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Abstract

A product system consists of a �nite number of inde-
pendent control systems. We introduce the notion of
`controllability with selectable time' in order to investi-
gate the controllability of product systems. If all factors
are controllable and at most one factor is not control-
lable with selectable time, then the product system is
controllable. For locally accessible control a�ne sys-
tems, the converse is true as well.

1 Introduction

In the present paper we investigate the controllability
of systems, which are decoupled into independent sub-
systems. We will call those systems product systems.
In contrast to linear control systems, the controllability
of nonlinear control systems is not transferred from two
independent systems to the product system.
As a simple example we can think of two indepen-
dent clocks, both without adjustment. Each clock
performs a periodic motion, say on the unit sphere
S1 = Rmod2�, given by the constant 
ow _x(t) = 1.
Each of the two independent 
ows is controllable on S1

in the control theoretic sense: Any two points of the
state space S1 can be connected with a trajectory. But
the product system, consisting of both systems on the
torus T 2 = S1�S1 as state space, is far away from be-
ing controllable. Intuitively, the controllability of the
product is related to the synchronization of the con-
trollability times of the two factors. In the simple ex-
ample above, synchronization is not possible, since the
sets of possible controllability times, which one needs
to steer from one point to another, are of the form
fs; 2� + s; 3� + s; : : :g, with an s 2 [0; 2�), and are
much too thin. Obviously the picture changes, when
we equip one clock with an adjustment. Mathemati-
cally we add a control action to the system's equation
on S1, say _x(t) = 1 + u(t), where the control function
u takes values in [0; 1]. By the presence of the control,
we can select, to some extend, the time that we need
to steer from one point to the other. This subsystem
has stronger controllability properties, it is what we
call controllable with selectable time: The set of possi-

ble controllability times contains an in�nite interval. It
easily follows that the product system on T 2 = S1�S1

becomes controllable, the two clocks can be synchro-
nized. We elaborate to what extend this simple exam-
ple of two independent clocks is typical with respect to
the controllability of product systems.
Our main result states that, for smooth control a�ne
product systems on compact product manifolds, con-
trollability with selectable time of the subsystems, with
possible exception of at most one subsystem, is neces-
sary and su�cient for the controllability of the product
system, provided that all subsystems are controllable
and the accessibility algebra has full rank in one point
of the product space.

2 Controllability with selectable time

We consider a nonlinear control system � = (X;
; f)

_x(t) = f(x(t); u(t))

on a manifold X . For t 2 [0;1) let t 7! x(t; x; u) 2 X

be the trajectory of the system �, produced by an initial
value x = x(0; x; u) 2 X and by a control function
u : [0;1) ! 
. As usual, we de�ne the attainable set
for (t; x) 2 [0;1)�X by

A(t; x) =
[

u:[0;t]!


fx(t; x; u)g;

and say that the system � is controllable, if for all x 2
X the equality

[

t2[0;1)

A(t; x) = X

is valid. We introduce a stronger controllability notion,
which plays a fundamental role in connection with prod-
uct systems.

De�nition. The system � is controllable with se-
lectable time, if there is a time T � 0 such that for
all t � T and for all x 2 X the equality

A(t; x) = X

is valid.



Throughout the paper we will assume:

� The state space X is a compact smooth manifold of
�nite dimension n 2 N .
� The control range is a compact metric space.
� The control functions u : [0;1)! 
 are measurable.
� The vector �elds f(�; !) : X ! TX are uniformly
Lipschitz on X for any ! 2 
.
� The map f(�; �) : X �
! TX is continuous.
� The right-hand sides

S
!2
ff(x; !)g � TxX are con-

vex.

Lemma. If the system � is controllable, then there is
a time R � 0 such that for all x 2 X holds:

[

t2[0;R]

A(t; x) = X:

This lemma is easy to prove, it relies on Baire's category
theorem. The following lemma relates controllability
with selectable time and strong accessibility.

Lemma. There are equivalent:
(i) The system � is controllable with selectable time.
(ii) The system � is controllable and strongly accessible
from a point x 2 X , that is intA(S; x) 6= ; for an S � 0.

This lemma gives some hints how to varify controllabil-
ity with selectable time, provided the system is already
controllable. First, we mention that strong accessibility
for control a�ne systems, produced by smooth vector
�elds, locally can be vari�ed by calculating the strong
accessibility algebra (see e.g. [2, 3]). Secondly, con-
trollable systems with equilibria, that is with roots of
f(x; !) = 0, obviously have property (ii) of this lemma.
This implies that for control systems on certain mani-
folds, which do not allow the existence of nonvanishing
continuous vector �elds, e.g. X = S2, controllability
with selectable time is equivalent to controllability.

3 Controllability of product systems

In this section we investigate the controllability of prod-
uct systems. For i = 1; : : : ;m, m � 2, let �i =
(Xi;
i; fi) be independent control systems. Indepen-
dence means that, for i = 1; : : : ;m, the trajectory of
the system �i only depends on the initial point xi 2 Xi

and on the control function ui : [0;1)! 
i.
When is the product system � = �1 � : : :��m

_x1(t) = f1(x1(t); u1(t));

...

_xm(t) = fm(xm(t); um(t))

controllable on X = X1 � : : :�Xm?
A su�cient condition easily can be formulated.

Proposition. The product system � = �1 � : : :��m

is controllable with selectable time on X = X1 � : : :�
Xm if and only if all systems �i are controllable with
selectable time on Xi, and it is controllable on X =
X1 � : : :�Xm if all systems �i are controllable on Xi

and at least m� 1 of the m systems �i are controllable
with selectable time on Xi.

4 Smooth control a�ne systems

Sofar we considered nonsmooth systems and only ex-
ploited continuity properties of the attainable sets.
Thus the natural question arises, whether we can ob-
tain sharper results for smooth systems, by making use
of geometric control theory. In the following we will
impose additional conditions.

� The control range 
 is a convex subset of Rk with
0 2 int
.
� For �xed ! = (!1; : : : ; !k) 2 
 the vector �elds f(�; !)

onX are of the form f(�; !) = f0(�)+
Pk

j=1 !
jf j(�) with

smooth C1-vector �elds f j(�), j = 0; : : : ; k, on X .

As usual, we call the Lie algebra generated by the vec-
tor �elds f j(�), j = 0; : : : ; k, the accessibility algebra

and the smallest subalgebra, which contains all control
vector �elds f j(�), j = 1; : : : ; k and which is invariant
under the Lie product with the drift vector �eld f0(�),
the strong accessibility algebra (see e.g. [3]).

Theorem. If there is a point x 2 X , such that the
accessibility algebra of � has full rank n in x 2 X , then
there are equivalent:
(i) The product system � = �1 � : : : � �m is control-
lable on X = X1 � : : :�Xm.
(ii) All the systems �i are controllable on Xi and at
most one of these systems is not controllable with se-
lectable time.

The proof of this statement can be found in [1]. It relies
on the fact that the rank of the accessibility algebra
exceeds the rank of the strong accessibility algebra by
at most one.
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