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Abstract

The curse of dimensionality in dynamic programming
prevents in most problems of practical interest the ex-
act computation of the value function. In this paper, we
study the �xed points of approximate value iteration, a
simple algorithm that combats the curse of dimension-
ality by generating approximate iterates of the classical
value iteration algorithm in the span of a set of prespeci-
�ed basis functions. We show that, in general, the mod-
i�ed dynamic programming operator need not possess a
�xed point, and therefore, approximate value iteration
should not be expected to converge. However, by using
a class of randomized policies, approximate value iter-
ation is guaranteed to possess at least one �xed point.
We �nally discuss the link between approximate value
iteration and temporal{di�erence learning (TD), and
show that the existence of �xed points for approximate
value iteration implies existence of stationary points for
the ordinary di�erential equation approximated by a
version of TD that incorporates \exploration."

1 Introduction

Value iteration o�ers a simple approach to computing
the value function for �nite{state discounted dynamic
programs. The algorithm can be described in terms
of the \dynamic programming operator" T . In par-
ticular, it generates a sequence of functions according
to Jk+1 = TJk, each mapping states to real numbers.
This sequence converges to the optimal value function
J�, the unique �xed point of T that can be used to
generate an optimal policy. However, due to the \curse
of dimensionality," for problems of practical scale, the
computational burden associated with storing and ma-
nipulating functions over the state space is prohibitive,
and approximations are called for. One simple method
{ dating all the way back to [1] { is approximate value
iteration, which aims at approximating each iterate Jk
by a linear combination of prespeci�ed basis functions
�1; : : : ; �K . In rough terms, iterates ~Jk are given by
~Jk+1 = �T ~Jk, where � is a projection operator that
produces a function in the span of �1; : : : ; �K and close
to T ~Jk. The hope is that ~Jk converges to a good ap-
proximation of J�.

A fundamental question is whether the composition �T
possesses a �xed point ~J that may serve as a limit to
the sequence ~Jk. It turns out { as will be illustrated by
examples in Section 3 { that �T does not always have
a �xed point. In subsequent sections, we propose and
analyze a variant of approximate value iteration that is
guaranteed to have a �xed point.

The variant of approximate value iteration developed
in this paper was motivated by studies of temporal{
di�erence learning (TD), a class of algorithms that can
be viewed as simulation{based versions of approximate
value iteration [3, 4, 6, 7, 8, 9]. As we will discuss,
existence of �xed points for the proposed variant of ap-
proximate value iteration implies existence of station-
ary points for a version of TD that incorporates \ex-
ploration." Our analysis of approximate value iteration
therefore also resolves an open question concerning TD.

2 Exact and Approximate Value Iteration

We consider a controlled Markov chain with a �nite
set of states S and �nite sets of actions Ax; x 2 S.
Each state{action pair x 2 S and a 2 Ax is associ-
ated with a reward ga(x) and transition probabilities
Pa(x; �). Time{relative preferences are de�ned by a dis-
count factor � 2 (0; 1). We denote by Pa a matrix
whose (x; y)th component is Pa(x; y), and we let Pa(x)
be a row vector equal to the xth row of Pa.

A stochastic stationary policy is a mapping � :
f(x; a)j x 2 S; a 2 Axg 7! [0; 1], withP

a2Ax
�(x; a) = 1 for all x. The policy de�nes

probabilities with which actions are selected at each
state. When controlled by a policy �, the system
evolves as a Markov chain with transition probabil-
ities P�(x; y) =

P
a2Ax

�(x; a)Pa(x; y) and rewards
g�(x) =

P
a2Ax

�(x; a)ga(x): A policy � is determin-
istic if for each x 2 S, �(x; a) = 1 for some a 2 Ax.
A policy � is optimal if it attains the supremum of
E
�P1

k=0 �
kg�(xk)

��x0 = x
�
simultaneously for all ini-

tial states x 2 S.

We assume that P� is irreducible and aperiodic for ev-
ery �. Hence, each P� possesses a unique invariant
distribution �� with ��(x) > 0 for all x.



The value function J� uniquely solves Bellman s equa-
tion J = max� fg� + �P�Jg. It is also the unique
�xed point of the dynamic programming operator TJ =
max� fg� + �P�Jg ;. For each policy �, we de�ne an
additional operator T�J = g�+�P�J: For any J , there
is a deterministic policy � such that TJ = T�J . We
call such a � a greedy policy with respect to J . A policy
�� is optimal if and only if it is greedy with respect to
the optimal value function J�.

Value iteration computes improving approximations to
the value function by generating Jk+1 = TJk. It is well{
known that, for any J0, the sequence Jk converges to
J�. Unfortunately, due to the curse of dimensionality,
application of value iteration becomes infeasible in the
face of problems of practical scale.

Approximate value iteration aims at alleviating the pro-
hibitive computational burden associated with value it-
eration by dealing with parameterized approximations
rather than functions over the state space. Given a
preselected collection �1; : : : ; �K of basis functions, the
algorithm generates approximations ~Jk = �rk to each
iterate Jk, where rk 2 <K and � = [�1 � � ��K ] : We
denote �(x) = (�1(x); : : : ; �K(x))

0 so that ~Jk(x) =
�0(x)rk . We assume, without loss of generality, that
the basis functions are linearly independent.

The simplest form of approximate value iteration in-
volves a projection matrix � that projects onto the span
of �1; : : : ; �K with respect to the standard Euclidean
norm, i.e., �J = argmin

�r
kJ��rk2: The algorithm then

generates iterates according to ~Jk+1 = �T ~Jk. Hence,
the operator T is e�ectively approximated by �T .

Alternatively, one can use projections with respect to
a weighted Euclidean norm. In particular, given a
vector � 2 <jSj with positive components, we de�ne

kJk� =
�P

x2S �(x)J
2(x)

�1=2
; and the associated pro-

jection is given by �J = argmin
�r

kJ ��rk�: As before,

approximate value iteration generates iterates accord-
ing to ~Jk+1 = �T ~Jk. One motivation for employing a
weighted Euclidean norm is that it enables \empha-
sis" of \important" or \frequently visited" states in
trading{o� error among states.

Finally, one might not employ a single projection ma-
trix, but rather choose a projection matrix based on
the current iterate. For example, given a mapping that
de�nes for each function J a projection matrix �J , it-
erates could be generated by ~Jk+1 = � ~Jk

T ~Jk.

3 On the Nonexistence of Fixed Points

It turns out that operators associated with simple ver-
sions of approximate value iteration often lack �xed

points. In such cases, iterates Jk will not converge to
a �xed point as desired. We provide in this section
two examples that illustrate diÆculties that arise and
motivate the variant of approximate value iteration pro-
posed in the next section. The �rst example uses pro-
jections with respect to the standard Euclidean norm.
In this example, the composition �T does not possess
a �xed point and approximate value iteration leads to
an unbounded sequence of iterates.

Example 3.1 Consider an autonomous Markov chain
with two states. In state 1, the reward is 1 and there is
a probability 0.2 of remaining in that state and 0.8 of
going to state 2. In state 2, the reward is 2 and there is
a probability 0.2 of going to state 1 and 0.8 of staying
in state 2. Let g be the vector of rewards and P be
the transition probability matrix. The discount factor is
� = 5

5:4 and � = [1 2]0. Then if � is the projection with
respect to the Euclidean norm, we have �r = �T�r ,
r = r + 1. Hence, �T does not have a �xed point.
Furthermore, the sequence of weights rk generated by
approximate value iteration evolves according to rk+1 =
1 + rk, and therefore the sequence is unbounded.

The following lemma from [9, 10] motivates the use of a
certain weighted Euclidean norm in order to circumvent
the diÆculty that arises in the previous example.

Lemma 3.1 Let P be the transition matrix for an ir-
reducible aperiodic Markov chain, and let � be the in-
variant distribution. Then, kPk� � 1.

It follows from this lemma is that, for autonomous sys-
tems (i.e., jAxj = 1 for all x), kTJ�TJk� � �kJ�Jk�;
for any J and J , where � is the invariant distribution
associated with the single policy. Also, since a projec-
tion matrix � that projects with respect to k � k� is
nonexpansive with respect to k � k�, �T is a contrac-
tion. It follows that �T has a unique �xed point to
which value iteration converges.

The above discussion identi�es a version of value itera-
tion that converges to a �xed point for autonomous sys-
tems. Can the essential idea be generalized to problems
with multiple policies? In such cases, there are usually
multiple invariant distributions to take into account,
corresponding to di�erent policies. One approach could
be to project with respect to a Euclidean norm weighted
by the invariant distribution associated with a greedy
policy of the current iterate ~Jk. Let �J be a greedy
policy with respect to J , and for any �, let �� be
a projection onto the span of �1; : : : ; �K with respect
to k � k�� . A version of approximate value iteration is
~Jk+1 = ��JTJ .

Now let us de�ne HJ = ��JTJ and H�J = ��T�J:
To make this de�nition unambiguous, we need to es-



tablish what policy �J must be used if there is more
than one greedy policy { in this case, we let �J be the
randomized policy that takes each greedy action with
the same probability. Does H possess a �xed point?
We have already seen that in the case of a single pol-
icy the answer is aÆrmative. The following example,
adapted from [3] shows that this might not be the case
�xed points when there are multiple policies.

Example 3.2 Consider a controlled Markov chain
with three states and two deterministic policies 1 and
2, with rewards and transition matrices given by

g1 = g2 =
�
0 �1 1

�0
;

P1 =

2
4 0:2 0 0:8

0:4 0:6 0
0 1 0

3
5 ; P2 =

2
4 0:2 0 0:8

1 0 0
0 1 0

3
5 :

Note that there are two possible actions at state 2, while
no choices are o�ered at states 1 and 3. Let � = 0:99
and � = [0 1 2]0. For any function J , there are three
possibilities for �J : �1 (with P�1 = P1), �2 (with P�2 =
P2), and �3 (with P�3 = (P1+P2)=2). Now, a function
J is a �xed point of H if and only if ��JTJ = J , or
equivalently, ��JT�JJ = J . As shown before in the
autonomous case, each composition ��iT�i (i = 1; 2; 3)
has a unique �xed point. Let us denote these �xed points
by J�1 = �r�1 , J

�
2 = �r�2 , and J�3 = �r�3 , respectively.

It turns out that r�1 = �0:1647, r�2 = 0:3311 and r�3 =
0:1889, and that �J1 = �2, �J2 = �1, and �J3 = �1. It
follows that neither J1, J2, nor J3, are �xed points of
H, and therefore H has no �xed points.

This example raises the suspicion that nonexistence of
�xed points may be a consequence of discontinuities of
H at points where there is more than one greedy policy.
As we will show, using randomized policies leads to
a continuous variant of H for which �xed points are
guaranteed to exist.

4 Incorporating Exploration

We now introduce a modi�ed dynamic programming
operator. This de�nition makes use of Æ{greedy poli-
cies, which e�ectively incorporate exploration into a
greedy policy. Formally, for any Æ > 0, we de�ne a
Æ{greedy policy �ÆJ with respect to J by

�ÆJ(x; a) =
exp [(ga(x) + �Pa(x)J)=Æ]P

�a2Ax
exp [(g�a(x) + �P�a(x)J)=Æ]

;

for all x 2 S and a 2 Ax. Our modi�ed dynamic pro-
gramming operator TÆ, which we will refer to as the
Æ{greedy dynamic programming operator, is then de-
�ned by TÆJ = T�Æ

J
J . Note that TÆ is continuous.

Let us now establish some basic properties of Æ{greedy
policies and dynamic programming operators. We �rst
show that Æ{greedy policies become greedy as Æ # 0.

Lemma 4.1 Take h 2 Rm and let

�Æ(h; i) =
exp [h(i)=Æ]Pm
j=1 exp [h(j)=Æ]

;

for i = 1; : : : ;m. Then,

sup
h

(
max
i

h(i)�
mX
i=1

�Æ(h; i)h(i)

)
�

Æ(m� 1)

e
:

Proof: Without loss of generality, suppose that
h(m) = maxi h(i). Then

sup
h

(
max
i

h(i)�

mX
i=1

�Æ(h; i)h(i)

)

= sup
h

m�1X
i=1

(h(m)� h(i)) exp [(h(i)� h(m))=Æ]

1 +
Pm�1

j=1 exp [(h(j) � h(m))=Æ]

� Æ sup
h

m�1X
i=1

h(m)� h(i)

Æ
exp [(h(i)� h(m))=Æ]

� Æ(m� 1) sup
x�0

xexp(�x)

� Æ(m� 1)=e

It follows from the previous lemma that

Lemma 4.2 limÆ#0 supJ;x j(TÆJ)(x) � (TJ)(x)j = 0:

Our next lemma establishes existence of a �xed point.

Lemma 4.3 For any Æ > 0, TÆ has a �xed point.

Proof: Let G = supx2S;a2Ax
jga(x)j. Since

there is only a �nite number of states and actions,
G is �nite. Now consider the compact convex set
fJ : kJk1 � G=(1� �)g. This set is closed under TÆ,
and since TÆ is continuous, Brouwer's �xed point theo-
rem guarantees existence of a �xed point.

Let us introduce the notion of a quasi-contraction.

De�nition 4.1 .Quasi-contraction. An operator F
is a quasi-contraction with respect to a norm k�k if there
exists a nonempty set X� of �xed points, a compact
set C � X�, and a scalar � 2 [0; 1) such that for any
x =2 C, there exists a �xed point x� 2 X� such that
kFx� x�k � �kx� x�k.

Given this de�nition, we have the following lemma.



Lemma 4.4 For any Æ > 0, TÆ is a quasi-contraction.

Proof: For any J1 and J2,

kTÆJ1 � TÆJ2k1

� kTJ1 � TJ2k1 + kTJ1 � TÆJ1k1 +

+kTJ2 � TÆJ2k1

� �kJ1 � J2k1 +O(Æ);

and since we know from Lemma 4.3 that TÆ has a �xed
point, TÆ is indeed a quasi-contraction.

The following lemma establishes that, for small Æ, �xed
points of TÆ approximate those of T .

Lemma 4.5 Let J� be the unique �xed point of T , and
for any Æ > 0, let J Æ be the set of �xed points of TÆ.
Then limÆ#0 supJ2J Æ;x2S jJ(x)� J�(x)j = 0:

Proof: For any J 2 J Æ ,

kJ � J�k1 = kTÆJ � J�k1

� kTÆJ � TJk1 + kTJ � J�k1

� �kJ � J�k1 +O(Æ);

and kJ�J�k1 = O(Æ). The O(Æ) term in the inequality
is uniformly bounded over J by Lemma 4.2.

Lemma 4.4 bears some important implications on TÆ.
First, note that all �xed points of TÆ lie within a ball
of radius O(Æ). Furthermore, for J outside this circle,
TÆ behaves somewhat like a contraction. Hence, for a
variant of value iteration taking the form Jk+1 = TÆJk,
after a �nite number n of iterations, iterates Jk for k �
n will all lie in this ball. Furthermore, applying Lemma
4.5, we can deduce that there is some �Æ > 0 such that
for all Æ � �Æ, greedy policies associated with functions
in the ball under consideration are optimal.

5 Existence of Fixed Points

Based on the operator TÆ, we de�ne a new version of
approximate value iteration:

~Jk+1 = ��Æ
~Jk

TÆ ~Jk:

Alternatively, de�ning HÆJ = ��Æ
J
TÆJ; we have ~Jk+1 =

HÆ
~Jk. The following theorem establishes that, unlike

H , HÆ always possesses a �xed point.

Theorem 5.1 For any Æ > 0, HÆ has a �xed point.

To aide in the proof of this theorem we will �rst estab-
lish a few lemmas. Henceforth we use the shorthand
notation �Æ

r to refer to ��Æ
�r

and �Ær to refer to �Æ�r.

We ommit the proofs of the next two lemmas, that just
establish continuity of certain functions that are impor-
tant to our analysis.

Lemma 5.1 The invariant distribution �� is a contin-
uous function of �.

As discussed earlier, for each policy �, there exists a
unique vector r� such that �r� = H��r� (this follows
from Lemma 3.1). The next lemma establishes that the
solution to this equation is continuous in �.

Lemma 5.2 The unique solution r� to �r� = H��r�
is a continuous function of �.

We now proceed to the main analysis. For any policy
�, let us de�ne

s�(r) = �0D�(T��r ��r); sÆ(r) = �0D�Ær
(TÆ�r ��r)

where D� = diag(��) for any policy �. We also de�ne
functions F 


� : <K 7! <K and F 

Æ : <K 7! <K by

F 

� (r) = r + 
s�(r) and F 


Æ (r) = r + 
sÆ(r):

It is easy to show that �xed points of F 

� and F 


Æ coin-
cide with those of H� and HÆ, as stated in the following
lemma.

Lemma 5.3 For any Æ > 0 and 
 > 0, a vector r is
a �xed point of F 


� (F Æ;
) if and only if �r is a �xed
point of H� (HÆ).

The next lemma establishes that, for suÆciently small

, F 


� is a pseudo{contraction.

Lemma 5.4 There exists a constant 
� > 0 such that
for all � and any 
 2 (0; 
�), there exists a scalar �
 2
(0; 1) such that

kF 

� (r) � r�k2 � �
kr � r�k2:

Proof: First, note that for all �,

kH��r � �r�k� � �k�r ��r�k�;

and

h�r ��r�; H��r � �ri�

= h�r ��r�; (H��r � �r�) + (�r� ��r)i�

� k�r ��r�k�kH��r ��r�k� � k�r � �r�k
2
�

� (�� 1)k�r ��r�k
2
�

� (�� 1)(r � r�)
0(�0D��)(r � r�):

Since D� is positive de�nite for all � and the set of
all randomized policies is compact, it follows that there



exists a constant C1 > 0 independent of � such that
(r � r�)

0s�(r) � �C1kr � r�k
2
2: Also,

ks�(r)k
2 =

KX
i=1

(�0iD�(T��r ��r))
2

=

KX
i=1

(�0iD�(��T��r ��r))
2

�

KX
i=1

k�ik
2
�k��T��r ��rk2�

�

KX
i=1

k�ik
2
� (k��T��r ��r�k� + k�r� ��rk�)

2

�
KX
i=1

k�ik
2
� (�k�r ��r�k� + k�r� ��rk�)

2

= (1 + �)2
KX
i=1

k�ik
2
�k�r� ��rk2�;

and it follows that there exists a constant C2 > 0 inde-
pendent of � such that ks�(r)k

2
2 � C2kr � r�k

2
2: Now

kF 

� (r)� r�k

2
2

= kr + 
s�(r) � r�k
2
2

= kr � r�k
2 + 2
(r � r�)

0s�(r) + 
2ks�(r)k
2

� (1� 2
C1 + 
2C2)kr � r�k
2
2:

The result then follows with 
� = 2C1=C2.

Lemma 5.5 For any 
 > 0 and Æ > 0, the function
F 

Æ possesses a �xed point.

Proof: By Lemma 5.2, r� is a continuous function
of �. Since � occupies a compact set, so does the set
R = fr�j� 2 
g. Let R = maxfkrkjr 2 Rg.

We only have to prove that a �xed point exists for a
particular 
 > 0, since, by Lemma 5.3 this �xed point
is also a �xed point for all other positive values of 
.

Set 
 > 0 such that there is a � 2 (0; 1) with

kF 

� (r) � r�k2 � �kr � r�k2;

for all �. (Existence of such a 
 is ensured by Lemma
5.4.) We then have

kF 

Æ (r)k2 � kF 


Æ (r) � r�Ærk2 + kr�Ærk2

� �kr � r�Ærk2 +R

� �krk2 + (1 + �)R:

It follows that C =
n
r
���krk2 � (1 + �)R=(1� �)

o
; is

closed under F 

Æ . The result is then a consequence of

Brouwer's �xed point theorem.

Theorem 5.1 follows from Lemmas 5.3 and 5.5.

5.1 Existence of Fixed Points for H
Note that by replacing F 


Æ with F 
 (de�ned in the same
way as F 


Æ with T replacing TÆ and �r = ��r replacing
�Ær), all steps in the proof of Lemma 5.5 remain valid
except for the application of Brouwer's �xed point the-
orem, which can no longer be applied because F 
 may
not be continuous because the greedy policy �r and the
invariant distribution ��r are not continuous in r. Nev-
ertheless, Theorem 5.1 allows us to identify a suÆcient
condition for H to have a �xed point.

Let VÆ be the set of �xed points of F 

Æ , and let P be

the set of vectors r such that more than one policy is
greedy with respect to �r. It is easy to show that P is
closed. Finally, let Q� = frjkr � r̂k � � for all r̂ 2 Pg.

Theorem 5.2 Suppose that there is � > 0, a decreasing
sequence Æk converging to 0, and a sequence rk 2 VÆk \
Q�. Then, there exists r� such that �r� = H�r�.

Proof: First, let

ar(x) = argmax
a2Ax

fga(x) + Pa(x)�rg and

�Æ(r; x; a) = gar(x)(x) + �Par(x)(x)�r � ga(x)�

��Pa(x)�r:

Then infr2Q�;x;a6=ar(x)�Æ(r; x; a) = �� > 0; and for all
r 2 Q�,

�Ær(x; ar(x)) �
�
1 + (m� 1)exp

�
� ��=Æ

���1
;

where m is the maximum number of actions per state.
Let s(r) = h�k ; T�r�r � �ri�r : For small enough Æ,

k�r � �Ærk1 � (m� 1)exp
�
� ��=Æ

�
;

thus �Ær converges uniformly to �r in Q�. Now

ks(rk)k1=ks(rk)� sÆ(rk)k1

=



�0 hD�rk

�
g�rk + (�P�rk�I)�rk

�
�

�D�Ærk

�
g�Ærk

+ (�P�Ærk
�I)�rk

�i



1

�k�0D�rk
g�rk ��0D�Ærk

g�Ærk
k1 +

+max
i




�0 h(�P 0�rk � I)D�rk
�

�(�P 0�Ærk
� I)D�Ærk

)
i
�i





2

(1 + �)R

1� �
:

Since D�, g� and P� are continuous functions of � and
�Ær converges to �r, s(rk) converges to 0. Hence, H has
a �xed point.

After proving that HÆ possesses at least one �xed point,
it would be desirable to show that it is unique. Unfor-
tunately, it can be shown by counterexamples that this
is not always the case.



6 TD and its Stationary Points

The version of approximate value iteration that we have
presented is related to and motivated by TD. The lat-
ter is a stochastic algorithm that adapts approximation
weights r during simulation of the underlying Markov
decision process. In this section, we will describe a ver-
sion of the algorithm known as TD(0) and discuss how
its stationary points coincide with �xed points of ap-
proximate value iteration.

Application of TD(0) entails simulating a single end-
less trajectory xt of the Markov decision process under
consideration. The weight vector is updated upon each
transition, generating a sequence rt. Given the state xt
and decision at at time t, if the next state is xt+1, the
weight vector rt is updated according to

rt+1 = rt + 
t�(xt) (gat(xt) + �(�rt)(xt+1)�

�(�rt)(xt)) :

But how is the decision at selected? One simple ap-
proach is to make \greedy decisions" with respect to
the current estimate of the value function �rt. Such
decisions are optimal if �rt = J�. The hope is that,
even though weights may initially lead to inaccurate
approximations of J� and poor decisions, as the sim-
ulation progresses, weights will converge to those that
generate accurate approximations and near{optimal de-
cisions. Unfortunately, the use of greedy decisions in
TD(0) has appeared to perform poorly in practice (e.g.,
see [11]). Experiments point to the importance of \ex-
ploration;" i.e., randomization of the policy. One ap-
proach to exploration, which is connected to the variant
of approximate value iteration studied in previous sec-
tions, selects decisions by letting at = a with probabil-
ity �Ært(xt; a), for each a 2 Ax. Results from stochastic
approximation theory (e.g., see [2]), show that if step
sizes 
t diminish at an appropriate rate, the process fol-
lowed by rt asymptotically approximates an ordinary
di�erential equation

_r = �0D�Ær
(g�Ær + �P�Ær�r ��r):

Intuitively, this ordinary di�erential equation drives r
in the expected direction that would be taken by the
stochastic algorithm. In particular,

�0D�Ær
(g�Ær + �P�Ær�r ��r)

=
X
x2S

��Ær (x)�(x)
�
g�Ær (x) + �(P�Ær�r)(x) � (�r)(x)

�
:

It is easy to show that a vector r is a stationary point
of this ordinary di�erential equation if and only if it is
a �xed point of our version of approximate value iter-
ation. It follows that TD(0) with this form of explo-
ration possesses stationary points. Note that, if greedy
decisions were employed, the expected update direction
when the weight vector is r would be zero if and only

if �r were a �xed point of H , which was shown in Ex-
ample 3.2 not to necessarily have �xed points.

In this paper, we have established existence of
�xed/stationary points for appropriate versions of ap-
proximate value iteration and TD. This is just one basic
property, and a number of important questions remain
open. Let us close by mentioning two: Do the proposed
versions of approximate value iteration and/or TD con-
verge? How well do �xed points of approximate value
iteration approximate the optimal value function?
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