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Abstract outer approximation methods, [8]. A more detailed descrip-

tion of our work is presented in [3].

In this article is discussed how to implement an efficient

interior-point algorithm for the semi-definite programs that

result from integral quadratic constraints. The algorithm is 2 Primal and Dual Problems
a primal-dual potential reduction method, and the computa-
tional effort is dominated by a least-squares system that has
to be solved in each iteration. The key to an efficient im-
plementation is to utilize iterative methods and the specific

The following optimization problem in the symmetirig x
ns matrix P and the vectop € RP can be related to IQCs:

structure of integral quadratic constraints. The algorithm o T p

has been implemented in Matlab. To give a rough idea of minimize _XOPXO“L.ZMV‘

the efficiencies obtained, it is possible to solve problems re- _ =

sulting in a linear matrix inequality of dimension 13030 subject to APB+BTPAT +M >0
with approximately 5000 variables in about 10 minutes on a pu>0

lap-top. Problems with approximately 20000 variable and a . _

linear matrix inequality of dimension 230230 are solved ~ whereAT = [I 0], B=[A B], and whereM = Mo +

in a few hours. It is not assumed that the system matrix has [_; liMi is a symmetric matrix. It will be assumed that

no eigenvalues on the imaginary axis, nor is it assumed that (A, B) is stabilizable. The stabilizability will make it easy

it is Hurwitz. to find strictly feasible initial points for the algorithm. The
corresponding dual problem reads
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Constraint, Semi-Definite Program, Interior-Point Method, minimize  TrMgZ;
Robust Control subjectto BZiA+ATZ1BT +xox) =0
TrMiZ1+2i—Vvi=0, i=212...,p
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1 Introduction L= 00220
Most primal-dual algorithms for solving the primal and

A unified approach to robustness analysis in control with dual SDPs are what is called feasible, i.e. every iterate
respect to nonlinearities, time variations, and uncertain pa- (PX, K, Z¥) is strictly feasible. SpecificallyP®, %, %) has
rameters was presented by Megretski and Rantzer in [6] us- to be strictly feasible. It is not in any way trivial to find
ing so called Integral Quadratic Constraints (IQCs). Ap- such an initial point, and therefore we will introduce some
plying the Kalman-Yakubovich-Popov (KYP) lemma, e.g. artificial bounds. This is commonly known as the ‘tigj-
[9], they show how IQCs can be reformulated as Linear Ma- method, [12]. This will modify the primal and dual prob-
trix Inequalities (LMIs), e.g. [1]. The corresponding opti- lems, and thereby make it easier to find strictly feasible ini-
mization problem is a Semi-Definite Program (SDP). Effi- tial points. More specifically the following bounds are intro-
cient interior-point algorithms for general SDPs have been duced orP, y, andZ;: TrP > —M; zipzlp; <M; Trzi <
presented in [7], but these algorithms are still not efficient M, whereM,M > 0. The primal-dual potential reduction
enough for the very large SDPs that result from IQCs. Itis method used in this article is due to Nesterov and Todd, e.g.
possible to overcome this by utilizing the special structure [10], and it is the same method that is used in SP, [13]. The
inherited from the IQCs. It is the objective to show how main computational burden lies in computing the search di-
this can be done using ideas similar to the ones presented in rection, which turns out to be equivalent to solving a least-
[2, 11]. Previous work on implementing efficient solvers for  squares problem. The corresponding normal equations can
these SDPs are based on cutting-plane algorithms, [5] and be solved using many different methods. Iterative methods
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Figure 1. Flop count and CPU-time.

are very favorable, since it turns out that if a good precondi-
tioner is used very few iterations have to be made. We use
the CG method for simplicity. The preconditioner is a block
Jacobi method. Moreover the CG method is stopped before
it has converged. This will result in inexact search direc-
tions, which by solving a Lyapunov equation can be made
feasible. Fore details see [3].

3 Numerical Example

The computations have been done on an IBM ThinkPad
570E running Matlab under Linux. We will consider the
same example as Example 2 in [8] except for the numerical
values. The value afs is 50. The solution can be computed
with the proposed algorithm using 12.4 Gflops in 102.5 sec-
onds. In [8] the example is solved in less than 120 seconds.
It is of course difficult to say what algorithms is the fastest
without doing a comparison on the same computer and with
exactly the same example. To investigate how the computa-
tional complexity depends am a series of problems similar

to the above one were solved. In Figure 1 the flop count is
plotted versusis. It is seen that the flop-count is of order
less tham3. The same is true for the computational time. It
is seen that a problem witly = 100 is solved in less than 10
minutes. Notice that fons = 200 we solve an SDP where
the number of entries iR is 40000 and the dimension of
the LMI is about 230« 230. This means that the number of
primal variables are about 20000. The computational time
for this example is less than two and a half hour.

4 Conclusions

In this article some preliminary results have been presented
on how to efficiently solve SDPs for IQCs. The algorithm

used is the one proposed by Nesterov and Todd. The key

to obtain high speed is the use of approximate search di-
rections. In an example it has been seen that interior-point
methods perform just as well as recently proposed cutting-

Riccati equations, such as what is available in Matlab, is
not applicable, and more advanced solvers, such as the one
proposed in [4], has to be used. The flop-count and com-
putational time is of order less thad. This is extremely
good since standard algorithms for solving algebraic Riccati
equations, such as the Schur form method, are of argler
Moreover we are able to solve problems with as many as
20000 primal variables and LMI constraints of dimension
above 200« 200.
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