
 

AN ADAPTIVE FILTER FOR CALIBRATION AND ESTIMATION  
OF REDUNDANT SIGNALS 

 
Asok Ray‡ 

Mechanical Engineering Department 
The Pennsylvania State University 
University Park, PA 16802, USA 

Shashi Phoha 
Applied Research Laboratory 

The Pennsylvania State University 
University Park, PA 16802, USA 

‡  Corresponding Author:   Email: axr2@psu.edu;  Tel: (814) 865-6377;  FAX: (814) 863-4848 

 

ABSTRACT 

 This paper presents formulation of an adaptive filter for 
real-time calibration of redundant signals consisting of 
sensor data and/or analytically derived measurements.  The 
measurement noise covariance matrix is adjusted as a 
function of the a posteriori probabilities of failure of the 
individual signals.  An estimate of the measured variable is 
obtained as a weighted average of the calibrated signals.  
The weighting matrix is recursively updated in real time 
instead of being fixed a priori.  The filter software is 
presently hosted in a Pentium platform and is portable to 
other commercial platforms.  The filter can be used to 
enhance the Instrumentation & Control System Software in 
tactical and transport aircraft, and nuclear and fossil power 
plants  

INTRODUCTION 

Redundant sensors are often installed to generate 
spatially averaged time-dependent estimates of critical 
variables for reliable monitoring and control of complex 
dynamical processes such as aircraft [Daly et al., 1979] and 
power plants [Deckert et al., 1983].  Sensor redundancy is 
often augmented with analytical measurements that are 
obtained from physical characteristics and/or model of the 
plant dynamics in combination with other available sensor 
data [Desai et al., 1979; Ray et al., 1983; Ray and Desai, 
1986].  Both sensor and analytical redundancies are referred 
to as redundant signals in the sequel. 

Individual signals in a redundant set may often exhibit 
deviations from each other after a length of time.  These 
differences could be caused by slowly time-varying sensor 
parameters (e.g., amplifier gain), plant parameters (e.g., 
structural stiffness, and heat transfer coefficient), transport 
delays, etc.  Consequently, some of the redundant signals 
could be deleted by a fault detection and isolation (FDI) 
algorithm if these signals are not periodically calibrated.  
On the other hand, failure to isolate a degraded signal (for 
example, due to increased threshold bound in the FDI 
algorithm) could cause an inaccurate estimate of the 
measured variable.  In this case, the plant performance and 
stability may be adversely affected if the inaccurate 

estimate is used as an input to the decision and control 
system.  

This paper presents a calibration and estimation filter 
for redundancy management of sensor data and analytical 
measurements.  The salient features of the filter are 
delineated below.  

• All signals are simultaneously calibrated on-line to 
compensate for their relative errors. 

• The weights of individual signals for computation of 
a least-square estimate of the measured variable are 
adaptively updated as functions of the respective a 
posteriori probabilities of failure. 

 In the event of an abrupt disruption of a redundant 
signal in excess of its allowable bound, the respective signal 
is isolated by the FDI algorithm, and only the remaining 
signals are calibrated to provide an unbiased estimate of the 
measured variable.  For a gradual degradation (e.g., a 
sensor drift), the faulty signal is not immediately isolated 
but its influence on the estimate and calibration of the 
remaining signals is diminished as a function of its 
deviation from the remaining signals.  This is achieved by 
decreasing the relative weight of the degraded signal as a 
monotonic function of the magnitude of its residual (i.e., 
deviation from the estimate) that is a measure of its relative 
degradation.  Thus, if the error bounds of the FDI algorithm 
are appropriately increased to reduce the probability of false 
alarms, an undetected fault would have smaller bearing on 
the accuracy of signal calibration and estimation as a result 
of the adaptively reduced weight.  Therefore, the resulting 
delay in detecting a gradual degradation could be tolerated 
as the weighted estimate is practically unaffected.  
Furthermore, since the weight of a gradually degrading 
signal is smoothly reduced, the eventual isolation of the 
fault would not cause any abrupt change in the estimate.   

 The calibration and estimation filter is validated based 
on redundant sensor data of throttle steam temperature 
collected from an operating power plant.  Development and 
validation of the filter algorithm are presented in the main 
body of the paper along with concluding remarks.  The 



 

Appendix presents the theory of multiple hypotheses based 
on a posteriori probability of failure of a single signal. 

SIGNAL CALIBRATION AND ESTIMATION 

A redundant set of l  sensors and/or analytical 
measurements of a n -dimensional plant variable are 

modeled at the thk  sample as: 

  kkkkk ebxHHm ++∆+= )(  (1) 

where 

km  is the )1( ×l  (uncalibrated) redundant signals; 

H  is the )( n×l  a priori determined matrix of scale 
factor having rank ,n  with ;1≥> nl  

kH∆  is the )( n×l  matrix of scale factor errors; 

kx  is the )1( ×n  true value of the measured variable; 

kb  is the )1( ×l  vector of bias errors; and 

ke  is the )1( ×l  measurement noise, such that  

  0][ =keE and klk
T

lk ReeE δ=][ . 

Remark 1:  The noise covariance matrix kR  of 
uncalibrated signals plays an important role in the adaptive 
filter for both signal calibration and estimation.  Later it is 
shown how kR  is recursively tuned based on the history of 
calibrated signals.  g 

Equation (1) is rewritten in a more compact form as: 

 kkkk ecxHm ++=   (2) 

where the correction kc  due to the combined effect of bias 
and scale factor errors is defined as: 

 kkkk bxHc +∆≡   (3) 

A recursive relation of the correction kc  is modeled similar 
to a random walk process as: 
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where the stationary noise kv represents modeling 
uncertainties.  The objective is to obtain an unbiased 
predictor estimate kĉ  of the correction kc  so that the 

signal km  can be calibrated at each sample.  

 Let us construct a filter that calibrates each signal with 
respect to the remaining redundant signals.  The filter input 

is the parity vector kp of the uncalibrated signal km , which 
is defined [Potter and Suman, 1977; Ray and Desai, 1986; 
Ray and Luck, 1991] as: 

 kk mVp =   (5) 

where the rows of the projection matrix ll ×−ℜ∈ )( nV  form 
an orthonormal basis of the left null space of the scale 

factor matrix nH ×ℜ∈ l  in Eq. (1)., i.e.,  

  )()()( and0 nn
T

nn IVVHV −×−×− == lll  (6) 

and the columns of V  span the parity space that contains 
the parity vector.  A combination of Eqs. (2), (4), (5) and 
(6) yields: 

 kkk cVp ε+=  (7) 

where the noise kk eV≡ε  having [ ] 0=kE ε  and 

[ ] kj
T

k
T
jk VRVE δεε ≡ .   

Remark 2: If the scale factor error matrix kH∆  belongs to 

the column space of ,H  then the parity vector kp  is 

independent of the true value kx  of the measured variable.  

Therefore, for kkk bVxHV <<∆  that includes small 

scale factor errors, the calibration filter operates 
approximately independent of kx . g 

 Now we proceed to construct a recursive algorithm to 
predict the estimated correction kĉ  based on the principle 
of a linear least square estimator that has the structure of an 
optimal minimum-variance filter [Jazwinski, 1970; Gelb, 
1974] and uses Eqs. (4) and (7): 
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Upon evaluation of the unbiased estimated correction kĉ , 

the uncalibrated signal km  is compensated to yield the 

calibrated signal ky  as: 

 kkk cmy ˆ−=  (9) 

Using Eqs. (5) and (9), the innovation kγ  in Eq. (8) can be 

expressed as the projection of the calibrated signal ky  onto 
the parity space, i.e.,  

 kk yV=γ  (10) 

By setting VKkk ≡Γ , we obtain an alternative form of the 



 

recursive relations in Eq. (8) as:  
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Remark 3:  The matrix [ ]( ) 1−
+ T

kk VPRV  in Eqs. (8) and 
(11) exists because the rows of V  are linearly independent, 

0>kR , and 0≥kP .   g 

 Next we obtain an unbiased weighted least squares 
estimate kx̂  of the measured variable kx  based on the 

calibrated signal ky  as:  

 ( ) kk
T

k
T

k yRHHRHx 111ˆ −−−=  (12) 

Remark 4:  The inverse 1−
kR  of the measurement 

covariance matrix kR  serves as the weighting matrix for 

generating the estimate kx̂  and is used as a filter matrix. g 

Remark 5: Compensation of a (slowly varying) undetected 

error in the thj signal out of l  redundant signals causes the 

magnitude kj ĉ  in the correction vector kĉ  to be the 

largest.  Therefore, a limit check on each element of kĉ  
allows detection and isolation of the degraded signal(s).  
The bounds of limit check, which could be different for 
individual elements of kĉ , are selected by trade-off 
between the probability of false alarms and the allowable 
error in the estimate kx̂  of the measured variable. g 

Degradation Monitoring  

 Following Eq. (12), we define the residual kη  of the 

calibrated signal ky  as: 

  kkk xHy ˆ−=η   (13) 

The residuals represent a measure of relative degradation of 
individual signals.  For example, under normal conditions, 
all calibrated signals are clustered together, i.e., 0≈kη , 

although this may not be true for the residuals ( )kk xHm ˆ−  
of uncalibrated signals.   

 While large abrupt changes in excess of the error 
threshold are easily detected and isolated by a standard 
diagnostics procedure (e.g., Ray and Desai (1986)), small 
errors (e.g., slow drift) can be identified from the a 
posteriori probability of failure of the calibrated signals.  
The a posteriori probability of failure is recursively 
computed from the history of residuals based on the 

following ternary hypotheses: 
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where the left subscript refers to of the thj  signal for 
lL,,2,1=j , and the right superscript indicates the normal 

or failure mode.  The density function for each residual is 
determined a priori from experimental data and/or 
instrument manufacturers’ specifications.  Only one test is 
needed here to accommodate both positive and negative 
failures in contrast to the binary hypotheses that require two 
tests.   

 Let us apply the recursive relations for multi-level 
hypotheses testing of single variables, derived in the 

Appendix, to each signal residual.  Then, for the thj  signal 

at the thk  sampling instant, a posteriori probability of 
failure kj Π  is obtained following Eq. (A-17) as: 
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where pj  is the a priori probability of failure of the thj  

sensor during one sampling period, and the initial condition 
of each state,  lL,,2,1,0 =Ψ jj , needs to be specified. 

 Based on the a posteriori probability of failure, we 
now proceed to formulate a recursive relation for the 
measurement noise covariance matrix kR  that influences 
both calibration and estimation as seen in Eqs. (8) to (12).  
Its initial value 0R , which is determined from experimental 
data and/or instrument manufacturers’ specifications, 
provides the a priori information on individual signal 
channels and conforms to the normal operating mode when 
all calibrated signals are clustered together, i.e., 0≈kη .  

In the absence of any signal degradation, kR  remains close 

to its initial value 0R .  Significant changes in kR  may take 
place if one or more signals start degrading.  The following 
model captures this phenomenon:  

  rel
k

rel
kk RRRR 0=  with IRrel =0  (16) 

where rel
kR  is a positive-definite diagonal matrix 



 

representing only a posteriori relative information of the 
individual signal channels and is independent of the specific 

structure of the sensor system;  rel
kR  is recursively 

generated as follows: 

 [ ])(1 kj
rel
k hdiagR Π=+ , i.e., )(1 kj

rel
kj hr Π=+  (17) 

where rel
kj r  and kj Π  are respectively the relative 

variance and a posteriori probability of failure of the thj  

signal at the thk  instant; and ),1[)1,0[: ∞→h  is a 
continuous monotonically increasing function with 
boundary conditions 1)0( =h  and ∞→ϕ)(h  as 1→ϕ . 

Remark 6:  The implication of Eq. (17) is that credibility of 
a signal monotonically decreases with increase in its 
variance that tends to infinity as its a posteriori probability 
of failure approaches 1.  The magnitude of the relative 

variance rel
kj r  is set to the minimum value of 1 for zero a 

posteriori probability of failure.  In other words, the thj  

diagonal element rel
kj

rel
kj rw /1≡  of the weighting matrix 

( ) 1−
≡ rel

k
rel

k RW  tends to zero as kj Π  approaches 1.  

Similarly, the relative weight rel
kj w  is set to the maximum 

value of 1 for kj Π =0.  Consequently, a gradually 

degrading sensor carries monotonically decreasing weight 
in the computation of the estimate kx̂  in Eq. (12).  g 

 Next we set the bounds on the states kjΨ  of the 

recursive relation in Eq. (15).  The lower limit of kj Π  

(which is an algebraic function of kjΨ ) is set to the 

probability pj  of intra-sample failure.  On the other 

extreme, if kj Π  approaches 1, the weight rel
kj w  (that 

approaches zero) may prevent fast restoration of a degraded 
sensor following its recovery.  Therefore, the upper limit of 

kj Π  is set to )1( αj−  where αj  is the allowable 

probability of false alarms of the thj  signal.  Consequently, 

the function )(•h  in Eq. (17) is restricted to the domain 

)]1(,[ αjj p −  to account for probabilities of intra-sampling 

failures and false alarms.  Following Eq. (15), the lower and 

upper limits of the states kjΨ  thus become 
p

p

j

j
−1

 and 

α

α

j

j−1
, respectively.  Consequently, the initial state in Eq. 

(15) is set as: 
p

p
j

j

j
−

=Ψ
10  for lL,,2,1=j . 

SUMMARY AND CONCLUSIONS 

This paper develops and validates an adaptive filter for 
on-line calibration of redundant signals and estimation of 
the measured plant variable.  The redundancy may consist 
of both sensor signals and/or analytical measurements that 
are derived from other sensor signals and physical 
characteristics or a model of the plant.  All redundant 
signals are simultaneously calibrated by additive 
corrections that are recursively estimated.  A weighted least 
square estimate of the measured variable is generated in 
real time where the weighting matrix is adaptively adjusted 
as a function of the a posteriori probability of failure of the 
calibrated signals.  The effects of intra-sample failure and 
probability of false alarms are taken into account in the 
recursive filter that has been tested for on-line calibration of 
four redundant sensors of the throttle steam temperature in 
a commercial-scale fossil power plant.  The software is 
presently hosted in a Pentium platform and is portable to 
other commercial platforms.  The important features of this 
real-time adaptive filter are summarized below: 

• A model of the physical process is not necessary for 
calibration and estimation if sufficient redundancy of 
sensor data and/or analytical measurements is 
available.  

• All signals are simultaneously calibrated on-line to 
compensate for their relative errors. 

• The weights of individual signals for computation of 
a least-square estimate are adaptively updated as 
functions of the respective a posteriori probabilities 
of failure. 

The proposed calibration and estimation filter can 
enhance the Instrumentation & Control System Software in 
tactical and transport aircraft, and nuclear and fossil power 
plants.  However, a limitation of this filter is its inability to 
handle common mode faults (i.e., similar faults, possibly 
due to a common source, in all or a majority) of redundant 
sensors because the filter algorithm relies on the relative 
error among the individual signals.  Additional information 
(e.g., analytic redundancy) is needed to deal with common-
mode faults. 

APPENDIX: Multiple Hypotheses Testing  

 Let { }L,3,2,1, =η kk  be independent observations of 
a single variable (e.g., residual of a signal) at consecutive 
sampling instants.  We assume M  distinct possible modes 
of failure in addition to the normal mode of operation that is 
designated as the mode 0 .  Thus, at each sampling instant, 
there are )1( +M  mutually exclusive and exhaustive 

modes.  Each of these )1( +M  modes is treated as a 

Markov state.  The hypotheses of failure of )1( +M  modes 



 

at the thk  sample are defined for Mi ,,2,1, L=  as 
follows: 
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We assume a one-one correspondence between the set of 
)1( +M  modes and the set of their failure hypotheses 

MjH j
k ,,2,1,0, L= .  In the sequel, the terms, mode and 

hypothesis, are synonymously used.  

 We define the a posteriori probability j
kπ  of the thj  

mode at the thk  sample as: 

 MjZHP k
j

k
j

k ,,2,1,0,][ L=≡π  (A-2) 

based on the cumulative information i
k

i
k zZ I

1=
≡  over k  

samples where the events { }iii Bz ∈≡ η  are mutually 

independent and iB  is the region of interest at the thi  
sample.  The problem is to derive a recursive relation for a 
posteriori probability kΠ  of any one of the M  failure 

modes at the thk  sample: 
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Equation (A-3) holds because of the exhaustive and 
mutually exclusive properties of the Markov states, 

MjH j
k ,,2,1, L= .  To construct a recursive relation for 

kΠ , we introduce the following definitions: 

 Joint probability: ],[ k
j

k
j

k ZHP≡ξ  (A-4) 

 A priori probability: 
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Then, because of independence of the events 1kk Zandz − , 
Eq. (A-4) takes the following form: 
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Furthermore, the exhaustive and mutually exclusive 

properties of the Markov states MjH j
k ,,2,1,0, L= , and 

independence of 1−kZ  and j
kH   lead to: 
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The following recursive relation is obtained from a 
combination of Eqs. (A-4) to (A-8) as: 
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We introduce a new term  

 
0
k

j
kj

k ξ

ξ
ψ ≡   (A-10) 

that reduces to the following form by use of Eq. (A-9): 
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to obtain the a posteriori probability j
kπ  in Eq. (A-2) in 

terms of j
kξ  and j

kψ as: 
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A combination of Eqs. (A-3) and (A-12), leads to the a 
posteriori probability kΠ  of failure as: 
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 The above expressions can be realized by a simple 
recurrence relation under the following four assumptions: 

• Assumption A-1: At the starting point (i.e., k=0), all 

signals operate in the normal mode, i.e., 1][ 0
0 =HP  



 

and 0][ 0 =jHP  for Mj ,,2,1 L= .  Therefore, 

10
0 =ξ  and 00 =jξ  for Mj ,,2,1 L= . 

• Assumption A-2: Transition from the normal mode 
to any abnormal mode is equally likely.  That is, if 
p  is the a priori probability of failure during one 

sampling interval, then pak −= 10,0  and M
pi

ka =,0  

for Mi ,,2,1 L= , and all k . 

• Assumption A-3: No transition takes place from an 
abnormal mode to the normal mode implying that 

00, =i
ka  for Mi ,,2,1 L= , and all k .  The 

implication is that a failed sensor does not return to 
the normal mode (unless replaced or repaired). 

• Assumption A-4: Transition from an abnormal mode 
to any abnormal mode including itself is equally 

likely.  That is, M
ji

ka 1, =  for Mji ,,2,1, L= , and 

all k . 

A recursive relation for kΨ  is generated based on the 
above assumptions and using Eq. (A-11) for Mj ,,2,1 L= :  
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which is simplified by use of the relation ∑≡Ψ
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If the probability measure associated with each abnormal 
mode is absolutely continuous relative to that associated 

with the normal mode, then the ratio 0/ k
j
k λλ  of a priori 

probabilities converges to a Radon-Nikodym derivative as 
the region kB  in the expression { }kkk Bz ∈≡ η  approaches 
zero measure [Wong and Hajek, 1985].  This Radon-
Nikodym derivative is simply the likelihood ratio 

,,,2,1),(/)( 0 Mjff kk
j L=ηη  where )(•jf is the a 

priori density function conditioned on the hypothesis 

.,,2,1,0, MjH j L=   Accordingly, Eq. (A-15) becomes: 
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For the specific case of two abnormal hypotheses (i.e., 
2=M ) representing positive and negative failures, the 

recursive relations for kΨ  and kΠ  in Eqs. (A-16) and (A-
13) become: 
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