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Abstract: A new probabilistic approach to disturbance
attenuation problem for LTI discrete-time systems is pro-
posed. The performance is measured by a probability
with respect to the stochastic noise of which the worst
case 2-norm of the output against a class of deterministic
signals with bounded 2-norm is less than a specified level.
We first provides a matrix inequality characterization of
the probability based on the Toeplitz form of the system
and derive a lower bound of the probability. We then show
that a guaranteed performance level can be computed by
solving an LMI convex optimization problem.

1 Introduction

The mixed Hs/H, control problem is recognized as one of
interesting robust control problems. Since the H,, norm
reflects the worst case performance while the Hs-norm
relates the average performance, the mixed Hs/H, con-
trol problem is more natural than the Hs control or the
H, control for adopting the practical situations. There-
fore, several types of mixed Hy/H, control problems have
been investigated [2, 3, 4, 5, 6].

In this paper, we propose a different type of control
problem which is close to the mixed Hs/H, control prob-
lem in some sense. The problem is a disturbance attenua-
tion problem for LTI discrete-time systems with two types
of exogenous inputs, a deterministic disturbance input
and a stochastic noise. The performance is measured by
a probability with respect to the stochastic noise of which
the worst, case 2-norm of the output against disturbance
input in a class of deterministic signals with bounded 2-
norm is less than a specified level. What is the major
difference between the proposed problem and other exist-
ing mixed Hs/H control problems is that our measure
is a probability which includes much information than the
average or the expectation of the performance. In other
words, our purpose here is to propose a new approach to
robust control theory for practical control applications.

We use the Toeplitz formulae for representing the sys-
tem and utilize the fundamental results for model set val-
idation in [7], and we show that the analysis problem can
be reduced to an LMI convex optimization problem.
Notation. T.{a;|’—)} is used to represent the lower
Toeplitz matrix with its first column elements as
ag, ** ,Gn-1- Amin(P) denotes the minimal eigenvalue
of a symmetric matrix P. Prob{x} stands for the proba-
bility that phenomenon * occurs. f ~ N'(m,o?) means
that a random variable f is normally distributed, and its
expectation and variance are respectively m and 2.
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2 Problem formulation

We consider a stable LTI discrete-time system whose in-
put/output relation is given by

g(M)w; +h(X)v;, (1)

zZi =
where z = z; ?;01 is the output of the system, w = w; ?;01
and v = vi|?;01 respectively denote the deterministic dis-
turbance input and the stochastic noise.

Our attention here is the behavior in a finite time in-
terval 2 = 0,1,--- ,n — 1 instead of infinite time interval.
Therefore, for the sake of simplicity, we assume that the
transfer functions g(A) and h(\) are polynomials of the
delay operator A with coefficients g; and h; ; i =0~ n—1
respectively. Sets of discrete-time signals w and v are de-
fined as follows:

e Set of Deterministic Disturbance inputs W,:

n—1 1/2
Wt fo=uli! | el 2 (X ) <)

i=0
e Set of Stochastic Noises V,;:

Vn={v= Ui|?;01

| B~ N(0,075), D50 ~N(0,07,)}
where Up 1= %{V (6]%)} N 1~1j,i =
n—1

V(A) =) w)/Vn.
i=0
Suppose a stochastic noise is specified, we can define
a modified H.,-norm of the system as

1212 2)

Goo (V) £ sup
weEW,

n

0o (V) is the worst case 2-norm of the output z against
disturbance input, w in W,,, where z is contaminated by
the noise v. Then, our probability measure is defined by

poe(7) £ Prov{u € Va | c(0) <9 .

3 Preliminaries
Note first that the Toeplitz form of Eq. (1) is given by

Z = GW+HV (3)



and that ¢oo(v) < 7 is equivalent to

v (Gw + Hv)T v 1wt
Gw + Hv ~I 2 0; w I 20, (4

where the capital and small letters respectively denote
the Toeplitz form and its first column of the correspond-
ing functions, e.g., G = Tz{gi|?;01}, H = Tz{hi|?;01 ,
W = Tz{wi|?;01} and w = [wo, w1y, ,Wp_1]

Using an S-procedure based on Eq. (4), we have a ma-
trix inequality characterization of the probability peo (7).

Theorem 1

Poo(7) = Prob{v | 7 > 0, P.(v) > 0} (5)
where .
P,(v)EM, -V >0 (6)
with
(2 -1 0 0
M, = 0 H-'H-T H-'G|, (7)
| 0 GTH T 71
R 0 vT 0
vV 2 |v 0 0f. (8)
0 0 O

What is important in Theorem 1 is that P-(v) has a
special structure on v as in Eq. (6), i.e., Pr(v) = M, -V,
since the form of V in Eq. (8) plays a key role in the
derivations of a lower bound of pe, (7).

Lemma 1 For a given v° = [v],v?,--+ ,02_|]T and 7 >
0, define a-(v°) as
oy _ - 0 1 . 0
ar(v") = min {88} + 5= Ain (P ()

where

0 {A”"Zl 0\ }
d; =R{ — VpA ; 1=0,1,--- 2n.
\/ﬁk:O )\:ejé_;r

Suppose a..(v°) is nonnegative, then we have
Pso(7) 2 Prob{f < a-(v*)}, 9)
where f ~ N(0,0%) with

N n . S
o= 02%)2(71 |%{)\ (Ur,z + ]O-],l)|

my
A=¢e’ 2n

In order to obtain a good lower bound of py(7), it
is desirable to search a noise series v9|"7 in the noise
set V,, which maximizes a,. Fortunately, we can show
that the maximum value of a, is given by v? = 0, i.e.,
v, =0 (i =0,1,--- ,n —1). This fact leads to our main
result on the analysis provided in the next section.

4 Main result

The following theorem shows that a guaranteed perfor-
mance level 4* so that the probability is greater than a
specified value p* > 0.5 can be easily calculated by solving
an LMI convex optimization problem with only 3 variables
7%, 7 and k, where & relates a freedom appeared in the
simultaneous replacements of h(\) by h(\)/k and o by
KO.

Theorem 2 For given p* > 0.5, let 6 be the unique so-
lution of p* = Prob{f < 2\/nb*} where f ~ N(0,0?).
Then we have

P (VF) > PP,

where ~* is the optimal value of the following LMI opti-
mization problem:

minimize 2

st. Y=k >7>0, k>0, (10)
I G H
G' (17— kO 0 > 0. (11)
HT 0 (k/69)1

Although we can obtain a concrete form of an upper
bound of ps(7y) by a similar manner as in Theorem 3 in
[7] for the MSUP, it is not provided here due to the space
limitation. However, the upper bound together with the
derived lower bound yields the exact H.,-norm 7, satis-
fying poo(y4) = 0.5 by setting #* = 0. In this case, (11)
can be rewritten as 71 > G'G. This together with v> > 1
leads to v, = [|g(A)]]co-

5 Conclusion

In this paper, we have proposed a probability measure
for LTT discrete-time stable systems with two types of ex-
ogenous inputs, a deterministic disturbance input and a
stochastic noise. We have shown that a guaranteed per-
formance level satisfying the prescribed probability con-
dition can be computed by solving an LMI convex opti-
mization problem. We can show that the corresponding
synthesis problem can be also reduced to an LMI opti-
mization problem if we fix the denominator of the free
parameter in the class of all stabilizing controllers.
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