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Abstract

The generalized Hamiltonian realization problem is dis-
cussed in this paper. Three kinds of realizations are
investigated. The �rst is the generalized Hamiltonian
realization of a dynamic system. As an example, the
excitation control system [4] is investigated. The feed-
back dissipative realization of controlled Hamiltonian
systems is then considered. A necessary and su�cient
condition for existence of this realization is obtained.
Finally, the approximate realization is considered. A
normal form result is implemented to provide certain
computable conditions.

1 Introduction

In recent years, the problem of energy-based Lyapunov
functions has been investigated by several authors [1-
3],[5],[13]. The Lyapunov candidates are chosen from
the Hamiltonian functions of generalized Hamiltonian
systems. Here a new approach provides a method for
solving stabilzation problems for controlled Hamilto-
nian systems.

A generalized Hamiltonian dynamic system is proposed
in [4], [6] as

_x =M(x)5H; x 2 Rn (1)

whereM(x) is an n�nmatrix, called the structure ma-
trix. H is the Hamiltonian function of the system. We
also denote by XH =M(x)5H the Hamiltonian vector
�eld de�ned by H . A generalized controlled Hamilto-
nian system is de�ned as

_x =M(x)5H +

mX
i=1

M(x)5Giui; x 2 Rn (2)

where Gi are Hamiltonian functions for input vector
�elds.

As proposed in [4], [6], we allowM(x) to be an arbitrary
matrix. DecomposeM(x) = J(x)+P (x), where J(x) is

skew-symmetric and P (x) is symmetric. Furthermore,
we may decompose P (x) = �R(x) + S(x), where both
R(x) and S(x) are semi-positive de�nite and the ranks
of S(x) and R(x) are the numbers of positive eigenval-
ues and the numbers of negative eigenvalues of M(x)
respectively. Then the decomposition is unique. Hence,
we have

M(x) = J(x)�R(x) + S(x) (3)

We call system (1) (or controlled system (2)) a dissipa-
tive system (controlled dissipative system respectively)
if S(x) = 0. From [1-3] we can see that such systems
are particularly important in stabilization analysis.

A key point in applying this new approach to a gen-
eral control system is the need to express the system
as a controlled Hamiltonian system. To the authors'
knowledge, there is no systematic method of handling
this problem. The purpose of this paper is to explore
possible solutions to this problem.

2 Generalized Hamiltonian Realization

De�nition 2.1. A dynamic system

_x = f(x); x 2 Rn (4)

is said to have a Hamiltonian realization if there exists
a suitable coordinate chart and a Hamiltonian function
H such that equation (4) can be expressed as (1). A
controlled dynamic system

_x = f(x) +

mX
i=1

gi(x)ui; x 2 Rn (5)

is said to have a Hamiltonian realization if there exists
a suitable coordinate chart and Hamiltonian functions
H, G1; � � � ; Cm such that equation (5) can be expressed
as (2). If in a realization, the decomposition of M(x)
has S(x) = 0, it is called a dissipative realization (or
controlled dissipative realization respectively).

Consider system (4). The most useful case is to con-
vert it into (1) where M is constant. Denote Ai =
( @
@xi

f)T ; i = 1; � � � ; n We have the following:



Proposition 2.2. System (4) has a constant and non-
singular M realization if the following equation (6)
0
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(6)
has constant solution Xi 2 Rn; i = 1; � � � ; n , which
makes the following matrix N non- singular:

N = col(XT
1 ; X

T
2 � � � XT

n )

Proof. Denote the i-th component of Nf by Hi. Then
a straightforward computation shows that

@Hi

@xj
= AjXi; i; j = 1; � � � ; n

The solution of (6) implies that

@Hi

@xj
=

@Hj

@xi
; i 6= j

According to Poincare's Lemma [7], Nf is closed. That
is, there exists H , such that Nf = 5H . i.e., f =
M 5 H . Note that Rn is simply connected and the
result is global.

Remark. 1. For a �xed coordinate frame, the con-
ditions in Proposition 2.2 are also necessary. 2. The
above result can also be used for �nding a common M

for a set of vector �elds by �nd a common solution for
them. 3. For a constant vector �eld, any non-singular
M can be its structure matrix. Because in this case (6)
holds automatically.

3 Excitation Control

As an example, we consider the excitation system [4]8>><
>>:

_� = ! � !0

_! = !0
M
Pm � D

M
(! � !0)�

!0E
0

qVs

Mx0

d�

sin�

_E0

q = � 1
T 0

d

E0

q +
1
Td0

xd�x
0

d

x0

d�

Vs cos � +
1
Td0

Vf

(7)

Consider u = Vf as the control, and set x1 = �; x2 =
! � !0; x3 = E0

q and denote a = !0
M
Pm, b = D

M
,

c = !0Vs
Mx0

d�

, d = 1
T 0

d

, e = 1
Td0

xd�x
0

d

x0

d�

Vs, and h = 1
Td0

, then

system (7) becomes0
@ _x1

_x2
_x3

1
A =

0
@ x2

a� bx2 � cx3 sinx1
�dx3 + e cosx1

1
A+

0
@ 0

0
h

1
Au (8)

Now we consider all the possible Hamiltonian realiza-
tions. Since g is constant, we can ignore it. For f

equation (6) becomes

0
@ 1 �b 0 0 cx3 cosx1

0 �c sinx1 �d 0 0
0 0 0 0 �c sinx1

e sinx1 0 0 0
0 0 cx3 cosx1 e sinx1
�d �1 b 0

1
AX = 0

(9)

If we consider the constant terms and terms linear in
x1 and x3 only, we get the following linear system:
0
BBBBBBBBBBBB@

1 �b 0 0 0 0 0 0 0
0 0 �d 0 0 0 0 0 0
0 0 0 0 0 �d �1 b 0
0 0 0 0 0 e 0 0 0
0 �c 0 0 0 0 0 0 e

0 0 0 0 �c 0 0 0 0
0 0 0 0 c 0 0 0 0
0 0 0 0 0 0 0 c 0
0 0 0 0 0 0 0 0 0

1
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X = 0

(10)
It is easy to check that the nonlinear terms in x do not
provide any new equations. Let X = (n11, n12, � � �,
n33). Since the rank of the coe�cient matrix of (10) is
7, we may simply choose n33 =

c
e
; n21 = � Then, up

to a constant coe�cient, the solution of (10) is given by

N =

0
@ b 1 0

� 0 0
0 0 c

e

1
A ; M = �

0
@ 0 1 0

� �b 0
0 0 e�

c

1
A

where � is an arbitrary coe�cient. We may simply set
� = 1. Now for any non-zero � M provides a Hamilto-
nian realization. If we consider the dissipative realiza-
tion, it is easy to verify that the only possible solution
is � = �1. Using this M , system (8) can be rewritten
as 0
@ _x1

_x2
_x3

1
A =

0
@
0
@ 0 1 0

�1 0 0
0 0 0

�

1
A
0
@ 0 0 0

0 b 0
0 0 e

c

1
A
1
A

�

0
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x2
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cd
e
x3

1
A+

0
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0
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1
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(11)
Choosing a suitable output, the dissipative realization
of (7) is expressed as

8>><
>>:

0
@ _x1

_x2
_x3

1
A = (J(x) �R(x))@H

@x
+ g(x)u

y = gT @H
@x

(12)

where

J(x) =

0
@ 0 1 0

�1 0 0
0 0 0

1
A ; R(x) =

0
@ 0 0 0

0 b 0
0 0 e

c

1
A



g = (0 0 h)T ; y = �
c

Td0
cosx1 +

cd

Td0e
x3;

H(x) = �cx3 cosx1 � ax1 +
cd

2e
x23 +

1

2
x22

This is exactly the form used in [4]. According to Re-
mark 3, the dissipative realization of the excitation con-
trol system (7) is unique (up to a constant coe�cient).

4 Feedback Dissipative Realization

The dissipative form of Hamiltonian systems is impor-
tant for using port-controlled stability analysis. We
consider a general Hamiltonian system as

�
_x =M 5H + g(x)u = (J �R+ S)5H + g(x)u
y = gT 5H

(13)
where J is skew symmetric and R and S are symmetric
and positive semi- de�nite.

The following is an example of a general Hamiltonian
system.

Example 4.1. [8] The Rotational/Translational Actu-
ator (RTAC) system can be expressed, via the coordi-
nate transformation introduced in [9], as

8>><
>>:

_x1 = x2
_x2 = �x1 + � sinx3
_x3 = x4
_x4 = u

(14)

where 0 < � < 1. Choosing a nominal output y = x4
and the Hamiltonian function as

H =
1

2
(x21 + x22 + sin2(x3) + x24) + �x1 sinx3

then the system (14) can be expressed as the following
generalized controlled Hamiltonian system

8>>>>>>>>>>>><
>>>>>>>>>>>>:

_x =M 5H + g(x)u =

0
BB@

0 1 0 0
�1 0 0 0
0 0 0 1
0 0 0 0

1
CCA

�

0
BB@

x1 � � sinx3
x2
(�x1 + sinx3) cosx3
x4

1
CCA+

0
BB@

0
0
0
1

1
CCAu

y = gT 5H = x4

(15)

To use the stabilization method proposed
in [3], we have to convert such generalized controlled
Hamiltonian systems into dissipative type systems. We
consider the following state feedback control

u = K(x)5H + v (16)

We say that system (13) has a feedback dissipative real-
ization if there exists a control as given in (16) such that
the feedback system (15) is a dissipative Hamiltonian
system. Then we have

Proposition 4.2. System (13) has a dissipative type
realization (around an equilibrium point x0), i� there
exists an m � n matrix K(x), such that the following
matrix is negative semi- de�nite(locally).

g(x)K(x) +KT (x)gT (x) + (M +MT ) � 0 (17)

Proof. Because the symmetric part of M + gK is
negative semi-de�nite.
We are particularly interested in the case when bothM
and g = (g1 � � � gm) are constant. In this case we seek
a particular output feedback control of the form

u = K 5H + v

where K is a constant matrix.

Let P = 1
2 (M +MT ), then we have the following corol-

lary.

Corollary 4.3. System (13) with constant M and g

has a dissipative type realization if there exists an m�
n matrix K such that the following matrix is negative
semi-de�nite :

gK +KT gT + P � 0 (18)

Note that we can decompose P = �R + S, with posi-
tive semi-de�nite R and S. Assuming spanfcol(S)g �
spanfcol(g)g, it is easy to �nd K which satis�es (18).
In fact, if S = g� we can simply choose K = ��.

Example 4.4. Recall Example 4.1. It is easy to see
that a solution of (18) is K = (0 0 1 0). Hence the
RTAC system (15) has a feedback dissipative realiza-
tion.

5 Approximate Hamiltonian Realizations

When a precise Hamiltonian realization does not exist
for a dynamic system but it may be approximated by a
Hamiltonian system up to certain degree. Such an ap-
proximation may be enough for stability analysis. This
approach allows a coordinate change and so provides
more freedom to manipulate systems.

De�nition 5.1. System (4) with f(0) = 0 is said to
have a k-th order approximate realization if there exists
a coordinate z = z(x) with z(0) = 0 such that under z
system (4) becomes

_z =M 5H + r(z) (19)

where M is constant, deg(H) � k + 1 and r(z) =
0(kzkk+1). deg(H) is the degree of the lowest degree



non-vanishing terms of the Taylor expanssion of H. If
M = J � R with skew symmetric J and symmetric
R � 0, (19) is called a k-th order approximate dissipa-
tive realization.

We have the following stability result:

Proposition 5.2. Assume system (4) has an approxi-
mate dissipative realization (19), r(z) 2 SpanfRg, and
0 is a local minimum point of H(x). Then system (4) is
stable at 0. Proof. First we claim that the condition
r(z) 2 SpanfRg is a coordinate-independent condition.
It is not di�cult to show that under a coordinate change
z = z(x), with the Jacobian matrix Jz we have

r(z) = Jzr(x(z)); R(z) = JzRJ
T
z (x(z))

The claim follows.

Next, choosing H as the Lyapunov function and denot-
ing r(z) = R�(z), then we have

d

dt
H j(19) = �dHR(5H + �)

According to the order of �, it is easy to see that
d
dt
H j(19) � 0 locally.

Remark. It is obvious that the condition r(z) 2
SpanfRg can be relaxed by r(z) = r1(z) + r2(z), where

r1(z) 2 SpanfRg; Lr2H(z) � 0 (20)

Consider system (4) again and assume f(0) = 0 and
denote the Jacobian of f at zero by L. Let the vector
�eld X = Lx and for any vector �eld Y denote adLY =
adXY . Denote by P

k the set of vector �elds in Rn with
k-th degree homogeneous components. Then 1. P k is
a linear vector space over R. 2. Let L 2 P 1 be a given
vector �eld. Then the Lie derivative adL : P k ! P k is
a linear mapping.

Now �x Lx 2 P 1. According to the above, the range of
the mapping adL : P k ! P k is a subspace of P k. Thus
we can decompose P k as

P k = adL(P
k)� Sk

where Sk is a complement of adL(P
k). Note that Sk is

not unique. The following theorem provides a normal
form expression for the system (4).

Theorem 5.3.[10] Consider system (4) with f(0) = 0.
Let L = Jf (0)x, where Jf (0) is the Jacobian matrix of
f at zero. Then there exists a local di�eomorphism x =
x(z) around zero, such that (4) can be locally expressed
as

_z = s(1)(z) + s(2)(z) + � � �+ s(r)(z) +Rr(z); (21)

where

s(1)(z) = Jf (0)z; s
(i)(z) 2 Si; i = 2; � � � ; r;

Rr(z) = 0(kzkr+1)

(21) is called a normal form of (4). An algorithm was
proposed in [11].

Denote the coe�cient matrix in (6) by A and its ap-
proximation up to the k-th degree by Ak. That is,
A = Ak +0(kxkk+1), with deg(Ak) = k. Then consider
the following equation:

Ak

0
B@

X1

...
Xn

1
CA = 0; ; Xi 2 Rn; i = 1; � � � ; n (22)

The following proposition is staightforward.

Proposition 5.4. Assume (22) has a constant solution
X, which de�nes the matrix N given by

N = col(XT
1 ; X

T
2 ; � � � ; X

T
n )

non-singular. Then system (4) can be expressed as

_x =M 5H + 0(kxkk+2); deg(H) = k + 2 (23)

where M = N�1. If (22) doesn't have a non-zero
constant solution for k = 0, then a Hamiltonian (or
an approximate Hamiltonian) realization doesn't exist.
Thus we assume there exists a largest k such that the
solution exists.

Assume system (4) has a (k-1)-th order approximate
Hamiltonian realization. Correspondingly, (23) can be
written as

_x =M5H+0(kxkk) =M5H+qk+0(kxkk+1) (24)

where deg(H) � k, deg(qk) = 0(kxkk). Denote
dim(P k)� dim(adL(P

k)) = t, where L is the Jacobian
of f(x) at zero. We want to �nd a k-th order approx-
imation from (24). Since further discussion involves a
coordinate change, we use 5xH for 5H to emphasize
the gradient is taken with respect to x etc. We have
the following:

Proposition 5.5. Assume there exist t homogeneous
polynomials H1; � � � ; Ht of degree k + 1 such that

adL(P
k) + SpanfM 5x H1; � � � ;M 5x Htg = P k

Then system (24) has a k-th approximate Hamiltonian
realization. Proof. We can �nd a vector �eld T (x) 2
P k such that

q(x) = adL(T (x)) + c1M 5H1 + � � �+ ctM 5Ht

Then we make a coordinate transformation

x = z + T (z); Jz = (I +
@T

@x
)�1 = I � JT + 0(kzk2k)



One sees easily that the coordinate transformation does
not a�ect the terms of degree less than k. That is, the
termM5H in (24) remains unchanged. To be precise,
since

5xH(x) = Jz 5z H(x(z)) = (I � JT + 0(kzk2k))�
5z H(z)(I � JTT + 0(kzk2k) =5zH(z) + 0(kzk2k)

then

M 5x H(x) =M 5z H(z) + 0(kzk2k) (25)

Also the new k-th degree term

~q(z) 2 SpanfM 5x H1; � � � ;M 5x Htg

and it can be expressed as

~q(z) = c1M 5z H1(z) +5zHt(z) + 0(kzk2k) (26)

Substituting (25) and (26) into (24), the conclusion fol-
lows.

The following corollary is from the proof of Proposition
5.5.

Corollary 5.6. Assume there exist t homogeneous
polynomials H1; � � � ; Ht of degree k + 1 and a homo-
geneous vector �eld T (x) 2 P k such that

q(x) = adLT (x) + c1M 5x H1 + � � �+ ctM 5x Ht

Then system (24) has a k-th approximate Hamiltonian
realization as

_z =M5z (H(z)+ c1H1(z)+ � � �+ ctHt(z))+0(kzkk+1)
(27)

where x = z + T (z). In fact, this result can be ex-
pressed in a more elegent form. Let dk = dim(P k).
Then [11]

dk = dim(P k) =
n(n+ k � 1)!

k!(n� 1)!

The following lemma is a consequence of the results.
Lemma 5.7. Let X 2 P k, N 2 GL(n;R). Then
�N : P k ! P k, de�ned as X 7! NX, is a group repre-
sentation [12] of GL(n;R) to GL(dk; R). Moreover,

�n = N 
 Isk (28)

where

sk =
dk

n
=

(n+ k � 1)!

k!(n� 1)!

Denote by Qk the linear space of k-th degree homoge-
nious polynomials. It is easy to see that dim(Qk) = sk.
Then the gradient 5 : Qk+1 ! P k is a linear mapping.
So 5Qk+1 � P k is a subspace. Using Lemma 5.7, it is
easy to verify the following result. Proposition 5.8.

System (24) has a k-th order approximate Hamiltonian
realization, with the same M , i�

q(x) 2 adL(Pk) + �N (5Qk+1) (29)

Example 5.9. Consider the following system�
_x1 = sin(x2) + 2(1� cos(x1))
_x2 = �x1 + x2log(1 + x1 + x2)

(30)

Express it in approximate form as�
_x1
_x2

�
=

�
x2
�x1

�
+

�
x21
x1x2 + x22

�

�

�
1
6x

3
2

1
2x

3
1 + x21x2 +

1
2x1x

2
2

�
+ 0(kxk4)

(31)

It is easy to determine that the largest k for the k-
th approximated equation of (6) to have a solution is
k = 2, when the equation can be obtained by comparing
the coe�cients of di�erent terms as

0
@ 1 0 0 1

0 1 �2 0
0 2 0 �1

1
A
0
BB@

n11
n12
n21
n22

1
CCA = 0 (32)

The only non-zero solution (up to a constant coe�cient)
is

N =

�
n11 n12
n21 n22

�
=

�
�4 2
1 4

�

Then we have

M = N�1 = �
1

18

�
4 �2
�1 �4

�
(33)

Then the system (30) can be expressed as�
_x1
_x2

�
:=M 5H + q3 +R = � 1

18

�
4 �2
�1 �4

�
5H

�

�
1
6x

3
2

1
2x

3
1 + x21x2 +

1
2x1x

2
2

�
+ 0(kxk4)

(34)
where

H = �x21 � 4x1x2 +
1

2
x22 �

4

3
x31 + x21x2 + 2x1x

2
2 +

4

3
x32

Next, we consider adLP
3, with Lx = Jf (0)x =�

0 1
�1 0

�
x. Set a basis e1; � � � ; e8 of P

3 as

�
x31
0

� �
x21x2
0

� �
x1x

2
2

0

� �
x32
0

�

�
0
x31

� �
0

x21x2

� �
0

x1x
2
2

� �
0
x32

�

A straightforward computation shows that

V1 = adLe1 = 3e2 + e5
V2 = adLe2 = �e1 + 2e3 + e6
V3 = adLe3 = �2e2 + e4 + e7
V4 = adLe4 = �3e3 + e8
V5 = adLe5 = �e1 + 3e6
V6 = adLe6 = �e2 � e5 + 2e7
V7 = adLe7 = �e3 � 2e6 + e8
V8 = adLe8 = �e4 � 3e7



Morever, the rank(V1 V2 V3 V4 V5 V6 V7 V8) = 6 and
the �rst 6 vectors are linearly independent.

Simply choose H1 = 1
4x

4
1 and H2 = 1

4x
4
2. (In general,

we have to �nd a solution of (28), which produces a set
of linear equations.) From (33), we have

M 5H1 = � 1
18

�
4x31
�x31

�
= � 2

9e1 +
1
18e5

M 5H2 = � 1
18

�
�2x32
�4x32

�
= 1

9e4 +
2
9e8

It is easy to verify that V1, V2, V3, V4, V5, V6, and
M5H1,M5H2 are linearly independent. Then we can
express q3 as a linear combination by solving a linear
equation. The numerical solution is b1 = �0:75; b2 =
�3:5; b3 = �1:333333; b4 = �2:333333; b5 = 0:833333;
b6 = 0:416667; and c1 = 12; c2 = 10:5. Now we can
choose new coordinates z by

x = z + T (z) = z +
6P
i=1

biei = z+�
�0:75z31 � 3:5z21z

2 � 1:333333z1z
2
2 � 2:333333z32

0:833333z31 + 0:416667z21z2

�

Using Corollary 5.6, system (34) can be further ex-
pressed as�

_z1
_z2

�
= �

1

18

�
4 �2
�1 �4

�
5H + 0(kzk4) (35)

where H = �z21 � 4z1z2 +
1
2z

2
2 �

4
3z

3
1 + z21z2 + 2z1z

2
2 +

4
3z

3
2 + 3z41 +

10:5
4 z42 .

6 Conclusion

Three di�erent realization problems were considered in
this paper. The �rst involved transforming an a�ne
(control) system to a generalized Hamiltonian (control)
system. A set of linear algebraic equations were pro-
vided. A su�cient condition to obtain the realization
is that these equations have a constant solution and
the matrix N constructed by the solution elements is
nonsingular. The excitation control system in power
systems was investigated. It was proved that the dissi-
pative realization obtained in [4] is the unique solution.
The second problem considered when a generalized con-
trolled Hamiltonian system has a feedback dissipative
realization. A necessary and su�cient condition was
presented. It was also shown that the RTAC system [8]
has a feedback dissipative realization. Finally, an ap-
proximate realization was considered. The normal form
algorithm was used to develop the realization. The con-
structive proof provides an algorithm to construct an
approximate realization.
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