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Abstract

Analytic solution of Lyapunov functional equations of
distributed delay systems is derived. The analytic so-
lution is computed using a matrix exponential func-
tion, while conventional computation has been relied
on numerical approximations. Based on the analytic
solution, a stability condition for distributed delay sys-
tems with unknown but bounded constant delay is pro-
posed.

1 Introduction

Stability conditions of distributed delay systems fall
into two categories: one is based on numerical com-
putation of poles and the other is based on Lyapunov
functionals. In the former stability conditions [1], the
poles of distributed delay systems are numerically com-
puted using numerical techniques of [2]. In the latter
stability conditions, Lyapunov functional equations of
distributed delay systems are solved using the infinite
dimensional system theory [3]. The main problem to
this method is that the Lyapunov equations are in the
form of coupled partial differential equations. For a
state delay system without distributed delay terms, the
analytic solution was derived in [4]. But for distributed
delay systems, no analytic solution to the Lyapunov
equations has been known yet and its solution relies on
numerical approximations.

In this paper, an analytic solution to the Lyapunov
equations is derived for a certain type of distributed
delay systems. The analytic solution can be computed
by solving a simple linear equation and by computing a
matrix exponential function. Based on the analytic so-
lution, a stability condition is proposed for distributed
delay systems with unknown but bounded constant de-
lay. Notation: For a matrix M = [my;] € C"™", the
column string cs M is defined by

mMnp1 | mi2 ma2 - mn2|

2
1
M) € cm .

A
csM = [m11 mo1 -

e |m1nm2n -

2 Lyapunov Functional
Consider the distributed delay system

h
z(t) = Aom(t)+A1:r(t—h)+/ F(r)z(t—h+r)dr (1)

where z(t) € R" is a state. In this paper, the integral
kernel F(r) is assumed to satisfy the following:

F(r) = B(NF, ()= R, ()
where F5, and F3 are constant matrices.

Consider a Lyapunov functional V for (1) defined by

V(P) £ z(t) Poox(t) + z(t)' foh Poi(s)x(t — h + s) ds
+ [t — h+ 1) Pro(r) dr z(t)
+ foh z(t—h+r) foh Pii(r,s)x(t — h+ s)dsdr
(3)
where

Poo = Pyy, Poi1(r) = Pio(r)', Pii(r,s) = Pi(s,r)".

The following theorem [3] states the stability of (1) us-
ing the Lyapunov functional (3).

Theorem 1 Suppose X = X' € R"™" > 0 is given.
The system (1) is stable if there exist V(P) and € > 0
such that
V(P) > ex(t)'z(t), (4)
d

ZV(P) = —a(t) Xa(t), (5)

for all z(t), t > 0.

The Lyapunov equation (5) can be simplified in the
following lemma [3].

Lemma 1 Giwen X = X', the solution P to (5) is
given by the following equations:

A6P00 + PO()AO + Pyt (h) + Pyt (h)l =-X (6)

diipm(s) = APy (s) + Pia(hys) + PoF(s)  (7)

<a§ + §) Pis(r,5) = F(r) Poa(s) + Poa (r) F(s) (8)

where the initial conditions are given by
Py1(0) = Pyo A1, Pi1(r,0) = Poi(r) Ay (9)
Equations (6) ~ (8) are coupled equations of Pyg, Po1,

and Pj1, whose analytic solution is not known. From
(6) ~ (8), we obtain

A6P00 + POOAO + P(n (h) + P01 (h)l =-X (10)



%P@l (8) = A6P01 (8) + P01 (h — S)lAl
+ Jy Por(h — s+ t)'F(t)dt (11)
+ fos F(h -8+ t)/P01 (t) dt + PO()F(S)
where
Py1(0) = Pyo A . (12)

3 Solution to the Lyapunov Functional

The differential equation (11) will be transformed into
a two point boundary problem in Theorem 2. To do
that, Q(s) and R(s) are defined as follows:

Q(s) £ PooFi(s) + [y Por(h— s+ 1) Fi(t) dt

R(s) 2 [ Fi(h — s +1t)Po(t) dt. (13)

Theorem 2 The matriz differential equation (11) can
be equivalently described by

CS P01 (S) CS P01 (S)
s Q(5) s Q(s)
d cs R(s) cs R(s) (14)
ds CS P01 (h — S) CS P01 (h — S)
csQ(h —s) csQ(h —s)
csR(h —s) csR(h—s)
where
E, Ey, E3| E; 0 0
0 E; 0| Eg 0 0
| B 0 Eg| O 0 0
= -E;, 0 0 | —-Ey —Ey, —FEj (15)
—Es 0 O 0 —-E5 0
0 0 0 |-E; 0 —Eg

E,2(I®A), B, = (FielI), B321® F}
E, £ (A o DT, Es £ (Fy 2

E; 2T ®F(h), Es & —(I® F).
Matriz T is defined by

2
TE[T | Ty| - |Twe], T e R* . (16)
Row vector Ty, 1 < k < n? is defined by

Tii-1yn+j = €G-1ynti> 1 <4,5 <,
2
where e, € R™ ™', 1 < k < n? is a row vector whose

k-th element is 1 and all other elements are 0.

Now from (14), relationship between Pyy and Py (h)
satisfying (11) will be derived so that simultaneous
equations (10) and (11) can be solved.

Theorem 3 The Py and Py (h) pair satisfying (10)
and (11) can be computed from the following equation:

(I A+ (Ay®I) I+T 0 0}

R1 RQ R3 R4
CS POO

csPor(h) | | —esX (17)
csQ(h) | 0

cs R(h)

where Ry ~ Ry can be computed from the following:
first compute the singular value decomposition of the
following matriz:

(Aj®I) 0 0 O
(FL(0Y®I) 0 0 0
(J — exp(Hh)) 0 I 00
0 0 I 0 (18)
0 0 0 I
_ Y 0 ’
_U{ : O]V

where U and V' are unitary matrices, X1 is a diagonal
matriz whose diagonal elements are nonzero, and J is

defined by
27 0]
Ry ~ Ry are defined by

[Ri Ry Ry Ry]2[%, 0]V (19)

o~

I

Unfortunately, the solution to (5) alone is not sufficient
for stability check because the definiteness condition (4)
also need to be checked, which is not easy to check. In
the next section, we will derive a stability condition,
which does not require the definiteness condition (4).

4 Stability Condition

Theorem 4 System (1) is stable for h € [0, hmax] if
(i) (1) is stable for h = 0 (ii) The matriz in (17) is
nonsingular for h € [0, hpax].

The condition (i) can be checked by investigating eigen-
values of Ag + A;. The condition (ii) can be checked,
for example, by investigating minimum singular values
of the matrix in (17) for h € [0, hmax]-
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