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Abstract

In this paper we discuss a novel formulation for the op-
timal control of discrete{event dynamic processes rep-
resenting manufacturing systems characterized by un-
reliable machines, �nite bu�ers and time{varying pre-
dictable demands. We approximatively represent the
dynamics of the system with a hybrid model and de-
rive an optimum control strategy for parts routing and
machines scheduling embedded in a two{levels hierarchi-
cal control framework. At the higher level the discrete

ows of parts are described by �rst{order 
uid approxi-
mations and an optimum receding horizon control policy
for the machines production rates is obtained by solv-
ing a sequence of linear programming problems. At the
lower level a discrete{event real time dispatcher will be
used to track the solution of the upper level controller
as closely as possible.

1 Introduction

This paper focuses on the problem of optimum control
of manufacturing systems consisting of unreliable ma-
chines and �nite bu�ers holding costs, arranged in a
feed{forward con�guration. The system is subject to
a time{varying exogenous demand, thus incurring ad-
ditional shortfall/inventory costs. The process allows
the production of several part{types with general ser-
vice time distributions and routing policies. Each part
has to perform its own orderly sequence of operations,
and the same operation can be performed on alternative
machines. The same machine can perform operations
on di�erent part classes, eventually with di�erent ser-
vice times. The objective is to determine an optimum
control strategy for the machine production rates so as
to minimize over a �nite time horizon the sum of bu�er
holding costs and system shortfall/inventory costs, sub-
ject to machine/bu�er capacity constraints and a pre-
dictable demand.

Machine breakdowns, planned and unplanned mainte-
nance, operator unavailability, setup times, etc., make
the manufacturing environment stochastic. However, in
this paper we present a preliminary result considering
deterministic fail and repair events, such as in the case of
planned maintenance programs, and assuming that the
uncertainty of the machine service times is small enough

so that it does not a�ect the sequence of a limited num-
ber of events (machine starvation, blockage, breakdown
and repair, material release times and due dates), that
we call macro{events. Basically, we derive an optimum
control strategy for the machine production rates, that
is critically based on a hybrid model which approxima-
tively represents the discrete behavior of the system.

As in all hybrid models, we distinguish between time{
driven and event{driven dynamics. The continuous
time{driven dynamics is described by �rst{order 
uid
processes where the average machine production rates
are piecewise constant control variables. It has been
shown [1, 13] that continuous{
ow models are generally
good approximations of asynchronous discrete models.
The event{driven dynamics is de�ned by the transitions
of the system through a sequence of operational states,
that we call macro{states, upon the occurrence of the
macro{events.

By this approximation approach, originally presented
in [1] and brie
y outlined in the next section, the system
dynamics can be easily described with a single formalism
by a discrete{time, time{varying, state variable model,
where the average 
ows of parts through the machines
enter the model as non{linear control variables and are
kept constant within each interval of time between the
occurrence of consecutive macro{events (macro{period).

The control task can be principally formulated as a de-
terministic mathematical optimization problem. A sat-
isfactory, although suboptimal, solution can be achieved
by embedding the optimization problem into a feedback
structure, i.e., within a receding horizon scheme where
the problem is repeatedly solved with updated demand
predictions and updated initial conditions. This ap-
proach is usually called in the literature open{loop feed-
back control (OLFC) [9].

Particularly, we show that the control problem of mini-
mizing over a �nite time horizon the sum of bu�er hold-
ing costs, and system shortfall/inventory costs, has a
necessary condition such that the evaluation of the op-
timum control policy can be achieved by solving a se-
quence of linear programming problems, one for each
macro{period. This result is particularly interesting be-
cause it formally con�rms the intuition resulting from
the myopic approach proposed in [1] where each macro{
period was treated independently from the others.



1.1 Previous Work

There has been signi�cant work on optimal control
of failure{prone manufacturing systems. Gershwin [6]
developed a general model suggesting a hierarchical
approach for scheduling and planning. For single{
machine single{class systems, the optimal solution
(called hedging{point policy) can be explicitly deter-
mined. However, it is diÆcult to solve an optimum
stochastic control problem for complex systems and with
general constraints.

Sethi and Zhang [12] established a multi{level hierar-
chical control framework for production systems with
stochastic demand and stochastic production capacity.
They obtained an asymptotically optimal open{loop
control policy for the machine production rates in or-
der to maximize the expected total pro�t over a �nite
horizon. In [11] Presman et al. considered the problem
of choosing the production rates of anN{machines 
ow{
shop by formulating a stochastic dynamic programming
problem. Perkins and Kumar [10] studied a pull model
of a manufacturing system showing that optimum con-
trol problems can be reduced to a set of quadratic pro-
gramming problems. Yao et al. [5] considered the prob-
lem of scheduling manufacturing systems based on a de-
terministic 
uid network model. Hsu and Shamma [7]
proposed a framework for solving optimal scheduling
problems for re{entrant and transfer lines based on ap-
proximated cost{to{go functions and a receding horizon
control.

In recent works [1, 3], Balduzzi et al., developed a
discrete{time, time{varying stochastic state variable
model for the 
uid approximation of 
exible manufac-
turing systems. Then, by using perturbation analysis
techniques they obtained average values and variances
of both performance measures and their gradients with
respect to the system parameters, in order to perform
optimal design of the system con�guration. In particu-
lar [2], they developed an optimum control scheme for
maximizing productivity over a �nite time horizon while
guaranteeing at the �nal time a desired production mix.
The developments presented in this paper follow the ba-
sic model presented in [1] and extend the results ob-
tained in [2].

2 Description of the System

The manufacturing system considered in this work con-
sists of a set of elementary services (ES) arranged in
a feed{forward L{stages con�guration. Each stage l =
1; : : : ; L is composed of Pl � 1 alternative ES, denoted
Sl;i, for i = 1; : : : ; Pl. An elementary service is com-
posed of a single{server stationMl;i coupled with a �nite
bu�er Bl;i for storing arriving parts. We assume that
the input bu�ers within the �rst stage represent in�nite
reservoirs of raw parts, and the last stage is framed into
output bu�ers collecting �nished products. The total
amount over all output bu�ers at time t represents the

cumulative production at that time.

For simplicity of notation, we consider in this paper a
manufacturing system producing a single class of prod-
ucts, and we assume for the �rst and the last stage that
P1 = PL = 1, thus simply denoting the input and out-
put bu�ers B1 and BL, respectively. Parts move from
service Sl;i to Sl+1;j according to their production cycle
and, along their routes, are queued in the bu�ers located
at the entrance of the ES's.

We consider a 
uid model of the production system,
such that each machine Ml;i can process parts at an av-
erage rate up to Vl;i parts per unit time (maximum ma-
chine production rate). All bu�ers Bl;i, for l = 2; : : : ; L,
have �nite capacity Cl;i and all machines are unreli-
able. We consider operation{dependent failures and
we de�ne for each machine Ml;i the production vol-
umes before a machine fails and the repair times, de-
noted by the sequences fl;i = ff(1)l;i; f(2)l;i; : : :g and
rl;i = fr(1)l;i; r(2)l;i; : : :g, respectively, which are both
assumed deterministic values as in the case of planned
maintenance programs.

The system is subject to a predictable time{varying
demand. If the cumulative production xL(t), given
by the initial amount in BL and the cumulative input
to BL up to time t, exceeds the cumulative depletion
d(t) due to the exogenous demand, then the system at
that time t undergoes an inventory of �nished prod-
ucts awaiting for shipping. Otherwise, the system goes
through a shortfall. We assume that a unit of material
in bu�er Bl;i, l = 2; : : : ; L� 1, incurs a holding cost of
wl units per unit time (no holding costs for B1), and
each unit of inventory (shortfall) incurs a cost of w+

L

(w�L ) units per unit time. Here, we assume that hold-
ing costs are non{decreasing along the part routes, i.e.,
0 = w1 � w2 � : : : � wL�1 � w+

L , and w�L � 0.

2.1 A Hybrid Model

The evolution in time of the production process is dis-
cussed within a framework that distinguishes two lev-
els of aggregation. The lower layer represents the mi-
croscopic behavior of arrivals and departures of parts
to/from each machine (micro{events). It will be mod-
eled in an aggregated view by using �rst{order 
uid ap-
proximations [1, 8]. At the higher layer a discrete event
model, such as a �nite automaton, will represent the
transitions of the process through a sequence of macro{
states, at the occurrence of the macro{events.

Let �k = [tk; tk+1), for k = 0; 1; 2; : : :, be the interval
of time between the occurrence of consecutive macro{
events at time tk and tk+1 (called macro{period), and
let 0 � vli;(l+1)j (k) � Vl;i be the average 
ow rates
of parts moving from service Sl;i to Sl+1;j (vi;j(k) for
short), which are constant values within �k. The micro-
scopic behavior of a production system during a macro{
period can be approximated by suitable 
uid processes
de�ned for each service Sl;i as described below.



� The level of bu�er Bl;i:

xl;i(t) = xl;i(tk) + [vin;i(k)� vout;i(k)](t� tk): (1)

� The production volume processed by machine Ml;i

since the last repair:

�l;i(t) = �l;i(tk) + vout;i(k)(t� tk): (2)

� The time spent by machineMl;i under repair since the
last failure:

sl;i(t) = sl;i(tk) + (t� tk): (3)

These processes are de�ned for all t 2 �k, and vin;i(k) =P
h vh;i(k), vout;i(k) =

P
j vi;j(k) represent the in
ow

and out
ow rates of parts of each service. Note that
Equations (2) and (3) will be reset to 0 after each repair
and failure event, respectively.

At the macroscopic level the evolution in time of the
system through a sequence of macro{states can be de-
scribed by a �nite automaton with states given by a
�nite set of admissible con�gurations of machines status
(operational or down) and bu�er status (full, not full{
not empty, empty), and with transitions represented by
the macro{events (failure, repair, bu�er full and bu�er
empty). The transitions of this �nite automaton de-
�ne the interlacing of Equations (1){(3) through the se-
quence of macro{periods, and drive the evolution of a
hybrid system whose dynamics can be described with a
single formalism by the following discrete{time, time{
varying state variable model [1]:(

x(k + 1) = D(k)
�
x(k) + b

�
u(k)

�
�
�
u(k);x(k)

��
x(0) = x0

(4)

with samples corresponding to the occurrence of the
macro{events at times tk. The state vector is

x(k) = [: : : ; xl;i(tk); �l;i(tk); sl;i(tk); : : :]
T (5)

with entries given by the values of the 
uid pro-
cesses (1){(3) at the occurrence of the macro{events.
The control vector is u(k) = [: : : ; vi;j(k); : : :]

T , with
entries given by the constant average machine out
ow
rates. Matrix D(k) is diagonal with entries 0 and 1, and
b
�
u(k)

�
= Ru(k) + e� , where e� is a vector with en-

tries 0; 1 accounting for the state variables sl;i(t) which
do not explicitly depend on the control vector u(k), and
R is the constant weight matrix for the machine out-

ow rates with entries 0, 1 and �1. The scalar function
�
�
u(k);x(k)

�
denotes the length of the k{th macro{

period.

Let us consider a �nite horizon T = [N�1k=0 [tk; tk+1] (N
denotes the �nal event), and assume that an \admis-
sible" control policy u(0; T ) =

�
u(0); : : : ;u(N � 1)

�
is applied to the system, thus providing the values of
the machine production rates upon the occurrence of
the macro{events. Therefore, we can fully characterize

the sequence of the macro{events and the corresponding
state trajectory x(0; T ) =

�
x(0); : : : ;x(N�1)

�
. Further-

more, with this model any macro{event occurs when a
suitable state variable reaches a speci�ed value. Pre-
cisely, when machine Ml;i fails (gets repaired) then it
must result �l;i(tk+1) = f(
)l;i (sl;i(tk+1) = r(�)l;i) for
some 
 (�). When bu�er Bl;i gets full (gets empty) then
the condition xl;i(tk+1) = Cl;i (xl;i(tk+1) = 0) must be
satis�ed.

Let us denote by e(k) 2 f0; Cl;i; f(
)l;i; r(�)l;ig, where
f(
)l;i 2 fl;i, r(�)l;i 2 fl;i, 
; � 2 N

+ , the deterministic
sequence of values reached by the state variables upon
the occurrence of the macro{events. Let us further de-
�ne h(k) = eTj (k)D(k), q

�
u(k)

�
= h(k)b

�
u(k)

�
and

K
�
u(k)

�
= 1

q(u(k)) , where ej(k) is a vector with entries

0 and 1 which selects that state variable leading to the
current macro{state transition. Then, at the occurrence
of the macro{events the following equality holds:

e(k + 1) = eTj (k)x(k + 1)

= h(k)x(k) + q
�
u(k)

�
�
�
u(k);x(k)

�
;

(6)

and the length of the k{th macro{period is de�ned by:

�
�
u(k);x(k)

�
= K

�
u(k)

��
e(k + 1)� h(k)x(k)

�
: (7)

We observe that each macro{state de�nes a feasible re-
gion, denoted U(k), for the average machine production
rates vi;j(k) that enter model (4) as non{linear control
variables.

De�nition 2.1 Let Io(k) and Id(k) be the sets of in-
dices of operational and down machines, If (k) and Ie(k)
the sets of indices of full and empty bu�ers during the
k{th macro{period, respectively. A control u(k) 2 U(k)
is admissible if it is a feasible solution of the following
set of linear inequalities:8>>>><
>>>>:

(a) 0 �
P

j vi;j(k) � Vl;i; 8i 2 Io(k)

(b)
P

j vi;j(k) = 0; 8i 2 Id(k)

(c)
P

h vh;i(k) �
P

j vi;j(k); 8i 2 If (k)

(d)
P

j vi;j(k) �
P

h vh;i(k); 8i 2 Ie(k)

vi;j(k) � 0

(8)

The consistency constraint set (CCS) (8) will be denoted
g
�
k;u(k)

�
� 0. �

Constraints of the form (8.a) bound the machine produc-
tion rates at their maximum value and apply for all op-
erational machines. Constraints of the form (8.b) apply
for all machines under repairing. Constraints of the form
(8.c) have to be satis�ed for all services with full bu�ers,
and constraints (8.d) for all services whose bu�er's level
is 0.

The region U(k) de�ned by g(k;u(k)) � 0 is a convex
polyhedron whose vertices are basic solutions of any lin-
ear programming problem with objective function of the
form J(k) = aT (k)u(k) and subject to the CCS. Any
admissible control policy u(k) corresponds to a point



within the feasible region U(k) and the boundary rep-
resents all those control policies aimed at optimizing a
given linear objective function. Thus the optimum solu-
tion uo(k) will always lay on the boundary of the feasible
region.

3 The Dynamic Control Problem

The dynamic control policy developed in this work pro-
vides the sequence u(0; T ) of the machine production
rates u(k) 2 U(k) as the solution of an optimum con-
trol problem aimed at minimizing over a �nite time
horizon T the sum of bu�er holding costs, and sys-
tem shortfall/inventory costs, subject to a time{varying
predictable demand. Let N be the �nal event, T =
[N�1k=0 [tk; tk+1] a �nite time horizon, and let

J
�
x0; u(0; T )

�
=

NX
k=0

L�1X
l=1

PlX
i=1

�l;i(k)xl;i(k)

+ �L(k) jxL(k)� d(k)j

(9)

be the total expected cost during the interval [0; T ],
where xL(k) and d(k) denote the cumulative produc-
tion and the cumulative exogenous demand up to time
tk, respectively. The weighting coeÆcients in Eq. (9) are
de�ned as follows:

�l;i(k) =

8>>>>>>><
>>>>>>>:

wl

2
�
�
u(0);x(0)

�
; k = 0

wl

2

h
�
�
u(k � 1);x(k � 1)

�
+�

�
u(k);x(k)

�i
;

k = 1; : : : ; N � 1
wl

2
�
�
u(N � 1);x(N � 1)

�
; k = N

(10)
for all i = 1; : : : ; Pl, and �L(k) is also de�ned by
Eq. (10) given wL = w+

L if xL(k) � d(k) � 0 and
wL = w�L if xL(k) � d(k) < 0. The optimum control
problem is to determine the control sequence uo(0; T ) =�
uo(0); : : : ;uo(N � 1)

�
, for uo(k) 2 U(k), which mini-

mizes the performance functional

NX
k=0

h
�T (k)Cx(k) + �L(k)

��eTLx(k)� d(k)
��i (11)

over the �nite time horizon T . Here �(k) =
[: : : ; �1;i(k); : : : ; �L�1;i(k); : : :]

T , matrix C and vector
eTL of appropriate dimensions have entries 0 and 1 se-
lecting all bu�er levels xl;i(k), for l = 1; : : : ; L� 1, and
the output bu�er level xL(k) within the state vector
x(k), respectively. Note that � = �

�
u(k);x(k)

�
.

The proposed optimum control problem can be formu-

lated as follows:

min
u(0;T )

NX
k=0

h
�T (k)Cx(k) + �L(k)

��eTLx(k)� d(k)
��i s.t.

(a)

(
x(k + 1) = D(k)

�
x(k) + b

�
u(k)

�
�
�
u(k);x(k)

��
x(0) = x0

(b) u(k) 2 U(k); 8k = 0; : : : ; N � 1

(12)

Equation (12.a) represents the dynamics of system (4)
and Equation (12.b) is the control vector feasibility con-
dition. To solve this problem, we introduce the Hamil-
tonian sequence

H(k) = �T (k)Cx(k) + �L(k)
��eTLx(k) � d(k)

��
+ �T (k + 1)

�
D(k)

�
x(k) + b

�
u(k)

�
�
�
u(k);x(k)

��	
where �(k) is the costate vector. Let us assume the exis-
tence of an optimal trajectory xo(0; T ) and correspond-
ing control sequence uo(0; T ), that satisfy a number of
technical assumptions. Then, for the minimum princi-
ple [4], in order that uo(0; T ) be optimal, there exists
a costate vector �(k), such that �(k) and xo(k) are a
solution of the system8>>>>>>>><
>>>>>>>>:

xo(k + 1) = D(k)
h
xo(k) + b

�
uo(k)

�
�
�
uo(k);xo(k)

�i
�T (k) = �T (k)C+rxo(k)�(u

o(k);xo(k))Cxo(k)

+ sgn
�
eTLx

o(k)� d(k)
�
�L(k)e

T
L

+rxo(k)�L(u
o(k);xo(k))

��eTLxo(k)� d(k)
��

+ �T (k + 1)D(k)
�
I+ b

�
uo(k)

�
rxo(k)�(uo(k);xo(k))

�
with boundary conditions �T (N) = 0 and xo(0) = x0,
and such that H(k) is minimized, i.e.,

Ho(k) = min
u(k)

�
�T (k)Cxo(k) + �L(k)

��eTLxo(k)� d(k)
��

+ �T (k)D(k)
h
xo(k) + b

�
u(k)

�
�
�
u(k);xo(k)

�i�
s.t. g

�
u(k)

�
� 0

for k = 0; : : : ; N � 1. Note that, the problem of mini-
mizingHo(k) is a non{linear programming problem with
linear constraints, which is rather diÆcult to solve ana-
lytically. To reduce the complexity, in the next section
we will consider a linearized version of this problem.

This class of optimal control formulations has been
applied to a number of manufacturing systems, e.g.,
[12, 10, 7]. The major diÆculty is that there is no avail-
able techniques for deriving closed{form solutions. How-
ever, as it will be clear in the following sections, a gen-
eral �nding is that the optimal control sequence uo(0; T )
can be seen as a switching policy over the control vari-
ables. Control takes place upon the occurrence of the
macro{events, and each solution uo(k) corresponds to
an extreme point of the CCS, i.e., the desirable operat-
ing point. Hence, the controller will always attempt to
drive the system there and keep it.



4 The Linear Optimization Problem

Since problem (12) is analytically untractable, we con-
sider a linearized version. Let us assume the existence
of an optimal solution, i.e., uo(0; T ) is the optimal con-
trol sequence and xo(0; T ) is the corresponding optimal
state trajectory.

Let us consider small perturbations Æx(k) of the opti-
mal trajectory xo(0; T ) produced by admissible in�nites-
imal perturbations Æu(k) of the optimal control sequence
uo(0; T ). Furthermore, let us assume that the perturba-
tions Æu(k) are small enough so that the sequence of the
macro{events will not change. Formally, the dynamics
of the perturbations Æx(k) can be obtained by lineariz-
ing (4) around its optimal trajectory as follows:

Æx(k + 1) = D(k)Æx(k) +D(k)R�
�
uo(k);xo(k)

�
Æu(k)

+D(k)b
�
uo(k)

�h
ruo(k)�

�
uo(k);xo(k)

�
Æu(k)

+rxo(k)�
�
uo(k);xo(k)

�
Æx(k)

i
where Æx(0) = Æx0 (e.g., Æx0 = 0). Now, if we let

Ax(k) = D(k)
h
I+ b

�
uo(k)

�
rxo(k)�

�
uo(k);xo(k)

�i
Bx(k) = D(k)

h
R�

�
uo(k);xo(k)

�
+ b

�
uo(k)

�
ruo(k)�

�
uo(k);xo(k)

�i
then we simply obtain

Æx(k + 1) = Ax(k)Æx(k) +Bx(k) Æu(k): (13)

Let us de�ne ~x(k) = xo(k) + Æx(k) and ~u(k) = uo(k) +
Æu(k). The linear perturbed system dynamics is given
by:

�
~x(k + 1) = Ax(k)~x(k) +Bx(k)~u(k) +Gx(k)

~x(0) = ~x0
(14)

where

Gx(k) =
�
D(k)R�

�
uo(k);xo(k)

�
�Bx(k)

�
uo(k)

�D(k)b
�
uo
�
rxo(k)�

�
uo(k);xo(k)

�
xo(k):

Now, the control problem is to �nd the optimal se-
quence ~uo(0; T ) =

�
~uo(0); : : : ; ~uo(N � 1)

�
, for ~uo(k) 2

U(k), which minimizes the performance functional
J
�
x0; ~u(0; T )

�
over the �nite time horizon T . This opti-

mization problem can be formulated as follows:

min
~u(0;T )

NX
k=0

h
�T (k)C~x(k) + �L(k)

��eTL~x(k)� d(k)
��i s.t.

(a)

�
~x(k + 1) = Ax(k)~x(k) +Bx(k)~u(k) +Gx(k)

~x(0) = ~x0

(b) ~u(k) 2 U(k); 8k = 0; : : : ; N � 1

(15)

Let us assume, without loss of generality, that the se-
quences �(k), �L(k) and d(k) do not change after lin-
earization. In this case the objective function and the
constraints are linear in the state and control variables.
Therefore we are dealing with a linear programming
problem and the optimum solution, if it exists, will al-
ways require the control variables to be laying on the
boundary of the feasible region. This approach can be
seen as an extension of the bang{bang principle [4] to the
multi{dimensional case. In particular, we will show that
an optimum solution of problem (15) can be obtained by
solving a sequence of linear programming problems, one
for each macro{period.

By the same developments as in Section 3 we introduce
the Hamiltonian sequence

H(k) = �T (k)C~x(k) + �L(k)
��eTL~x(k)� d(k)

��
+ �T (k + 1)

�
Ax(k)~x(k) +Bx(k)~u(k) +Gx(k)

�
and we de�ne the costate dynamics8><
>:
�T (k) = �T (k)C+ sgn

�
eTL~x(k)� d(k)

�
�L(k)e

T
L

+ �T (k + 1)Ax(k)

�T (N) = 0

(16)
Therefore, the optimal solution of problem (15) can be
obtained by computing the optimal sequence Ho(k), for
k = 0; : : : ; N � 1, as follows:

Ho(k) = min
~u(k)

n
�T (k)C~x(k) + �L(k)

��eTL~x(k)� d(k)
��

+ �T (k)
�
Ax(k)~x(k) +Bx(k)~u(k) +Gx(k)

�o
s.t. g

�
~u(k)

�
� 0

(17)

where �T (k) is the solution of Eq. (16). We observe that,
since the optimal trajectory xo(0; T ) is known, matrices
Ax(k) are also known. This fact allows us to compute
�(k) and thus solving problem (17) iteratively. Finally,
we note that the Hamiltonian sequence is linear in ~u(k),
thus problem (15) reduces to the solution of a sequence
of linear programming problems of the following form:

min
~u(k)

�
cT (k) ~u(k)

	
s.t. g

�
~u(k)

�
� 0 (18)

for k = 0; : : : ; N � 1, where the cost coeÆcient vec-
tors are de�ned as cT (k) = �T (k)Bx(k). The following
theorem proves that the optimum solution of the linear
problem (15) is also a solution for the non{linear prob-
lem (12).

Theorem 4.1 Consider the following constrained non{
linear programming problem

min
u

J(u) s.t. g(u) � 0 (19)

and the following constrained linear programming prob-
lem

min
u

cTu s.t. g(u) � 0 (20)



Let U be the feasible region for both problems, uo an
optimal solution for problem (20) and suppose uo is a
regular point of the constraint set g(u) � 0. If

ruJ(u
o) 6= 0; 8u 2 U (21a)

ruJ(u
o) = cT (21b)

then uo satis�es the necessary conditions for the solution
of problem (19).
Proof: If uo satis�es the necessary condition for the
solution of problem (19), then there exists a vector ~� � 0

such that (Kuhn-Tucker conditions):

ruJ + ~�Tru g(u
o) = 0

~�Tg(uo) = 0:
(22)

However by hypothesis uo is a solution for problem (20),
then it must satisfy for a certain � � 0 the following
conditions:

cT + �Tru g(u
o) = 0

�Tg(uo) = 0
(23)

From condition (21b) it is immediate to verify that (22)
is equal to (23) with ~� = �.

Theorem 4.1 provides a necessary condition for the opti-
mum solution of problem (12), i.e., if uo is an optimum
solution of problem (15) then it is also a solution of prob-
lem (12). In fact, if the linear problem admits a unique
optimum solution uo, and condition (21a) of the pre-
vious theorem allows us to avoid degenerate solutions,
then uo must be a stationary point for problem (12).

4.1 Open{Loop Feedback Control Strategy

An eÆcient method to transform open{loop optimal
control decisions into a closed{loop feedback structure
can be obtained by implementing a receding horizon con-
trol technique (also known as open{loop feedback con-
trol). Precisely, the optimization problem is solved at
each time instant k with updated initial conditions x(k),
but only the �rst value u(k) of the resulting control pol-
icy u(k; T ) is actually applied to the process.

We describe the proposed strategy in the form of an it-
erative procedure which can be further re�ned by sam-
pling within each macro{period at a given number of
time instants tkj 2 �(k), for j = 0; 1; 2; : : : The num-
ber of sampling instants and their values are usually
problem dependent. Let us denote by �T

�
x(0); t0

�
the

optimal control problem with initial conditions x(0), t0
and horizon T , as described in Section 4, and let

JoN
�
x(0); t0

�
= min

u(0;T )
J
�
x(0); u(0; T )

�
be the optimal �nite horizon cost. The receding horizon
optimal control strategy can be either de�ned as

�
�
x(k); N

�
= arg min

g(u(k))�0

�h
�T (k)Cx(k) + �L(k)

�
��eTLx(k)� d(k)

��i+ J0N�1(x(k))

�

or by the following iterative procedure.

1. Let k = 0, x(tk) = x0 and Tk = T .

2. Solve problem �Tk

�
x(tk); tk

�
over the �nite hori-

zon [tk; tk+Tk]. This yields the optimal trajectory
xo(tk; tk + Tk) and corresponding optimal control
policy uo(tk ; tk + Tk) =

�
uo(tk);u

o(tk+1); : : :
�
.

3. Provide the control input uo(tk) to the real{time
dispatcher that will track it as closely as possible
over [tk; tk+1).

4. Let k = k + 1, x(tk) = xo(tk) and choose a new
Tk (e.g., Tk = T ). Repeat the procedure starting
from 2.

The optimization of problem �Tk

�
x(tk); tk

�
in step 2

yields an open{loop control that depends on the initial
state x(tk). Thus, when computing the solution for the
new horizon [tk; tk+Tk], we are in fact closing the loop.
Note that, the size of �k = tk+1 � tk, as already men-
tioned, as well as the duration of the time horizon Tk,
usually depend on the system dynamics and the magni-
tude of random disturbances.

4.2 A Case Study

Let us consider a simple transfer line producing a single
class of products, composed of 4 services in tandem, with
an output bu�er B5, and the input bu�er B1 acting
as an in�nite reservoir of raw parts. Assume that the
intermediate bu�ers Bi, i = 2; 3; 4, have in�nite capacity
and that all machines Mi, i = 1; 2; 3; 4, will not fail
during the time horizon T = 18. The system is subject
to an exogenous demand of constant rate Æ = 1 and
the maximum machine production rates vector is V =
[1:5; 3; 2; 3]T .

Let x(k) = [x1(k); x2(k); x3(k); x4(k); x5(k)]
T denote

the state vector, where xi(k) is the level of bu�er Bi at
time tk (x5(k) represents the cumulative production),
and let u(k) = [v1(k); v2(k); v3(k); v4(k)]

T denote the
control vector. Assume that bu�er holding costs are
w2 = 1, w3 = 2, w4 = 3, inventory/shortfall costs
are w+

5 = 3 and w�5 = 4, the initial bu�er levels are
x(t0) = [�; 6; 12; 24; 0]T , and the cumulative demand is
d(t0) = 24, i.e., initial shortfall.

The control problem of minimizing the sum of bu�er
holding costs and system shortfall/inventory costs can
be formulated as follows:

min
u(0;T )

NX
k=0

h
�T (k)x(k) + �5(k)

��eT5 x(k) � d(k)
��i s.t.

(a)

(
x(k + 1) = D

�
x(k) +Ru(k)�(k)

�
x(0) = x(t0)

(b) u(k) 2 U(k); 8k = 0; : : : ; N � 1

where D = diag(1; 1; 1; 1; 1), e5 = [0; 0; 0; 0; 1]T ,
R = diag2

�
(�1;�1;�1;�1); (1; 1; 1; 1)

�
2 N

5�4 is 2{



diagonal, and �(k), �5(k) are given by Eq. (10). Refer-
ence [10] considered this manufacturing system showing
that for each machine Mi the optimal production rates

are vi(k) = 0 if tk � t
i
or vi(k) = Vi if tk > ti, where ti

are \deferral times" that can be computed through a de-
composition of the system according to the bottlenecks
machines.

We solve this control problem by considering N = 5
sampling times tk, that correspond to the occurrence
times of some macro{events (e.g., bu�er empty) and the

deferral times t
4
= 0, t

2
= t

3
= 6:23, t

1
= 18 as given

in [10]. The solution of this problem provides the op-
timal policy uo(t0; T ) de�ned throughout each macro{
period as follows:

� �0 = [0; 6:23] starts at time t0 = t
4
. The CCS is

U(0) = fu(0) � 0 ju(0) � Vg and the optimal control
is uo(0) = [0; 0; 0; V4]

T yielding Jo1 (x(t0); t0) = 995:72;

� �1 = [6:23; 8:23] starts at time t1 = t
2
= t

3
. The CCS

is U(1) = fu(1) � 0 ju(1) � Vg and the optimal con-
trol is uo(1) = [0; V2; V3; V4]

T yielding Jo2 (x(t0); t0) =
1176:5;
� �2 = [8:23; 11:54] starts at time t2 = 8:23 when
bu�er B2 gets empty. The CCS is U(2) = fu(2) �
0 ju(2) � V ; v2(2) � v1(2)g and the optimal control is
uo(2) = [0; 0; V3; V4]

T yielding Jo3 (x(t0); t0) = 1241;
� �3 = [11:54; 15:23] starts at time t3 = 11:54 when
bu�er B4 gets empty. The CCS is U(3) = fu(3) �
0 ju(3) � V ; v2(3) � v1(3) ; v4(3) � v3(3)g and
the optimal control is uo(3) = [0; 0; V3; V3]

T yielding
Jo4 (x(t0); t0) = 1267:9;
� �4 = [15:23; 18] starts at time t4 = 15:23 when bu�er
B3 gets empty. The CCS is U(4) = fu(4) � 0 ju(4) �
V ; v2(4) � v1(4) ; v4(4) � v3(4) ; v3(4) � v2(4)g and
the optimal control is uo(4) = [0; 0; 0; 0]T yielding
Jo5 (x(t0); t0) = 1267:9.

The minimum value of the performance functional at
time T = 18 is Jo5 (x(t0); t0) = 1267:9. Note that, for the

next macro{period starting at time t5 = t
1
(x5(t5) =

d(t5)), the CCS will be U(5) = fu(5) � 0 ju(5) �
V ; v2(5) � v1(5) ; v4(5) � v3(5) ; v3(5) � v2(5)g and
the optimal control will be uo(5) = [V1; V1; V1; V1]

T .

We observe that, the optimal control policy uo(t0; T ) is
the same as that computed in [10], where this optimiza-
tion problem was solved over an in�nite time horizon.
However, with this approach we can address �nite hori-
zon problems, apply open{loop feedback control strate-
gies, and �nally, we can solve multi{class production
systems with �nite bu�ers and unreliable machines.

5 Conclusions

In this paper we have approached the control problem
of determining optimal machines production rates so as
to minimize the sum of bu�er holding costs, and sys-
tem shortfall/inventory costs, subject to machine/bu�er
capacity constraints and a predictable demand. We

have shown that this problem has a necessary condi-
tion which lends itself to the evaluation of the opti-
mum machine production rates for each sample period
through a sequence of linear programming problems. A
discrete{time optimum control problem has been for-
mulated within a two{levels hierarchical hybrid control
framework, and the use of a receding horizon control
scheme has been proposed in order to tackle planning
and scheduling issues encountered in production sys-
tems. The results obtained so far, allow us to consider
this approach as a promising avenue. Our main future
goal will be to extend the approach to the control of
stochastic manufacturing systems.
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