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Abstract: This paper investigates signal reconstruction in
the multirate filter bank systems with noisy subband paths.
It casts the problem of signal reconstruction into a problem
of mixed H>/Hs control, and uses the standard results of
mixed H/Hs synthesis to design an IIR synthesis filter
bank.

1 Introduction

Depicted in Fig 1 is a multirate filter bank system, where
H;(z) and Si(z), i = 1,2, are transfer functions of discrete
linear time invariant (LTI) filters, | and 1 denote respec-
tively downsampler and upsampler by a factor of two. The
input signal z(k) is first decomposed by the analysis filters
into band limited signals and downsampled, then quantized
and transmitted over a communication channel to a receiver.
Due to quantization, roundoff and/or corruption in trans-
mission channels, the signals arriving at the receiver side
are corrupted by the subband noises. The subband noises
can be regarded as additive white or colored noises [9, 3, 4],
which are modeled by n;(k), i = 1,2, in Fig 1. To recon-
struct x (k) at the receiver side, the upsamplers and synthesis
filters So(z) and S1(z) are used to reverse the downsampling
and decomposition processes. The reconstructed signal (k)
is considered to be perfect [9] if Z(k) = z(k — d), for some
d > 0. This is modeled by the block z~¢ in Fig 1, which
represents the desired transfer function from z(k) to (k).
The performance of reconstruction is measured by the re-
construction error e(k) := z(k —d) — Z(k) and is determined
by the S;(z)s used for reconstruction. If the perfect recon-
struction is achieved, then e(k) = 0.
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Fig. 1 Multirate filter bank with noisy subband paths

These systems have gained a great popularity in many appli-
cations such as subband coding of audio/speech and image
signals and spectral analysis and have been extensively stud-
ied in recent years, see e.g. [9, 1, 3, 4] and the references
therein. Two classes of methods have been developed for

the design of Sj(z)s. The first class which has dominated
the literature of multirate filter bank design consider only
the noise free case and seeks a perfect or an optimal approx-
imation of perfect reconstruction, e.g. [9, 1, 6]. The latest
development in this direction is the introduction of Hs, opti-
mization techniques in designing the S;(z)s which minimize
the I induced norm from z(k) to e(k) [1, 8, 6].

The second class of design methods which appears recently
in the literature, e.g. [3, 4], incorporates subband noise at-
tenuation into design. Assuming full knowledge (model)
of the input signal z(k), a multirate Kalman filter is pro-
posed in [4] to replace the conventional filters in the places
of S;(z)s and to estimate z(k) from the corrupted subband
signals. Using explicitly the estimated second-order statis-
tics of (k) and n;(2k)s, an FIR filter design method is pro-
posed in [3] which minimizes the power of e(k). The S;(z)s
designed in [3, 4] are explicit functions of the model parame-
ters or second-order statistics of z(k) and n;(k)s. Therefore
their performance rely largely on the precision of the model
parameters or second-order statistics. This poses a serious
robustness problem in practice, where the precise estimates
of z(k) and n;(k)s are often unavailable, and limits their
applications.

This paper adds a new design method to the second class.
The method is derived from solving the problem defined
below.

P: Suppose n;(2k)s in Fig 1 are white and H;(z) and d
are given. Design IIR S;(z)s for the system in Fig 1 that
minimize J = sup,cp{llells — V2lz|3}, where |le|l, :=
imy o0 ij:iN e*(k) [10] is the power seminorm of
e(k), P denotes the space of bounded power signals [10], and
v > 0 is a prescribed number.

The physical meaning of the criterion J will be discussed in
the next section. The work is inspired by [1, 8, 6] which cast
the noise free case into an H., optimization problem, but
it differs from [1, 8, 6] in the problem investigated and the
solution obtained. In fact the work of [1] is a special case of
P where n;(2k) =0 and v = 0.

2 Conversion to a problem of mixed Hg/Hoo control

Due to presence of multirate, the system in Fig 1 is not
LTI. Using the standard polyphase representations and lift-
ing (blocking) technique [9, 1], it can be converted into
an MIMO LTI system as shown in Fig 2. In the figure,
Vo= [2(2k) 22k — 1)])T, N = [ni(2k) n2(2k)]%, W :=
[e(2k) e(2k — 1)]7 and V := [£(2k) #(2k — 1)]7, which are



lifted variables evolving at the slow rate 2k; E(z) and R(z)
are 2 x 2 polyphase matrices of H;(z) and S;(z), respectively,
and satisfy the following equalities (see [9, 1] for details)

[Hi(z) Ha(2)]" = B(")[1 =~ ']"

[S1(2) S2(2)] = [7" 1IR(=") (1)
10

M (z) is given by M (z) = z~¢ [0 1

j| ,if d is an odd number,

0z
10
The systems in Figs 1 and 2 are equivalent in the sense that
the power seminorms of V', W and Vv equal respectively those
of x, e and %, and that N is a vector representation of the
original n;(2k), ¢ = 1,2, which evolves at the same rate 2k.

M(z) =271 if d is an even number.
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Fig. 2 Polyphase representation of the system in Fig 1

Define the generalized plant

o M(z) -1
Gle) = {I E(z) 0 ]

Then it is straightforward to show that the system in Fig 2
is equivalent to the generalized system represented by

{E} _ {0 M(2) —I] ]‘X
Y I B 0]y (2)
V = R(2)Y
The polyphase matrix R(z) now becomes the controller of
the generalized plant G(z), which, as shown in (1), deter-
mines uniquely the synthesis filters S;(z)s to be designed.
The design problem P is now equivalent to
P1: Suppose N in Fig 2 is white and E(z) and M(z) are
given. For a given prescribed v > 0, find a controller R(z)
which minimizes Ji = supy cp{[|[W|2 — ¥?|V||2}.
This is a standard problem of mixed H»/H control consid-
ered in [2]. Since |le|l, = ||[W|l, and ||z|, = |[Vlp, J = Ji.
The physical meaning of .J (J1) is now clear: as explained in
[10, 2], v is a desired bound on || Tvw (2)||eo; and if V and N
are orthogonal (not correlated), then for v > ||Tvw (2)]|co,
J = J1 = ||Tvw (2)||]2; where Tvyw (z) and Tnw (z) are the
transfer functions from V and N to W, respectively, and
|| - |l and || - ||2 are Ho and H> norms of a transfer func-
tion.

3 Computation of R(z)

Let {AM,BM,CM,DM}, {AE,BE,CE,DE} and
{ARr,Br,Cr,Dgr} be the state-space realization of M(z),
E(z) and R(z), respectively. Then it is a routine to show
that the state-space realization {A, B.C, D} of the closed
loop system is in the form

5] -
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Following [7, 5], it can be shown that the solution to P1 is
given by the solution of the following LMIs:
minx,s a,8,c,0 Tr[S], subject to

S BLX D% T T
XBy X 0]>0, [X_gXAC; >0,
Dy 0 I

[ATXA -Xx ATXBy (CT

BYXA BYXByv+1 DY | <0, X=X">0.

[ C Dy —2T J
Following [5] the above LMIs can be converted into a set of
LMIs which are linear in the parameter matrices Ar, Br,
Cr and Dgr. The LMIs thus obtained can be easily solved
using MATLAB LMI toolbox.
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