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Abstract

Most of iterative learning control (ILC) using causal
updating law obtains the input given by Silverman’s or
Hirshorn’s causal inversion. When the objective system
is that of a non-minimum phase, we cannot use those
methods because the input is exponentially increasing.
To overcome this difficulty, an approach called stable in-
version was proposed to give a non-causal but bounded
input instead. However, no simple iterative method to
obtain this non-causal input was proposed. In this pa-
per, from a viewpoint of minimization, we develop a
simple iterative method for the stable inversion toward
ILC for non-minimum phase systems.

1 Introduction

Iterative learning control (ILC) is a trial-based ap-
proach to obtain an input which makes uncertain sys-
tems achieve exact output tracking to given trajecto-
ries. In most of the ILC problem settings, it was often
assumed that the desired input is the one given by Sil-
verman’s or Hirshorn’s causal inversion[5, 2]. However,
when the system is that of a non-minimum phase, this
input diverges exponentially. Conventional ILC using
causal updating law can no more be applied to non-
minimum phase systems than these causal inversions.
In order to avoid the shortcomings of causal inversions,
an approach called stable inversion [1, 3] was proposed
to give a non-causal but bounded input which achieves
exact output tracking. Much work has been published
on the theory and applications of stable inversion, while
no simple and direct iterative method for the stable in-
version was proposed. In this paper, we formalize the
stable inversion problem as a minimization problem and
develop a simple iterative method toward ILC for non-
minimum phase systems.

2 Stable inversion and a minimization problem

Consider a nonlinear system

a(t) = [fle(®)] + gle@®)]u(t) (1)
y(t) = hlz@)] (2)

where z(-) € R", u(-) € R? and y(-) € RY; fi(x), gij(x)
and hj(z) (i=1,---,n,j=1,---,q) are smooth func-
tions. Assume that the relative degree of the system
(1) and (2) is well-defined at = 0 and a desired out-
put trajectory yq(-) is sufficiently smooth. Then, Hir-
shorn’s causal inversion gives the unbounded input that
achieves exact output tracking if (1) and (2) are non-
minimum phase. However, the stable inversion tech-
nique gives a non-causal but bounded input [1]. Tt was
shown that if %yd(-) € Ly N Ly (r: relative degree)
and some conditions on the internal dynamics are met,
there exists a solution for the stable inversion prob-
lem, i.e. a bounded control input u4(-) and a bounded
state trajectory xq(-) which satisfy (1) and (2) where
y(t) = ya(t) with boundary conditions

ug(t) — 0,24(t) — 0 as t — Foo. (3)

In the following discussion, we formalize the stable in-
version problem as a minimization problem to develop
a simple iterative method to find the stable inversion
solution. Let’s consider a functional

+oo
J(u) = / w(t) — va@®) T W) - va®)dt  (4)

—0o0
which gives the minimum value 0 when the exact out-
put tracking is achieved. Then, the stable inversion
problem can be solved by searching the minimizer of
J(u) subject to & = f(z) + g(x)u with z(—o0) = 0.
Since the Hamiltonian function for this minimization
problem is H (z,u, €, t) = £ {f () +g(@)ult)} + (y(t) -
yd(t))T(y(t) —yaq(t)) the gradient function of J(u) with
respect to u(-) is n = g(x)T§ where £ satisfies the ad-
joint system
T

€= (fx (z) + Z giw('r)uz) £+ h;f(x)(h(l‘) - Yd)

(5)
with £(+00) = 0.

3 ILC using adjoint systems
Based on the discussion in the previous section, we

present a simple iterative method to obtain the sta-
ble inversion solution:0) Let k = 0 and up = 0. 1)



Integrate the system (1) in forward-time direction with
u(t) = ug(t) and x(—o00) = 0. 2) Integrate the adjoint
system (5) in backward-time direction with &(+o00) =0
by using the output error h(x) —yq and the state trajec-
tory x. 3) Update the input as uk+1 = ur + ag(z) T§.
4) Let k:=k+1 and go to 1.

Although the exact gradient £ is not available when
there exists some modeling error, we can still expect
convergence of the iteration when the modeling error
is not very large. We clarify a margin of the model-
ing error for linear cases. Let ¢ = 1 (i.e. SISO) and
(f(z),g(x), h(z)) = (Az, b, cx) where A, b and c are ap-
propriate matrices and vectors. Then, the input-output
mapping of (1) and (2) with z(—o0) = 0 is defined as
y = Su = fioo cexp(A(t — 7))bu(r)dr. Moreover, the
input-output mapping of the adjoint system (5) and
n= ng with modeling error is defined as

+oo
n==5% = /t b exp(flT(t — T))éTe(T)dT (6)

Let S(s) = e(sI — A)b and S(s) = é(sI — A)b. Then,
by straightforward calculations, we can see that Fourier
transformation of the system S and the non-causal sys-
tem S* are S(jw) and S(—jw), respectively

Theorem 1 Assume that {%yd € L1 N Ly
where 1 is the relative degree of S(s) and that
Re{S(—jw)S(jw)} > 0 for all w € (—o0,+00). Then,
the sequence of input functions {ux;k = 0,1,--}
generated by the ILC upy1 = ug — aS* (Sug — ya) with
ug = 0 satisfies

lug — uallz =0 (as k — o0) (7)

where the constant a is chosen as 0 < o <

ming, 2Re{S(—jw)S(jw)}/|S(—jw)S(jw)|? and ug €
Ly N Ly such that yqg = Sug.

4 Numerical examples

Consider a nonlinear non-minimum phase system[1]:

T xr1 + T2 0
To —3x9 + Jﬁ 2 + sin® 24
. = +
I3 xr1 — 21‘3 0
T4 —x4 + J?% 0
y =z — 313 (8)

with a desired trajectory

v :{ 0.2(1 — cos(t — 10)) ¢t € (10,10 + 27) )

0 otherwise

Then, the systems for input updating are —§' =

Flz,u) + [1 0 -3 O]T(y—yd) and n =
[0 2+ (1+e)sin®xs 0 0 ]& where F(z,u) =

—(1+e) 3(1 + eg)x? 1 0
1 -3 0 0
0 0 -2 2373
0 u(l+ez)(2sinxzgcosxy) 0 —1

eo, €1 and ey represent the modeling error if they are
nonzero. Figure 1 shows the simulation result when the
adjoint system with the error (eg, e1, e2) = (2.0, 1.0, 2.0)
is used for updating the input function with o = 2.0;
the input and output are plotted for k = 5, 10, 20, 30.

Figure 1: Simulation results with the modeling error

5 Concluding remarks

In this paper, we developed a simple iteration to solve
the stable inversion problem from a viewpoint of min-
imization. We presented a margin of modeling error
for convergence and demonstrated that the iterative
method can be used as a ILC scheme for non-minimum
phase systems. Effect of truncation of the time horizon
was discussed in another paper [4].
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