pp. 24-29.

Desai, M., J.C. Deckert and J.J. Deyst (1979), “Dual Sensor
Identification Using Analytic Redundancy,” Journal of
Guidance and Control, Val. 2, No. 3, pp. 213-220.

Geb, A., ed. (1974), Applied Optimal Estimation, MIT
Press, Cambridge, MA.

Jazwinski, A.H. (1970), Stochastic Processes and Filtering
Theory, Academic Press, New Y ork.

Potter, JE. and M.C. Suman (77), “Thresholdless
Redundancy Management with Arrays of Skewed
Instruments,” Integrity in Electronic Flight Control
Systems, NATO AGARDOGRAPH-224, pp. 151 to 15
15.

Ray, A., R. Geiger, M. Desai and J. Deyst (1983), "Analytic
Redundancy for On-line Fault Diagnosis in a Nuclear
Reactor”, AIAA Journal of Energy, Vol. 7, No. 4, pp.
367-373.

Ray, A. and M. Desai (1986), "A Redundancy Management
Procedure for Fault Detection and Isolation”, ASME
Journal of Dynamic Systems, Measurement and Control,
Val. 108, No. 3, pp. 248-254.

Ray, A. and R. Luck (1991), "Signad Vadidation in
Multiply-Redundant Systems,” |IEEE Control Systems
Magazine, Vol. 11, No. 2, pp. 44-49.

Wong, E. and B. Haek (1985), Stochastic Processes in
Engineering Systems, Springer-Verlag, New York.



