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Abstract

The generalized Hamiltonian realization problem is dis-
cussed in this paper. Three kinds of realizations are
investigated. The first is the generalized Hamiltonian
realization of a dynamic system. As an example, the
excitation control system [4] is investigated. The feed-
back dissipative realization of controlled Hamiltonian
systems is then considered. A necessary and sufficient
condition for existence of this realization is obtained.
Finally, the approximate realization is considered. A
normal form result is implemented to provide certain
computable conditions.

1 Introduction

In recent years, the problem of energy-based Lyapunov
functions has been investigated by several authors [1-
3],[5],[13]. The Lyapunov candidates are chosen from
the Hamiltonian functions of generalized Hamiltonian
systems. Here a new approach provides a method for
solving stabilzation problems for controlled Hamilto-
nian systems.

A generalized Hamiltonian dynamic system is proposed
in [4], [6] as

i=M(z)vH zeR" (1)

where M (z) is an n X n matrix, called the structure ma-
triz. H is the Hamiltonian function of the system. We
also denote by Xy = M (z)s7 H the Hamiltonian vector
field defined by H. A generalized controlled Hamilto-
nian system is defined as

&=M@)vVH+» M) vGu;, z€R" (2)
i=1

where (G; are Hamiltonian functions for input vector
fields.

As proposed in [4], [6], we allow M (z) to be an arbitrary
matrix. Decompose M (z) = J(z)+ P(z), where J(z) is

skew-symmetric and P(x) is symmetric. Furthermore,
we may decompose P(z) = —R(x) + S(z), where both
R(z) and S(x) are semi-positive definite and the ranks
of S(z) and R(x) are the numbers of positive eigenval-
ues and the numbers of negative eigenvalues of M (z)
respectively. Then the decomposition is unique. Hence,
we have

M(z) = J(z) — R(z) + S(z) 3)

We call system (1) (or controlled system (2)) a dissipa-
tive system (controlled dissipative system respectively)
if S(z) = 0. From [1-3] we can see that such systems
are particularly important in stabilization analysis.

A key point in applying this new approach to a gen-
eral control system is the need to express the system
as a controlled Hamiltonian system. To the authors’
knowledge, there is no systematic method of handling
this problem. The purpose of this paper is to explore
possible solutions to this problem.

2 Generalized Hamiltonian Realization

Definition 2.1. A dynamic system
i=f@), veR" (4)

is said to have a Hamiltonian realization if there exists
a suitable coordinate chart and a Hamiltonian function
H such that equation (4) can be expressed as (1). A
controlled dynamic system

ﬁ#@+ZMWM$€W (5)

is said to have a Hamiltonian realization if there exists
a suitable coordinate chart and Hamiltonian functions
H, Gy,---,Cy, such that equation (5) can be expressed
as (2). If in a realization, the decomposition of M (x)
has S(x) = 0, it is called a dissipative realization (or
controlled dissipative realization respectively).

Consider system (4). The most useful case is to con-
vert it into (1) where M is constant. Denote A4; =
(2T, i=1,---,n We have the following:

EZn



Proposition 2.2. System (4) has a constant and non-
singular M realization if the following equation (6)

Ay —Ay
A —A
A, A [
Az —A '2 -0
A, A4 Xn

An _An—l
(6)

has constant solution X; € R™, ¢ = 1,---,n , which
makes the following matrix N non- singular:

N =col(XT, XTI ... xT

Proof. Denote the i-th component of N f by H;. Then
a straightforward computation shows that

0H; .
333; :A]Xu Z,]ZI,"',TL
The solution of (6) implies that
OH; OH; . , .
6mj - 837@ ’ ! 7£ J

According to Poincare’s Lemma [7], N f is closed. That
is, there exists H, such that Nf = yH. ie., f =
M 7 H. Note that R™ is simply connected and the
result is global. []

Remark. 1. For a fized coordinate frame, the con-
ditions in Proposition 2.2 are also necessary. 2. The
above result can also be used for finding a common M
for a set of vector fields by find a common solution for
them. 3. For a constant vector field, any non-singular
M can be its structure matriz. Because in this case (6)
holds automatically.

3 Excitation Control

As an example, we consider the excitation system [4]

0 =w—wp

. BV, .
w=%2P, - %(w —wp) — wJ?/IzZE sind (7)

. ’
(A U nl} 1 Za—oy 1
E' = 7 Eq + 7 e Vs cosd + Tos Vi

T
q dx

Consider u = V; as the control, and set £, =6, =z =

w —wo, z3 = E; and denote a = 2Py, b = %,
’
— woVs — 1 — 1 Ta—my _ 1

C= A d= 77 € = oy o Vs, and h = 7—, then

system (7) becomes
le1 T2 0
¥y | = a—bry—cxzsinzy |+ 0 |u (8)
T3 —dzx3 + ecosz h

Now we consider all the possible Hamiltonian realiza-
tions. Since g is constant, we can ignore it. For f
equation (6) becomes

1 —b 0 O cxzcosaxy
0 —c¢sinzy —d O 0
0 0 0 0 —csinm
esinz; O 0 0 (9)
0 0 cxzcosz; esinz X=0
—d -1 b 0

If we consider the constant terms and terms linear in
z1 and z3 only, we get the following linear system:

1 - 0 0 O 0 0 0 O
0 0 —-d 0 0 0 0 0 O
0 O 0 0 0 —-d -1 b O
0 O 0O 0 O e 0O 0 O
0O —¢c 0 0 O 0 0 0 e | X=0
0 O 0 0 —c O 0O 0 O
0 O 0 0 ¢ 0 0 0 O
0 O 0 0 O 0 0 ¢ O
0 O 0O 0 O 0 0O 0 O
(10)

It is easy to check that the nonlinear terms in x do not
provide any new equations. Let X = (ni1, ni2, - -+,
n33). Since the rank of the coefficient matrix of (10) is
7, we may simply choose ng3 = <; na1 = a Then, up
to a constant coefficient, the solution of (10) is given by

b 1 0 0 1 0
N=|a 0 0 |;M=p| o« =b 0
0 0 ¢ 0 0 <

where p is an arbitrary coefficient. We may simply set
i = 1. Now for any non-zero a M provides a Hamilto-
nian realization. If we consider the dissipative realiza-
tion, it is easy to verify that the only possible solution
is « = —1. Using this M, system (8) can be rewritten
as

Ty 0 1 0 0 0 O
T = -1 0 0 — 0 b 0
Z'3 0 0 O 0 0 ¢
—a + cxzsinx 0
X T2 + 0 |u
—ccoszy + %ia:g h

(11)
Choosing a suitable output, the dissipative realization
of (7) is expressed as

T
: — _ OH
b | = U@ - R+ gy
T3
y=g" 3¢
where
0 1 0 0 0 O
Jaz)=| -1 0 0|, R@=|0 b 0
0 00 00 ¢



d
g=00nt, y= —icos:m + C—.T3,

TdO Tdoe
d 1
H(z) = —cxzcosz) —azry + ;—x?)) + 5333
e

This is exactly the form used in [4]. According to Re-
mark 3, the dissipative realization of the excitation con-
trol system (7) is unique (up to a constant coefficient).

4 Feedback Dissipative Realization

The dissipative form of Hamiltonian systems is impor-
tant for using port-controlled stability analysis. We
consider a general Hamiltonian system as

{ i=MvH+gxu=(J—-R+S)vH+gx)u
y=9"vH

(13)
where J is skew symmetric and R and S are symmetric
and positive semi- definite.

The following is an example of a general Hamiltonian
system.

Example 4.1. [8] The Rotational /Translational Actu-
ator (RTAC) system can be expressed, via the coordi-
nate transformation introduced in [9], as

Tl = T2
::62 = —x1 + €sinzg (14)
T3 = T4
Ci?4 =Uu

where 0 < € < 1. Choosing a nominal output y = x4
and the Hamiltonian function as

1
H= 5(5[7% + 22 + sin®(z3) + z3) + exy sinxs

then the system (14) can be expressed as the following
generalized controlled Hamiltonian system

( 0O 1 0 O
. -1 0 0 O
t=M<y H+ g(z)u= 0 0 0 1
0O 0 0 O
% z1 —esinzg 0 (15)
x | "2 0 u
(exy +sinzxsz) coszs 0
Ta 1
y=9¢" VH =14

[] To use the stabilization method proposed
in [3], we have to convert such generalized controlled
Hamiltonian systems into dissipative type systems. We
consider the following state feedback control

u=K(z)yv H+v (16)

We say that system (13) has a feedback dissipative real-
ization if there exists a control as given in (16) such that
the feedback system (15) is a dissipative Hamiltonian
system. Then we have

Proposition 4.2. System (13) has a dissipative type
realization (around an equilibrium point xo), iff there
exists an m X n matriz K(z), such that the following
matriz is negative semi- definite(locally).

9(2)K () + KT (2)g" (z) + (M + MT) <0 (17)

Proof. Because the symmetric part of M + gK is
negative semi-definite.
We are particularly interested in the case when both M
and g = (g1 '+ gm) are constant. In this case we seek
a particular output feedback control of the form

u=KvH+v
where K is a constant matrix.

Let P = $(M + MT), then we have the following corol-
lary.

Corollary 4.3. System (13) with constant M and g
has a dissipative type realization if there exists an m X
n matriz K such that the following matriz is negative
semi-definite :

gK+KT¢gT + P <0 (18)

Note that we can decompose P = —R + S, with posi-
tive semi-definite R and S. Assuming span{col(S)} C
span{col(g)}, it is easy to find K which satisfies (18).
In fact, if S = ga we can simply choose K = —a.

Example 4.4. Recall Example 4.1. It is easy to see
that a solution of (18) is K = (0 0 1 0). Hence the
RTAC system (15) has a feedback dissipative realiza-

tion. ]

5 Approximate Hamiltonian Realizations

When a precise Hamiltonian realization does not exist
for a dynamic system but it may be approximated by a
Hamiltonian system up to certain degree. Such an ap-
proximation may be enough for stability analysis. This
approach allows a coordinate change and so provides
more freedom to manipulate systems.

Definition 5.1. System (4) with f(0) = 0 is said to
have a k-th order approzimate realization if there exists
a coordinate z = z(x) with 2(0) = 0 such that under z
system (4) becomes

2=M< H+r(z) (19)

where M is constant, deg(H) < k + 1 and r(z) =
0(||z||¥*Y). deg(H) is the degree of the lowest degree



non-vanishing terms of the Taylor expanssion of H. If
M = J — R with skew symmetric J and symmetric
R >0, (19) is called a k-th order approzimate dissipa-
tive realization.

We have the following stability result:

Proposition 5.2. Assume system (4) has an approxi-
mate dissipative realization (19), r(z) € Span{R}, and
0 is a local minimum point of H(x). Then system (4) is
stable at 0. Proof. First we claim that the condition
r(z) € Span{R} is a coordinate-independent condition.
It is not difficult to show that under a coordinate change
z = z(x), with the Jacobian matrix J, we have

r(z) = Lr(z(2));  R(2) = J.RJ! (z(2))
The claim follows.

Next, choosing H as the Lyapunov function and denot-
ing r(z) = R{(2), then we have

d
%H|(19) = —dHR(VH +¢§)

According to the order of &, it is easy to see that
4 H|(19) < 0 locally. ]

Remark. [t is obvious that the condition r(z) €
Span{R} can be relazed by r(z) = ri(z) + r2(2), where

r1(z) € Span{R}, L,,H(z) <0 (20)

Consider system (4) again and assume f(0) = 0 and
denote the Jacobian of f at zero by L. Let the vector
field X = Lz and for any vector field Y denote adrY =
adxY . Denote by P* the set of vector fields in R™ with
k-th degree homogeneous components. Then 1. P is
a linear vector space over R. 2. Let L € P! be a given
vector field. Then the Lie derivative ady, : P* — P* is
a linear mapping.

Now fix Lz € P!. According to the above, the range of
the mapping ady, : P¥ — P* is a subspace of P*. Thus
we can decompose P* as

P* = ady (P*) @ S*

where S* is a complement of adr, (P*). Note that S* is
not unique. The following theorem provides a normal
form expression for the system (4).

Theorem 5.3.[10] Consider system (4) with f(0) =0.
Let L = J;(0)z, where J¢(0) is the Jacobian matriz of
f at zero. Then there exists a local diffeomorphism x =
x(2) around zero, such that (4) can be locally expressed
as

2=sW(z2) + s (2) + - +5(2) + Re(2), (21)

where

s (2) = Jp(0)z; s (2) € S% i =2,
Ry (2) = 0(]|z[I"*)

(21) is called a normal form of (4). An algorithm was
proposed in [11].

Denote the coefficient matrix in (6) by A and its ap-
proximation up to the k-th degree by A*. That is,
A = A* +0(]|z||**1), with deg(A*) = k. Then consider
the following equation:

X1
Al 0 | =0, ,X;€RYi=1,,n (22
Xn

The following proposition is staightforward.

Proposition 5.4. Assume (22) has a constant solution
X, which defines the matriz N given by

N =col(XT, xT, ..., XTI

non-singular. Then system (4) can be expressed as

&=M<z H+0(||z]|*2), deg(H)=k+2 (23)

where M = N~'. If (22) doesn’t have a non-zero
constant solution for k = 0, then a Hamiltonian (or
an approximate Hamiltonian) realization doesn’t exist.
Thus we assume there exists a largest & such that the
solution exists.

Assume system (4) has a (k-1)-th order approximate
Hamiltonian realization. Correspondingly, (23) can be
written as

& =My H+0(||z]*) = M H+q,+0([J«]|**) (24)

where deg(H) < k, deg(qx) = O0(||z||¥). Denote
dim(P*) — dim(adr,(P*)) = t, where L is the Jacobian
of f(x) at zero. We want to find a k-th order approx-
imation from (24). Since further discussion involves a
coordinate change, we use v/, H for \yH to emphasize
the gradient is taken with respect to x etc. We have
the following:

Proposition 5.5. Assume there exist t homogeneous
polynomials Hy,---, Hy of degree k + 1 such that

ady (P*) + Span{M <7, Hy,---,M <7, H;} = P*

Then system (24) has a k-th approzimate Hamiltonian
realization. Proof. We can find a vector field T'(z) €
P* such that

q(z) = adr,(T(z)) + 1M~y Hy + -+ + M 7 Hy

Then we make a coordinate transformation

oT
r=z24T(:), Jo=(+ 57 = 1= Jr+0(zP*)



One sees easily that the coordinate transformation does
not affect the terms of degree less than k. That is, the
term M 7 H in (24) remains unchanged. To be precise,
since

Vel (v) = J. v: H(x(2)) = (I — Jr +0(][2]*")) x
V= H(2)(I = JF + 0([l2]1**) = v:-H(2) + 0(]|2]**)

then
M v, H(z) = M v: H(z) +0(|**)  (25)
Also the new k-th degree term
G(z) € Span{M 7 Hy,-++, M </ H¢}
and it can be expressed as
G(z) = el M = Hi(2) + v:Hi(2) +0(|2]**)  (26)

Substituting (25) and (26) into (24), the conclusion fol-
lows. H

The following corollary is from the proof of Proposition
5.5.

Corollary 5.6. Assume there exist t homogeneous
polynomials Hy,---,H; of degree k + 1 and a homo-
geneous vector field T'(x) € P* such that

q(z) = adpT(x) + 1M 7o Hy + -+ 4+ ¢t M 7, Hy

Then system (24) has a k-th approximate Hamiltonian
realization as

=M<z, (H(2)+ciHi(2) 4+ He(2)) +0(]| 2] FF)

(27)
where x = z + T(z). In fact, this result can be ex-
pressed in a more elegent form. Let dj, = dim(P*).
Then [11]

n(n+k—1)!

di = dim(P") = K(n—1)!

The following lemma is a consequence of the results.
Lemma 5.7. Let X € P*, N € GL(n,R). Then
Oy : P* = P* defined as X — NX, is a group repre-
sentation [12] of GL(n,R) to GL(dy, R). Moreover,

d,=N®I,, (28)

where
_dy  (n+Ek-1)!
k=T kl(n —1)!

Denote by @ the linear space of k-th degree homoge-
nious polynomials. It is easy to see that dim(Qy) = sg.-
Then the gradient 57 : Q1 — P* is a linear mapping.
So VQr+1 C P* is a subspace. Using Lemma 5.7, it is
easy to verify the following result. Proposition 5.8.
System (24) has a k-th order approzimate Hamiltonian
realization, with the same M , iff

q(z) € ady (Py) + PN (VQk+1) (29)

Example 5.9. Consider the following system

&1 = sin(z2) + 2(1 — cos(z1))
o = —x1 + w2log(1 + 1 + x2)

Express it in approximate form as

i’l ) 1‘%

. - + 2

To —T T1T2 + 25 (31)
[ T2 4

(L7 4 ston s sy ) 000
It is easy to determine that the largest k for the k-
th approximated equation of (6) to have a solution is
k = 2, when the equation can be obtained by comparing
the coefficients of different terms as

10 0 1 o
01 -2 0 2 =0 (32)
02 0 -1 21

n22

The only non-zero solution (up to a constant coefficient)

is
_f 1 m2\ _ [ —4 2
N_<TL21 n22>_<1 4)
Then we have
1 4 =2
_ -1 _ _ =
M=N""= 18(-1 _4> (33)

Then the system (30) can be expressed as

(#)svmrarn=—y( Y 2)on

T2
lmg 4
(154 sy v ) + 00
(34)
where
H_—J,'2—4 12_%3 2 2 2 é?)
= 1 Tr1To + 23:2 33:1 + xix2 + 2x175 + 3562

Next, we consider adpP?, with Lz = J;(0)z =
< 0 1 )a: Set a basis e1, - -, eg of P? as

1(3:) <x%0m2> <a:103:§> (”f)
(4) (i) (o) ()

A straightforward computation shows that

O)—‘W

o

Vi = adrer = 3es + e5

V2 = (ldL€2 = —e; + 263 + é5
Vs = adpes = —2es +e4 + €7
Vi =adres = —3e3 + eg

Vs = adres = —eq1 + 3eg

Ve = adreg = —es — e5 + 2ey
Vi =adpe; = —e3 — 2eg + eg
Vs = adpes = —eyq — 3ey



Morever, the rank(Vy Vo Vi3 Vi V5 Vg V7 Vi) = 6 and
the first 6 vectors are linearly independent.

Simply choose H; = %m‘f and Hy = %m%. (In general,

we have to find a solution of (28), which produces a set
of linear equations.) From (33), we have

MoH —_1 435? _ 2 1
Vi =—15 —w? = —5€1 + {g¢és

MoH, =_L( 728\ _1, .2
V Ha = —13 —4g3 ) T 94T 9%

It is easy to verify that Vi, Va5, V3, Vi, V5, Vg, and
M~y Hy, M7 H> are linearly independent. Then we can
express ¢s as a linear combination by solving a linear
equation. The numerical solution is by = —0.75; by =
—3.5; bg = —1.333333; by = —2.333333; b; = 0.833333;
bg = 0.416667; and ¢; = 12; ¢ = 10.5. Now we can
choose new coordinates z by

6
x=z4+T(z)=z+ > be; =2+

=1
—0.752} — 3.5222% — 1.3333332,22 — 2.33333323
0.8333332% + 0.41666727 22

Using Corollary 5.6, system (34) can be further ex-
pressed as

(2)=-5%( 4 ) varouar @)

where H = —27 — 42120 + 123 — %z? + 220 + 22125 +
%23 + 321 + —121'523. ]

6 Conclusion

Three different realization problems were considered in
this paper. The first involved transforming an affine
(control) system to a generalized Hamiltonian (control)
system. A set of linear algebraic equations were pro-
vided. A sufficient condition to obtain the realization
is that these equations have a constant solution and
the matrix N constructed by the solution elements is
nonsingular. The excitation control system in power
systems was investigated. It was proved that the dissi-
pative realization obtained in [4] is the unique solution.
The second problem considered when a generalized con-
trolled Hamiltonian system has a feedback dissipative
realization. A necessary and sufficient condition was
presented. It was also shown that the RTAC system 8]
has a feedback dissipative realization. Finally, an ap-
proximate realization was considered. The normal form
algorithm was used to develop the realization. The con-
structive proof provides an algorithm to construct an
approximate realization.
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