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Devwudfw

D frpshqvdwlrq vwudwhj| iru qrqolqhdu lqsxw wlph
ghod| v|vwhpv lv frqvlghuhg lq wklv zrun1 Wkh uhj0
xodwlrq sureohp lv dgguhvvhg e| dssur{lpdwlqj d
qrqfdxvdo ihhgedfn wkdw vroyhv wkh sureohp e| d
qrq0dqwlflsdwlyh rqh1 Wklv lv grqh e| frqvlghulqj d
sdvvlylw| edvhg vfkhph sursrvhg ruljlqdoo| iru qrq0
olqhdu v|vwhpv iuhh ri ghod|v1

4 Lqwurgxfwlrq

Lqsxw wlph ghod|v fdq surgxfh vhyhuh olplwdwlrqv
rq wkh shuirupdqfh rewdlqhg zlwk gl�huhqw frqwuro
vwudwhjlhv^6`/ wkh vhdufk ri vroxwlrqv wr wklv sure0
ohp lv lpsruwdqw lq wkh duhd ri frqwuro v|vwhpv1 Lq
wklv zrun/ zh sursrvh d wlph ghod| frpshqvdwlrq
vwudwhj| iru d fodvv ri qrqolqhdu VLVR v|vwhpv zlwk
ghod| dw wkh lqsxw1 Wkh zrun suhvhqwhg lq wklv sd0
shu fdq eh ylhzhg dv dq h{whqvlrq ri ^5` zkhuh wkh
fdvh ri v|vwhpv zlwkrxw ghod|v lv frqvlghuhg1

5 Fodvv ri v|vwhpv xqghu frqvlghudwlrq

Zh frqvlghu wkh fodvv ri qrqolqhdu vlqjoh0lqsxw
vlqjoh0rxwsxw/ lqsxw ghod| v|vwhpv ghvfulehg e| wkh
iroorzlqj vwdwh vsdfh prgho/

b{+w, @ i+{+w,, . j+{+w,,x+w� �,
|+w, @ k+{,

+4,

zkhuh { 5 [ � U
q lv wkh vwdwh/ [ ghqrwhv wkh

rshudwlqj uhjlrq ri wkh v|vwhp/ x 5 X � U/ dqg
| 5 \ � U lv wkh rxwsxw ri wkh v|vwhp gh�qhg ryhu
wkh rshq vhw \1

514 D fdqrqlfdo irup iru qrqolqhdu v|vwhpv
Frqvlghu v|vwhp +4,/ dqg dvvxph wkdw d F4 srvlwlyh
gh�qlwh vwrudjh ixqfwlrq Y = Uq $ U

. lv jlyhq1
Zh dvvxph wkdw wkh iroorzlqj dvvxpswlrq/ nqrzq
dv wkh wudqvyhuvdolw| frqglwlrq +vhh ^5`, krogv/

OjY +{, 9@ 3> ; { 5 [ 1 +5,

Zh iroorz qrz/ wkh uhvxowv suhvhqwhg lq ^5`1 Ohw xv
lqwurgxfh wkh lqsxw frruglqdwh wudqvirupdwlrq

x+w� �, @ �+{+w,> y+w,, +6,

zlwk y ghqrwlqj d qhz h{whuqdo lqghshqghqw frqwuro
lqsxw dqg �+{> y, @ 4

OjY +{,

�
k+{,y � CY

C{W
Vs+{,

CY
C{

�
/

zkhuh Vs+{, lv gh�qhg lq ^5`1 Qrz zh �{ wkh vwrudjh

ixqfwlrq dv Y +{, @ 4
5 n{n

5
51

515 Lghdo Fdvh= Ihhgedfn sdvvlylw| ri lqsxw
ghod| v|vwhpv
Lw lv srvvleoh wr vkrz wkdw wkh forvhg orrs v|vwhp
+4,0+6, wdnhv wkh irup/

b{ @ L+{,{. Vq+{,{.
k+{,

OjY +{,
j+{,y +7,

zlwk L+{, ehlqj d vnhz0v|pphwulf pdwul{ dqg eh0
vlghv Vq+{, duh gh�qhg lq ^5`1 Dovr/ iroorzlqj ^5`
zh fdq vhh wkdw v|vwhp +7, ghvfulehv d sdvvlyh pds
iurp wkh lqsxw y+w, wr wkh rxwsxw | @ k+{,1 Wkh
iroorzlqj dx{loldu| g|qdplfdoo| frqwuroohg v|vwhp/

b{d @ L+{,{d . Vq+{,{d .U ^{� {d`

.
k+{,

OjY +{,
j+{,y +8,

zkhuh U @ gldj iU4> U5> = = = > Uqj dqg Ul A 3/ 4 �
l � q/ zlwk vxlwdeoh lqlwldo frqglwlrqv fdq eh xvhg
wr vkrz wkdw wkh vroxwlrq ri

bh+w, @ L+{+w,,h+w, . ^�U. Vq+{+w,,` h+w,=

zkhuh h+w, @ {+w, � {d+w,/ lghdoo| frqyhujhv h{sr0
qhqwldoo| wr }hur1

6 Wlph ghod| frpshqvdwlrq

Dvvxplqj wkdw wkh dx{loldu| lqsxw frqwuro y+w, fdq
eh rewdlqhg iurp wkh dx{loldu| v|vwhp +8, dqg wkdw
lw lv zhoo gh�qhg iru doo w/ zh fdq uhzulwh +6, dv

x+w, @ �+{+w. �,> y+w. �,,

@ *+{+w. �,> {d+w. �,> b{d+w. �,,

khuh/ wkh ghshqghqfh ri *+�> �> �, rq {d+w . �,/ dqg
b{d+w. �, dsshduv wkdqnv wr y+w. �,/ wklv lv/ y+w, @
�+{+w,> {d+w,> b{d+w,, iru vrph ixqfwlrq �+�> �> �, re0
wdlqhg iurp +8,1

614 Dssur{lpdwh Frqwuro Odz
Frplqj edfn wr rxu ghyhorsphqwv/ e| vkliwlqj
lq wlph wkh dujxphqwv/ *+{+w,> {d+w,> b{d+w,, @
�+{+w,> �+{+w,> {d+w,> b{d+w,,,1 Vxssrvlqj wkdw * lv d
frqwlqxrxvo| gl�huhqwldeoh ixqfwlrq ri w/ dffruglqj
wr d zhoo nqrzq Wd|oru wkhruhp zh fdq zulwh

*+{+v,> {d+v,, @ u+w> �, . *+{+w,> {d+w,> b{d+w,,

. � b*+{+w,> {d+w,> b{d+w,,>



zkhuh v @ w. � / zlwk wkh uhpdlqghu u+w> �, vdwlvi|0

lqj olp�$3
u+w>�,
m� m @ 31 Qrz/ zh sursrvh wr dssur{0

lpdwh wkh ixqfwlrq *+{+w. �,> {d+w. �,> b{d+w. �,,
dv

�*+�, @ *+{+w,> {d+w,> b{d+w,, . � b*+{+w,> {d+w,> b{d+w,,
+9,

htxlydohqwo|/ wklv dssur{lpdwh frqwuro odz fdq eh
uhzulwwhq dv

�x+w, @ *+{+v,> {d+v,> b{d+v,,� u+w> �, +:,

zkhuh v @ w . � 1 Qrz/ iurp htxdwlrq +:, dqg +7,/
zh rewdlq lq forvhg0orrs v|vwhp wkh dssur{lpdwh
ghvluhg g|qdplfv/

b{+w, @ L+{+w,,{+w, . Vq+{+w,,{+w, .
k+{+w,,
OjY +{,j+{+w,,y+w,

� j+{+w,,u+w� �> �, +;,

|+w, @ k+{+w,,

Iroorzlqj wkh surfhgxuh vkrzq iru wkh lghdo fdvh lq
Vhfwlrq 5/ wkh huuru g|qdplfv ehwzhhq v|vwhp +;,
dqg wkh dx{loldu| v|vwhp +8, zloo eh jlyhq e|/

b}+w, @ L+{+w,,}+w, . ^�U. Vq+{+w,,` }+w,

� j+{+w,,u+w� �> �, +<,

zkhuh }+w, @ {+w,�{d+w, dqg zlwk U gh�qhg dv eh0
iruh1 Qrz zh vkrz wkdw xvlqj +9,/ }+w, lv xqlirupo|
xowlpdwho| erxqghg +vhh ^4`,1

615 Xqlirup xowlpdwh erxqghgqhvv ri wkh
wudfnlqj huuru
Htxdwlrq +<, fdq eh uhzulwwhq dv wkh shuwxuehg v|v0
whpv

b}+w, @ i+w> }, . s+w> },> +43,

zlwk i+w> }, @ L+{+w,,}+w, . ^�U. Vq+{+w,,` }+w,/
dqg s+w> }, @ j+{+w,,u+w � �> �,1 Wkhq/ htxdwlrq
+43, fdq eh dvvrfldwhg zlwk wkh qrplqdo v|vwhp

b} @ i+w> }, zlwk i+w> 3, @ 3= +44,

Wkhruhp 4 Frqvlghu v|vwhp +4, dqg dvvxph wkdw
lw lv plqlpxp skdvh1 Vxssrvh wkdw wkh dssur{l0
pdwhg frqwuro +9, lv xvhg1 Wkhq/ li wkh wlph0ghod|
� lv vx!flhqwo| vpdoo/ wkh vroxwlrqv ri +<, duh xql0
irupo| xowlpdwho| erxqghg1

Surri= Frqvlghu wkh shuwxuehg v|vwhp +43,1 Vlqfh
} @ 3 lv dq h{srqhqwldoo| vwdeoh htxloleulxp srlqw
ri wkh qrplqdo v|vwhp +44,/ e| wkh O|dsxqry frq0
yhuvh wkhruhpv ^4`/ zh nqrz wkdw wkhuh h{lvwv d O|d0
sxqry ixqfwlrq Y +w> }, zklfk vdwlv�hv

f4 n}n
5 � Y +w> }, � f5 n}n

5
>

CY

Cw
.

CY

C}
i+w> }, � �f6 n}n

5
>
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CY

C}

�
�
�
�
� f7 n}n

+45,

iru hyhu| +w> }, 5 ^3>4,�G +G lv gh�qhg lq Ohppd
6/ dsshqgl{ D, iru vrph srvlwlyh frqvwdqwv f4/ f5/
f6/ dqg f71 Zh kdyh dovr wkdw s+w> }, uhsuhvhqwv
whupv ri rughu r+�5, dqg wkhuhiruh/ iurp wkh dv0
vxpswlrq wkdw � lv vx!flhqwo| vpdoo dqg iurp wkh
idfw wkdw wkh qrplqdo v|vwhpv lv vwdeoh +sdvvlyh dqg
plqlpdo skdvh, zh kdyh wkdw iru vrph � A 3 +gh0
shqglqj rq wkh ydoxh ri �, ns+w> },n � � iru doo w � 31
Zh frqfoxgh wkh surri e| qrwlqj wkdw frqglwlrqv ri
Ohppd 6 lq Dsshqgl{ D duh ixo�oohg dqg wkhuhiruh
}+w, lv xqlirupo| xowlpdwho| erxqghg1�

Uhpdun 5 Xvlqj wkh erxqghgqhvv ri
m b*+{+w,> {d+w,> b{d+w,,m/ lw fdq eh vkrzq wkdw wkh
huuru lq wkh dssur{lpdwlrq u+w> �, fdq eh duelwudu|
vpdoo ghshqglqj rq wkh ydoxh ri � 1

7 Frqfoxvlrqv

Wkh uhjxodwlrq sureohp lv dgguhvvhg lq wklv zrun
iru d fodvv ri qrqolqhdu lqsxw wlph ghod| v|vwhpv1
D frpshqvdwlrq vwudwhj| ri lqsxw wlph ghod| lv sur0
srvhg zkhuh wkh qrqfdxvdo surshuw| ri dq lghdo vr0
oxwlrq lv wdfnohg e| frqvlghulqj lwv dssur{lpdwlrq1
Wkh sursrvhg vfkhph fdq rqo| eh dssolhg iru plq0
lpxp skdvh v|vwhpv wkdw vdwlvi| d wudqvyhuvdolw|
frqglwlrq dqg wkh uhvxow lv ydolg rqo| iru d vx!0
flhqw vpdoo lqsxw ghod|1

Dsshqgl{ D= Vwdelolw| ri v|vwhpv zlwk
qrqydqlvklqj shuwxuedwlrqv

Ohppd 6 ^4`Ohw } @ 3 eh dq h{srqhqwldoo| vwd0
eoh htxloleulxp srlqw ri wkh qrplqdo v|vwhp +44,1
Ohw Y +w> }, eh d O|dsxqry ixqfwlrq ri wkh qrpl0
qdo v|vwhp wkdw vdwlv�hv +45, lq ^3>4,�G/ zkhuh
G @ i} 5 Uqm n}n ? uj1 Vxssrvh wkh shuwxuedwlrq

whup lq +43, vdwlv�hv ns+w> },n � � ?
f6
f7

u
f4
f5
�u iru

doo w � 3/ doo } 5 G/ dqg vrph srvlwlyh frqvwdqw
� ? 41 Wkhq/ iru doo n}+w3,n ?

s
f4@f5u/ wkh vrox0

wlrq ri wkh shuwxuehg v|vwhp }+w, vdwlv�hv

n}+w,n � nh{s ^��+w� w3,` n}+w3,n >

; w3 � w ? w4 dqg n}+w,n � e/ ; w � w4

iru vrph �qlwh wlph w4/ zkhuh n @

u
f5
f4

/ � @
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u
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f4

�

�
1 �

Uhihuhqfhv

^4` Nkdolo K1 N1/ Qrqolqhdu V|vwhpv/ Suhqwlfh
Kdoo/ Xsshu Vdggoh Ulyhu/ Qhz Mhuvh|/ vhfrqg hg1/
4<<91

^5` Vlud0Udpðuh}/ K1 D jhqhudo fdqrqlfdo irup iru
ihhgedfn sdvvlylw|1 Lqwhuqdwlrqdo Mrxuqdo ri Frq0
wuro/ :4 +8,= ;<4/ 4<<;1

^6` Yhodvfr P1/ Doyduh} Md/ Fdvwur U1 Dssur{l0
pdwh glvwxuedqfh ghfrxsolqj iru d fodvv ri qrqolqhdu
wlph ghod| v|vwhpv1 Dphulfdq Frqwuro Frqihuhqfh/
Vdq Iudqflvfr/ Fdo1 XVD/ Yro1 4/ 437904383/ 4<<61


