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Abstract

Traditionally, predictive control is understood to rely
on accurate predictions in order to give good control.
Here it is shown that in fact one can bypass the pre-
diction model altogther and go straight to an implicit
model which represents the parameters of the objective
function to be minimised. This is demonstrated to have
significant advantages.

1 Introduction

It is well known that the success of predictive control
(MPC) is closely related to the quality of the model.
That is, unless one is able to find an accurate model of
a process, it is unlikely that the associated predictive
controller will give good performance. This fact has
encouraged many authors to go beyond conventional
linear control. For instance many authors are prepared
to consider physical nonlinear models and neural net-
works (to name just two) in a bid to get ever better
modelling accuracy. This is despite the fact that such
models can significantly increase the complexity of the
resulting MPC as well as introducing a large on-line
computational burden. In this paper the intent is to
look at the modelling requirement of MPC more closely
than indicated in most papers and hence to propose a
modelling strategy directly linked to the ultimate ob-
jective of control design. The focus will be on linear
models.

During the main development of popular MPC strate-
gies (e.g. GPC [2], DMC [1]) it was common practice
to use one-step ahead prediction models, that is differ-
ence equations which can be used to predict the next
value of the output given knowledge of past data and
the current input. These models were used recursively
(e.g. [7]) to estimate predictions for the output over a

future horizon, usually referred to as the output hori-
zon. It was realised later on [10], [11] that such models
were usually identified using algorithms which focused
on minimising solely the error in the one-step ahead
predictions and hence may not be ideal candidates for
computing predictions over longer horizons. It was pro-
posed that the identification data should be suitably
prefiltered to place more emphasis on those frequen-
cies associated to longer range prediction. In essence
these filters produce a trade-off between the accuracy of
short range and long range prediction. However, com-
putation of the optimal filter was not straightforward,
even for the SISO (Single-input-single-output) case and
no algorithm was given to cater for the MIMO (Multi-
input-multi-output) case.

A better solution was recently considered indepen-
dently by two groups ([12], [8]); the former of these
papers introduces the concept without much compari-
son whereas the latter attempts to give a comprehensive
comparision with earlier approaches. In fact the con-
cept had already been utilised in the early eighties [6],
[4] but its significance had not been recognised, per-
haps because the focus of the papers in which the con-
cept was used was adaptive control and global stability.
The idea was to identify directly independent models
for each prediction horizon. This avoids the need for
filtering to emphasise different frequency ranges and al-
lows the objective of the identification to be precisely
stated, e.g. find a model that best estimates the output
predictions n samples into the future. In the case of an
exact linear model and no uncertainty in the data, in-
dependently identified models would lead to predictions
that match those derived from a recursion on the one-
step ahead model, however for the more general case of
uncertain (noisy) signals and mild non-linearity, this is
not the case. Here we label this approach the multi-
model approach. The multi-model approach is always



able to outperform a prediction based on a recursion
as one has far more parameters available and this al-
lows a more precisely stated objective. We should also
note at this point that there are strong parallels with
sub-space identification. The similarities are evident by
a comparison of papers such as [3, 5] with [8] and are
discussed in more detail in a full paper [9].

The question that remains to be considered is, to what
use does MPC put the model and does this have reper-
cussions on what is the best model for MPC design ?
The multi-model approach improved significantly on
the one-step model with regard to this because one
could argue the following. MPC is based on system pre-
dictions, therefore the best model is the one with the
smallest prediction errors over the whole horizon. How-
ever, this is not the complete story. In MPC the predic-
tion errors are used to formulate an objective function,
which function is minimised to compute the new con-
trol action. It could be argued therefore that in fact
the true goal of the modelling phase is to estimate the
parameters of the objective function, in which case the
multi-model only achieves this indirectly and not di-
rectly. In this paper it will be shown how the objective
function can be identified directly and moreover that
this improves on the multi-model approach as well as
of course it improves on the conventional approach us-
ing recursive prediction. The proposed approach will
be referred to as implicit modelling.

The paper is structured as follows. Section 2 contains
background on the role of the model in MPC and an
overview of the multi-model approach. Section 3 gives
algorithms for computing an improved multi-model and
the proposed implicit model. Section 4 contains exam-
ples and section 5 draws conclusions.

2 Background

2.1 Multi-models
In this paper, the intent is to consider MIMO and SISO
systems. State-space models do not lend themselves to
the multi-model approach [8] and hence the model type
used will be MFD (matrix fraction description) e.g.

D(z)y(z) = N(z)u(z) (1)

where N(z), D(z) are matrix polynomials in the de-
lay operator containing model parameters and u,y are
the system input/output respectively. For convenience
here the superscript (.)[n] is used to denote model pa-
rameters for n-step ahead prediction.

Remark 2.1 MPC usually takes an incremental
model, that is A MODEL based on input increments
∆uk = uk − uk−1. From hereon it is assumed that the
models above refer to such incremental models, that is
the input to the identification algorithms will be ∆u,y.

Let the 1-step ahead prediction model of appropriate
order be

yk+1|k = N
[1]
1 ∆uk + N

[1]
2 ∆uk−1 + . . . + N

[1]
l ∆uk−l

−D
[1]
1 yk − D

[1]
2 yk−1 − . . . − D

[1]
m yk−m

(2)
where, at sampling instant k, the system has inputs
and outputs uk,yk respectively. Then the correspond-
ing n-step ahead prediction model (e.g. see [2], [7] for
standard recursions) is given as

yk+n|k = M
[n]
n−1∆uk+1|k+n−2 + . . .

+M
[n]
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[n]
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−D
[n]
1 yk − D

[n]
2 yk−1 − . . . − D

[n]
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(3)
A general prediction model can be given as

Y = P1∆Ufut + P2∆Upast + P3Ypast (4)

where

Y =


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
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(7)

Remark 2.2 MFD descriptions can have pole/zero
cancellations which are problematic and the identified
denominator can have unstable roots (even for a stable



process). In [8] however, a separate model is identi-
fied for each prediction horizon. Hence any cancelling
pole/zero pairs will appear in the model for just one pre-
diction horizon and not be in all the models. As a con-
seqeunce such pairs will not appear in the controller and
so cannot cause instability. The advantage of such an
observation is that over parameterisation is no longer
risky wheras wih conventional recusive prediction can-
celling unstable pole/zero pairs (often caused by over
parameterisation) cannot be allowed.

2.2 MPC performance objective
For convenience of illustration, a conventional MPC
regulation1 objective function is taken here, for instance
that popularised in GPC [2]:

Jk =
∑ny

i=1 yT
k+i|kyk+i|k

+λ
∑nu−1

i=0 ∆uT
k+i|k∆uk+i|k

(8)

where nu, ny are the input and output prediction hori-
zons.

Objective: In order for an MPC control law to pro-
pose sensible control actions, the cost function Jk must
be known accuractly. Hence the modelling objective
should be to identify Jk rather than for instance the
one-step ahead prediction errors or even those of the
prediction model (4).

Remark 2.3 The part of the objective∑nu−1
i=0 ∆uT

k+i|k∆uk+i|k can be ignored in the fol-
lowing as this value is known exactly.

The cost Jk (minus the control terms) comprises the
sum of prediction errors over each loop and over each
horizon and hence, for a system with m outputs (e.g.
yT

k = [y(1)
k , . . . , y

(m)
k ]) can be expanded as

Jk =
m∑

j=1

ny∑
i=1

(y(j)
k+i|k)T y

(j)
k+i|k (9)

From predictions (4), let

y
(j)
k+i|k = p[j,k]Zk; Zk = [∆UT ,∆UT

past,Y
T
past]

T

(10)
where p[j,i] comprises the relevant rows of P1, P2, P3 re-
spectively stacked together (j the loop and i the hori-
zon). Substituting (10) into (9) gives

Jk =
m∑

j=1

ny∑
i=1

ZT
k S[j,i]Zk; S[j,i] = (p[j,i])T p[j,i] (11)

1The treatment of cases inclusion of tracking problems and

more involved weighting matrices is straightforward but there is

an increase in notational complexity which reduces clarity.

The identification objective can now be summarised as
the determination of either the vectors p[j,k] or the sy-
metric matrices S[j,i] which best represent the predic-
tion cost.

3 Modelling for MPC cost functions

An identification strategy that has synergy with the
MPC objectives is one which gives accurate parameter
estimates for either p[j,i] or S[j,i]. The former of these
strategies is summarised in the earlier works on multi-
model identification, however there the focus was on
minimising prediction errors directly and not errors in
the cost function Jk. Here an algorithm is developed for
identifying the prediction models p[j,k] which minimise
errors in the cost Jk directly. If however one is pre-
pared to loosen the structure of S[j,k] so that is merely
required to be symetric, then one has more d.o.f. for
minimising errors in Jk than are available with p[j,i].
An algorithm for identifying the matrices S[j,i] direct is
also proposed.

3.1 Identifying multi-models to minimise errors
in Jk

The aim is to identify the vector p[j,k] which minimises
the following cost

r∑
k=1

[V [j,i]
k −ZT

k (p[j,i])T p[j,i]Zk]2; V
[j,i]
k = (y(j)

k+i|k)T y
(j)
k+i|k

(12)
where r is the number of pieces of data available
for identification. For convenience hereafter, let p =
p = p[j,i] and Vk = V

[j,i]
k where it is understood

that the computations refer to a given loop and hori-
zon. As p is a vector, efficient algorithms can be
used to minimise (12) even though it is quartic in p.
It is noted once again that we do not want to solve
min

∑
k ‖(y

(j)
k+i|k − pZk‖2

2, as this minimises prediction
errors, not the errors in the cost function itself. The
minimisations required (for each loop and each predic-
tion horizon) are of the form

min
p

W =
∑

k

(Vk − ZT
k ppT Zk)2 (13)

Now, noting that p is a vector, W has a well defined
derivative, that is

dW

dp
=

∑
k

4(pT Zk)3Zk − 4Vk(pT Zk)Zk (14)

Lemma 3.1 A simple iterative gradient search can be
used to locate the optimal p. For any iterate one can



find the point of minimum cost by solving for the least
positive root of a cubic.

Proof: For an initial guess p = p0 and dW
dp = g let the

search vector be p = p0 − µg. Then

W =
∑

k

([p0 − µg]T Zk)4 − 2Vk([p0 − µg]T Zk)2 (15)

Minimising wrt to µ gives

0 =
∑

k

−(4([p0−µg]T Zk)3−4Vk([p0−µg]T Zk))gT Zk

(16)
Expanding this out gives a simple cubic in µ.

0 =
∑

k

[(ak + µbk)3 − (ck + µdk)]bk (17)

where ak = [p0]T Zk, bk = −gT Zk, ck =
Vk([p0]T Zk)), dk = −VkgT Zk. ��

Clearly as (17) is a simple cubic in µ, it can be solved
very efficiently.

Remark 3.1 We have deliberately avoided many tech-
nical details which do not aid the understanding of the
philosophy in this short paper. However the reader
should note that the vector Z will vary with prediction
horizon as Ufut (eqn. 5) varies with prediction horizon.

3.2 Identifying Jk directly - implicit models
It maybe that constraining matrix S[j,i] (eqn. 11) to
have a structure PPT does not allow one to model the
cost function as accurately as possible, especially where
the model (4) does not represent reality exactly. Hence
it maybe advantageous to identify the elements of S[j,k]

directly with the only constraint that the matrix be
symmetric. This section outlines how such a procedure
can be set up. As before, to avoid cumbersome notation
the following development will use the notation S, Vk

without the arguments [j, i] which are implicit.

The optimisation implied for each loop and horizon is
the following:

min
S

W =
∑

k

(Vk − ZT
k SZk)2 (18)

Let the elements of Z be zi, i = 1, 2, ..., h and the ele-
ments of S be sij . Then it is easy to rearrange minimi-
sation (18) into the following form

minθ W =
∑

k(Vk − mT
k θ)2

m = [z2
1 , 2z1z2, ..., 2z1zh, z2

2 , ..., 2z2zh, z2
3 , ..., 2zh−1zh, z2

h]
θ = [s11, s12, ..., s1h, s22, ..., s2h, s33, ..., sh−1,h, shh]

(19)

Minimisation (19) is a standard linear least squares
problem in the parameters of S and hence can be solved
easily.

Remark 3.2 The difficulty with optimisation (19) is
the rapid growth in the dimension of the unknown vec-
tor θ for MIMO problems and high prediction horizons.
As this optimisation is offline this need not be a major
issue and furthermore recursive least squares algorithms
offer some computational advantages.

4 Examples

In this section some examples are used to demonstrate
the benefits of the proposed implicit model. The val-
ues V [j,k] (12) are computed and contrasted with the
corresponding estimates to give the approximation er-
rors W , e.g. eqn.(13). Four values are computed and
plotted using the following notation:

Model Notation Graph
Recursive (e.g. conventional [2]) Wr solid line
Multi-model (see [8]) Wm asterix
Multi-model (section 3.1) Wp circles
Implicit model (section 3.2) Ws dashed

Table 1. Notation for errors of eqn.(13)

4.1 Example 1
This is a SISO example. The true model is

D(z) = 1 − 1.2241z−1 + 0.8721z−2

−0.6223z−3 + 0.1357z−4

N(z) = −0.7643z−1 + 0.3059z−2 + 0.0514z−3

(20)

and this model is estimated using a model where P3 has
4 columns and P2 has one column, that is it is under-
parameterised by one order in both the numerator and
denominator. The input is selected as a suitable known
random signal whereas the output measurement is dis-
turbed by an unknown random signal. 4000 samples
of data are taken; this is referred to as identification
data. In order to assess the accuracy of the models, a
separate set of 4000 samples of data is also available -
referred to as test data. Clearly for the identification
data, one must find that Ws ≤ Wp ≤ Wm ≤ Wr and
this transpires to be the case (Figure 1a). However,
what is of more interest is that this is also true for the
test data (Figure 1b and Table 3). It is interesting that
the conventional (popular) one-step ahead model and
recursion gives relatively poor results.



Horizon 1 3 6 10 20
Ws 1.3181 4.1448 5.4439 6.2240 6.0849
Wp 1.3328 4.3470 6.0135 7.2164 7.8244
Wm 1.3326 4.3557 6.0447 7.2586 7.9061
Wr 1.3326 4.3839 6.1473 7.4513 8.4482

Table 2. Values of W for different horizons for test
data

4.2 Example 2
Example 2 is based on the MIMO SIMULINK model
[13] of a boiler turbine unit. This model has signif-
icant non-linearities but can be adequately controlled
by a linear control law. The system is very high or-
der, but here the model order selected gave 6 columns
for P2 and 10 columns to P3 which is equivalent to a
4th order MFD as the system has 2 inputs and 2 out-
puts. Conventional models and recursions failed totally
to capture the predictions of this model (see Wr in ta-
ble 2 and [8]) and so multi models or implicit models
were essential to the succesful design of MPC. Again,
as for example 1 it is clear that Ws ≤ Wp ≤ Wm ≤ Wr

for the identification data, so only the test data is tab-
ulated (Table 3) but both sets are illustrated in Figure
2a-d. Once more the implicit model has significantly
outperformed the other modelling approaches.

Loop 1 (scaled by 10−3)
Horizon 1 3 6 10 15
Ws 0.2909 0.2820 0.2557 0.2513 0.3444
Wp 0.4157 0.7947 1.7378 3.6863 7.6619
Wm 0.4177 0.7982 1.7409 3.6944 7.6751
Wr 0.4177 4.50 52.10 224.36 458.71

Loop 2 (scaled by 10−6)
Ws 3.2958 3.2439 3.3728 3.9566 4.3733
Wp 4.3780 4.5138 4.5416 4.6014 4.6403
Wm 5.7460 5.7167 5.2592 5.0544 4.9658
Wr 5.746 21.108 35.806 60.691 59.937

Table 3. Values of W for different horizons for test
data

5 Conclusion

A novel approach to modelling for MPC has been pre-
sented. The technique is based on snyergy between the
identification procedure and the MPC control design.
The consequent model is in fact an implicit model in
that it is not allied to the normal one step ahead differ-
ence equations or state-space models, but rather sum-

marises the effect of past and future data on the per-
formance index to be minimised. The improvements in
modelling accuracy afforded by the implicit model are
illustrated by way of example.
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Figure 1. Plot of errors W (y-axis) vs prediction hori-
zon (x-axis)
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Figure 2. Plot of errors W (y-axis) vs prediction hori-
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