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Abstract Gar = G(1+681)/(Q — &) with |§1] < ¢ < 1 and

The gap metric and nu-gap metric have many a ealin‘@2| < € thens,(G,Ga) < e, since we can write
gap gap y app = (M —8,M)"1(N +8,N). The following lemma,

properties for assessing the uncertainty in a plant in \?vrAlich is closely related to results in [5] and [4], gives a
feedback configuration. This short paper addresses t?e q Y1 h terizati £ such ’tg
guestion of relating these generalised stability marginsrequenCy omain characterization of such systems.
to more traditional single-loop and multi-loop robust-

ness measures. In particular we show that when a sypemma 2.1 G, = G(1+6;1)/(1—8) with |81] < € < 1
tem is controlled by a controller which provides a stabil-3nq5,| < ¢, if and only if

ity margin of ¢ in the gap metric for the weighted plant

then if the weighting matrices are diagonal the plant will 11— GA/G]|

have robust stability to easily interpreted simultaneous m €

gain and phase variations at all the inputs and outputs.

Keywords: Flight control,’H ., loop shaping, stabil-
ity margins, gap metric. In addition this characterization gives thatGfy =

_ Grel? then,
1 Introduction

The gap metric [1] and nu-gap metric [6] have many g2, /) < (I+e—-r(1—e)(=1+e+r(l+e¢))
appealing theoretical properties and are convincingly - 4r

appropriate measures for uncertainty in feedback sys-

tems. TheH., loop shaping approach to robust designWhiCh gives a clear picture of the allowable gain and
[3] maximises robustness to gap-metric uncertainty fophase variations in a Nichols chart exclusion region.
a weighted plant. The weighting matrices are essentiatuch aregion is found to be particularly helpful in flight
to determine appropriate levels of bandwidth and disturcontrol stability analysis [2]. This formula also implies
bance rejection in the closed loop system. For the feedb® guaranteed gain and phase margins in [7], namely
back connection of the weighted plab(s)G(s)Wi(s) & 9ain margin ot£201log,4(1 + €)/(1 — ¢) dB and a

in feedback with a controllek . (s) the stability margin  Phase margin of-2 arcsire. An alternative way of de-

is defined as, riving this region is to note that we can wri@, =

_2 _ 2
G4t V1<% a4 also that the setd®L and X1
2 (1) o 15

with |81] < € and|§,| < € give identical disks in the
complex plane. Hence B(W>,GW,, K.,) = ¢, thenG
can be perturbed by a terh}if—)j with |§] < € and the
closed-loop system will remain stable. The exclusion
A main result [6] is then that the closed loop will region fore = 0.3, which is a typical value, is depicted
be stable for all perturbed plantsG,, such that in the figure together with a standard Nichols chart ex-
8y (WaG AWy, WoGWh) < b(WoG Wi, Koo). clusion region used in flight control stability analysis.

2 The Single-Input/Single-Output Case

b(W,GW, Ky)
-1

= H |:|<Ioo] (| — WzGW1)71 [I WZG\Nl]

o0

3 The Multi-loop case

Note that ifG = M~IN is a normalised coprime fac-

i ) i In the multivariable case the weighting matrices can
torization, and a perturbed syste®, is defined as

substantially distort gap metric balls of uncertainty.
*correspondence e-makg @eng.cam.ac.uk However if we restrict ourselves to diagonal weighting




The above argument allows independent perturba-
slusion region foe = 0.3 tions to all channels simultaneously. To obtain a single
channel result we can set,

|+ A = diag(1+81,1—82,---,1—82),
l— Ay = (1—8yl
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which implies that
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So, the allowable single channel offsets are the same as
in the single-loop case.
matrices and diagonal perturbations then we have, In the above, the perturbations have been restricted to
being complex scalars. It can be easily shown that the

-1
WoGAWL = Wo(l + ADG(I — Az)™"Wy results also apply for dynamic uncertainty satisfying the

= (I + ApWoGW (I — Ap)~H same gain/phase bounds provided the continuity condi-
= (I + A)DNM7L(1 — AT tion §,(G, Ga) < 1is satisfied.
= (N+A;N)Y(M — Ap,M) ™ 4 Conclusions

= (N+ANM =A™t We have demonstrated that the stability margin implied

by the nu-gap metric when appliedH., loop shaping
WG W, q with diagonal pre- and post-compensator weights, gives
2V, an robustness to easily computed perturbations at the plant

AN N inputs and outputs.
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