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Abstract

This paper introduces the de�nition of the nonstandard
linear discrete-time singularly perturbed system and
shows how to solve the corresponding linear-quadratic
optimal control problem since the methodology that ex-
ists in the literature for the solution of the standard
singularly perturbed discrete linear-quadratic optimal
control problem can not be extended to the correspond-
ing nonstandard counterpart. The solution of the opti-
mal control problem is obtained in terms of the pure-
slow and pure-fast, reduced-order, continuous-time, al-
gebraic Riccati equations.

1 Introduction

Standard discrete-time linear singularly perturbed sys-
tems have been studied in the past by several re-
searchers, see for example [3, 4, 5, 11, 12, 13]. How-
ever, the nonstandard singularly perturbed discrete lin-
ear systems have not been yet de�ned in the control
literature. Motivated by the existence of results for
continuous-time nonstandard singularly perturbed lin-
ear systems, [7, 8, 9, 16], in this paper, we formally
de�ne the nonstandard singularly perturbed linear sys-
tems in discrete time, and show how to solve the corre-
sponding linear-quadratic optimal control problem.

In this paper we use the formulation of singularly per-
turbed linear discrete-time control systems of [12, 13]
given by

x1(k + 1) = (In1 + �A1)x1(k) + �A2x2(k) + �B1u(k)

x2(k + 1) = A3x1(k) +A4x2(k) +B2u(k)

x1(0) = x10; x2(0) = x20 (1)

with slow variables x1 2 Rn1 , fast state variables x2 2
Rn2 , and control inputs u 2 Rm. � is a small positive
parameter.

The system (1) is said to be the standard form [12, 13]
when (In2�A4) is nonsingular, otherwise it is said to be
in the nonstandard form. This system has been studied
in the control literature under the assumption imposed

by [12, 13] that

det(In2 �A4) 6= 0 (2)

This assumption is used to de�ne the quasi-steady state
for the fast subsystem as

x2s(k) = A3x1s(k) +A4x2s(k) +B2u(k) (3)

which in fact gives the slow portion of the fast variable

x2s(k) = (In2 � A4)
�1(A3x1s(k) +B2u(k)) (4)

so that the approximate slow subsystems is obtained by
replacing (4) in the �rst equation of (1).

In analogy with the corresponding continuous-time
problem [9] de�ned by

_x1(t) = Ac
1x1(t) +Ac

2x2(t) +Bc
1u(t) (5)

� _x2(t) = Ac
3x1(t) +Ac

4x2(t) +Bc
2u(t)

the quasi-steady state for the fast system is

0 = Ac
3x1s(t) +Ac

4x2s(t) +Bc
2u(t) (6)

or
x2s(t) = �Ac

4
�1(Ac

3x1s(t) +Bc
2u(t)) (7)

Hence, the discrete-time condition (2) corresponds to
the continuous-time condition

det(Ac
4) 6= 0 (8)

Such kinds of continuous-time singularly perturbed lin-
ear systems are called standard singularly perturbed
linear systems. However, it has been noticed that in
some real physical applications like a 
exible space
structure the fast subsystem matrix Ac

4 is singular.
Such systems with singular matrix Ac

4 are called non-
standard continuous-time singularly perturbed sys-
tems. They have been studied by several researchers
[7, 8, 9, 16]. It is interesting to point out that nonstan-
dard singularly perturbed linear systems have not been
studied yet in the discrete-time.

In this paper we introduce a formal de�nition of
discrete-time nonstandard singularly perturbed control



system and show that the results of [11] can be used
for optimal control of both standard and nonstandard
singularly perturbed discrete systems.

De�nition: Nonstandard linear singularly perturbed
system in discrete-time is de�ned by (1) with det(In2 �
A4) = 0.

Due to the fact that det(In2 �A4) = 0 we are not able
to de�ne the quasi-steady state of the fast variable by
(4), hence we can not study the corresponding linear-
quadratic optimal control problem along the lines of [12,
13]. Also, the recursive �xed point iteration schemes of
[5] can not be used since the corresponding slow-fast
decompositions of the algebraic Lyapunov and Riccati
equations are not valid any more since they explicitly
require det(In2�A4) 6= 0. Note that also the celebrated
Chang transformation [2] requires in the discrete-time
domain nonsingularity assumption on (In2 �A4). (See
[1, 5]).

2 Linear-Quadratic Optimal Control Problem

Consider a nonstandard singularly perturbed linear dis-
crete system in (1) where (In2 � A4) may be singular.
With (1) a quadratic performance criterion to be opti-
mized subject to (8) is associated

J =
�

2

1X
k=0

h
x (k)

T
Qx (k) + u (k)

T
Ru (k)

i
(9)

where

x (k) =

�
x1 (k)
x2 (k)

�
; Q =

�
Q1 Q2

QT
2 Q3

�
� 0; R > 0

(10)

The solution of the above optimal control problem is
given by

u (k) = �R�1BT�(k + 1)

= � �R+BTPB
��1

BTPAx (k) (11)

where �(k) is a costate variable and P is the positive
semi-de�nite stabilizing solution of the discrete alge-
braic Riccati equation [10] given by

P = Q+ATP [I + SP ]�1A (12)

= Q+ATPA�ATPB
�
R+BTPB

�
�1

BTPA

For the singularly perturbed discrete systems, corre-
sponding matrices in (11)-(13) are given by

A =

�
In1 + �A1 �A2

A3 A4

�
; P =

�
1
�
P1 P2
P T
2 P3

�

B =

�
�B1

B2;

�
; S = BR�1BT =

�
�2S1 �Z

�ZT S2

�
(13)

S1 = B1R
�1BT

1 ; S2 = B2R
�1BT

2 ; Z = B1R
�1BT

2

The Hamiltonian form of (1) and (9) can be written as
the forward recursion [10]

�
x (k + 1)
� (k + 1)

�
= H

�
x (k)
� (k)

�
(14)

with

H =

�
A+BR�1BTA�TQ �BR�1BTA�T

�A�TQ A�T

�
(15)

where H is the symplectic matrix, which has the prop-
erty that the eigenvalues of H are grouped into two
disjoint subsets �1 and �2, such that for every �c 2 �1
there exists �d 2 �2, which satis�es �c � �d = 1, and
we can choose either �1 or �2 to contain only the stable
eigenvalues [15].

In (15) the assumption that the matrix A is invertible
is used, which requires the invertibility of the matrix
A4. In that case

A�1 =

�
In1 0

�A�14 A3 A�14

�
+O (�) (16)

Hence, the presentation requires the following assump-
tion.

Assumption 1: The fast subsystem matrix A4 is non-
singular.

In the following, we show how to obtain exactly the
solution of the discrete-time algebraic Riccati equation
of singularly perturbed systems, (13), in terms of solu-
tions of two reduced-order continuous-time, pure-slow
and pure-fast, algebraic Riccati equations.

Partitioning �(k) as �(k) =
�
�T1 (k) �T2 (k)

�T
with

�1 (k) 2 <n1 and �2 (k) 2 <n2 , we get

2
664

x1 (k + 1)
x2 (k + 1)
�1 (k + 1)
�2 (k + 1)

3
775 = H

2
664

x1 (k)
x2 (k)
�1 (k)
�2 (k)

3
775 (17)

It can been shown after some algebra that the Hamil-
tonian matrix (15) has the following form [11]

H =

2
664

In1 + �A1 �A2 �2S1 �S2
A3 A4 �S3 S4

Q1 Q2 In1 + �AT
11 AT

21

Q3 Q4 �AT
12 AT

22

3
775 (18)

Note that in the remaining part of this section there is
no need for analytical expressions for the bared matri-
ces. Those matrices have to be formed by the computer
in the process of calculations, which can be done easily,
for example, by using MATLAB.

Interchanging second and third rows in
(17) and using the following partitioning and scaling



[p1 (k) p2 (k)]
T
= [��1 (k) �2 (k)]

T
in (17) yield

2
664

x1 (k + 1)
p1 (k + 1)
x2 (k + 1)
p2 (k + 1)

3
775 = H

2
664

x1 (k)
p1 (k)
x2 (k)
p2 (k)

3
775 (19)

=

�
I2n1 + �T1 �T2

T3 T4

�
2
664

x1 (k)
p1 (k)
x2 (k)
p2 (k)

3
775

where

H =

2
664
In1 + �A1 �S1 �A2 �S2

�Q1 In1 + �AT
11 �Q2 �AT

21

A3 S3 A4 S4

Q3 AT
12 Q4 AT

22

3
775

T1 =

�
A1 S1

Q1 AT
11

�
; T2 =

�
A2 S2

Q2 AT
21

�

T3 =

�
A3 S3

Q3 AT
12

�
; T4 =

�
A4 S4

Q4 AT
22

�
(20)

Introducing the notation

U (k) =

�
x1 (k)
p1 (k)

�
; V (k) =

�
x2 (k)
p2 (k)

�
(21)

we have the singularly perturbed discrete-time linear
system

U (k + 1) = (I2n1 + �T1)U (k) + �T2V (k)

V (k + 1) = T3U (k) + T4V (k) (22)

Applying to (22) the discrete-time version of the Chang
transformation [2, 5] de�ned by

T =

�
I2n1 � �HL ��H

L I2n2

�

T�1 =

�
I2n1 �H

�L I2n2 � �LH

�
�
� (k)
� (k)

�
= T

�
U (k)
V (k)

�
(23)

produces in the new coordinates two completely decou-
pled subsystems

�
�1 (k + 1)
�2 (k + 1)

�
= � (k + 1) = (I2n1 + �T1 � �T2L) � (k)

(24)�
�1 (k + 1)
�2 (k + 1)

�
= � (k + 1) = (T4 + �LT2) � (k) (25)

where the matrices L and H satisfy

�L+ T4L� T3 � �L (T1 � T2L) = 0 (26)

H + T2 �HT4 + � (T1 � T2L)H � �HLT2 = 0 (27)

The unique solutions of algebraic equations (26) and
(27) exist, by the implicit function theorem [14], under
the condition that the matrix T4 � I2n2 is nonsingular.
It can be shown from (18)-(20) that the matrix T4 is
given by

T4 = T
(0)
4 +O (�) =

�
A4 + S2A

�T
4 Q3 �S2A�T4

�A�T4 Q3 A�T4

�
+O (�)

(28)

From (15) we see that T
(0)
4 represents the Hamiltonian

matrix of the fast subsystem. The nonsingularity of

T
(0)
4 � I2n2 requires the following assumption.

Assumption 2: The triple
�
A4; B2;

p
Q3

�
is

stabilizable-detectable.

It follows that under Assumption 2, the matrix T4�I2n2
is nonsingular for suÆciently small values of �.

The algebraic equations (26) and (27) can be solved
using the Newton method, similarly to the solution of
the corresponding continuous-time algebraic equations
[6]. The Newton method converges quadratically in the
neighborhood of the sought solution, that is, its rate of

convergence is O
�
�2

i

�
. The initial guess required for

the Newton method is easily obtained with the accuracy
of O (�), by setting � = 0 in equation (26), that is

L(0) = (T4 � I2n2)
�1

T3 = L+O (�) (29)

The Newton algorithm can be constructed by setting
L(i+1) = L(i) + �L(i) and neglecting O (�L)2 terms.
This leads to a Lyapunov-type equation of the form

D
(i)
1 L(i+1) + L(i+1)D

(i)
2 = Q(i) (30)

with

D
(i)
1 = T4 � I2n1 + �L(i)T2; i = 0; 1; 2; ::: (31)

D
(i)
2 = ��

�
T1 � T2L

(i)
�
; Q(i) = T3 + �L(i)T2L

(i)

where the initial condition is obtained from (29). The
Newton sequence will be O

�
�2
�
, O

�
�4
�
, O

�
�8
�
, :::,

O
�
�2

i

�
close to the exact solution, respectively, in each

iteration. Having found the solution of (26) up to the
desired degree of accuracy, one can get the solution
of (27) by solving directly the algebraic Lyapunov-like
(Sylvester) equation of the form

H(i)D
(i)
1 +D

(i)
2 H(i) = T2 (32)

which implies H(i) = H +O
�
�2

i
�
.

The rearrangement and modi�cation of variables in (19)
is done by using the permutation matrix E1 of the form2
664

x1 (k)
p1 (k)
x2 (k)
p2 (k)

3
775 =

2
664

In1 0 0 0
0 0 �In1 0
0 In2 0 0
0 0 0 In2

3
775

2
664

x1 (k)
x2 (k)
�1 (k)
�2 (k)

3
775



= E1

�
x (k)
� (k)

�
(33)

From (21), (23)-(25), and (33), we obtain the relation-
ship between the original coordinates and the new ones2
664

�1 (k)
�1 (k)
�2 (k)
�2 (k)

3
775 = ET

2 TE1

�
x (k)
� (k)

�
= �

�
x (k)
� (k)

�

=

�
�1 �2

�3 �4

� �
x (k)
� (k)

�
(34)

where E2 is a permutation matrix of the form

E2 =

2
664

In1 0 0 0
0 0 In1 0
0 In2 0 0
0 0 0 In2

3
775 (35)

Since � (k) = Px (k), where P satis�es the discrete al-
gebraic Riccati equation (13), it follows from (34) that�

�1 (k)
�1 (k)

�
= (�1 +�2P )x (k)

�
�2 (k)
�2 (k)

�
= (�3 +�4P )x (k) (36)

In the original coordinates, the required optimal solu-
tion has a closed-loop nature. We have the same char-
acteristic for the new systems (24) and (25), that is,�

�2 (k)
�2 (k)

�
=

�
Ps 0
0 Pf

� �
�1 (k)
�1 (k)

�
(37)

Then (36) and (37) yield�
Ps 0
0 Pf

�
= (�3 +�4P ) (�1 +�2P )

�1
(38)

Following the same logic, we can �nd P reversely by
introducing

E�11 T�1E2 = 
 =

�

1 
2


3 
4

�
= ��1 (39)

and it yields

P =

�

3 +
4

�
Ps 0
0 Pf

���

1 +
2

�
Ps 0
0 Pf

��
�1

(40)
It can be shown, by estimating the order of quantity
for the entries �1; �2; 
1;
2, that required matrix in
(38) and (40) is invertible [11].

Partitioning (24) and (25) as�
�1 (k + 1)
�2 (k + 1)

�
=

�
a1 a2
a3 a4

� �
�1 (k)
�2 (k)

�
(41)

= (I2n1 + �T1 � �T2L)

�
�1 (k)
�2 (k)

�

�
�1 (k + 1)
�2 (k + 1)

�
=

�
b1 b2
b3 b4

� �
�1 (k)
�2 (k)

�

= (T4 + �LT2)

�
�1 (k)
�2 (k)

�
(42)

and using (38) yield two reduced-order nonsymmetric
algebraic Riccati equations

Psa1 � a4Ps � a3 + Psa2Ps = 0 (43)

Pf b1 � b4Pf � b3 + Pf b2Pf = 0 (44)

It is very interesting that the algebraic Riccati equation
of singularly perturbed discrete-time control systems is
completely and exactly decomposed into two reduced-
order nonsymmetric continuous-time algebraic Riccati
equations (43)-(44).

The pure-fast algebraic Riccati equation (44) is non-
symmetric, but its O (�) perturbation is symmetric one.
This can be observed from the fact that�

b1 b2
b3 b4

�
= (T4 + �LT2) =

�
b
(0)
1 b

(0)
2

b
(0)
3 b

(0)
4

�
+O (�)

= T
(0)
4 +O (�) (45)

with T
(0)
4 given in (28). The coeÆcients of the Hamilto-

nian matrix T
(0)
4 imply the following approximate, fast

subsystem, discrete-time algebraic Riccati equation

P
(0)
f = AT

4 P
(0)
f A4 +Q3 (46)

�AT
4 P

(0)
f B2

�
R+BT

2 P
(0)
f B2

�
�1

BT
2 P

(0)
f A4

such that Pf = P
(0)
f + O (�). Note that the positive

semide�nite stabilizing solution of (46) exists under As-
sumption 2. Equation (46) is identical to the approx-
imate fast discrete-time algebraic Riccati equation of
[12, 13].

In order to establish that an O (�) approximation of the
pure-slow algebraic Riccati equation (43) is symmetric,
we use the following arguments. It follows from (29)
and (41) that�

a1 a2
a3 a4

�
= I2n1 + � (T1 � T2L) = I2n1 + �Ts

= I2n1 + �
�
T1 � T2L

(0)
�
+O (�) (47)

= I2n1 + �T (0)
s +O (�) =

�
a
(0)
1 a

(0)
2

a
(0)
3 a

(0)
4

�
+O (�)

= I2n1 + �
�
T1 � T2 (T4 � I2n2)

�1
T3

�
+O (�)

On the other hand, the approximate slow continuous-
time algebraic Riccati equation can be obtained from
2
64
x1 (k + 1)
p1 (k + 1)
x2 (k + 1)
p2 (k + 1)

3
75 =

�
I2n1 + �T1 �T2

T3 T4

�264
x1 (k)
p1 (k)
x2 (k)
p2 (k)

3
75 (48)



by using the methodology of [12, 13] and assuming
that the fast variables x2 (k) and p2 (k) are at the
steady state. Using the fact that at the steady state
x2 (k + 1) = x2 (k) and p2 (k + 1) = p2 (k) we get from
(48) �

x2 (k)
p2 (k)

�
= (I2n2 � T4)

�1

�
x1 (k)
p1 (k)

�
(49)

and�
x1 (k + 1)
p1 (k + 1)

�
=

n
I2n1 + �

�
T1 � T2 (T4 � I2n2)

�1
T3

�o�
x1 (k)
p1 (k)

�

=
�
I2n1 + �T (0)

s +O
�
�2
�� �x1 (k)

p1 (k)

�
(50)

The matrix T
(0)
s determines the coeÆcients for the ap-

proximate slow continuous-time algebraic equation of
[12]. It can be observed from (47) and (50) that

�
a
(0)
1 a

(0)
2

a
(0)
3 a

(0)
4

�
= I2n1 + �T (0)

s

= I2n1 + �
�
T1 � T2 (T4 � I2n2)

�1
T3

�

=

�
In1 + �As ��BsR

�1
s Bs

��Qs In1 � �AT
s

�

=

�
In1 + �As ��Ss
��Qs In1 � �AT

s

�
(51)

The corresponding approximate continuous-time alge-
braic Riccati equation is given by

P (0)
s As +AT

s P
(0)
s +Qs � P (0)

s SsP
(0)
s = 0 (52)

such that Ps = P
(0)
s + O (�). The matrices de�ned in

(51) can be also found in [12]. The unique positive
semide�nite stabilizing solution of the slow approxi-
mate continuous-time algebraic Riccati equation exists
under the assumption that the approximate slow sub-
system is stabilizable-detectable.

Assumption 3: The approximate slow subsystem de-

termined by T
(0)
s is stabilizable-detectable, that is, the

triple
�
As;

p
Ss;
p
Qs

�
is stabilizable-detectable.

We have established that O (�) perturbations of (43)
and (44) lead to the symmetric reduced-order approxi-
mate slow and fast algebraic Riccati equations obtained
in [12]. The solutions of these equations can be used
as very good initial guesses for the Newton method for
solving the obtained nonsymmetric Riccati equations
(43) and (44).

The Newton algorithm for (43) is given by

P (i+1)
s

�
a1 + a2P

(i)
s

�
�
�
a4 � P (i)

s a2

�
P (i+1)
s

= a3 + P (i)
s a2P

(i)
s ; i = 0; 1; 2; ::: (53)

with the initial guess P
(0)
s obtained from the

continuous-time approximate slow algebraic Riccati
equation (52). The Newton algorithm for (44) is simi-
larly obtained as

P
(i+1)
f

�
b1 + b2P

(i)
f

�
�
�
b4 � P

(i)
f b2

�
P
(i+1)
f

= b3 + P
(i)
f b2P

(i)
f ; i = 0; 1; 2; ::: (54)

with the initial guess P
(0)
f found by solving the discrete-

time approximate fast algebraic Riccati equation (46).

Using solutions of both pure-slow and pure-fast Riccati
equations and formulas (37), (41)-(42), the completely
decoupled pure-slow and pure-fast subsystems in the
new coordinates are, respectively, given by

�1 (k + 1) = (a1 + a2Ps) �1 (k) (55)

�1 (k + 1) = (b1 + b2Pf ) �1 (k) (56)

The proposed method is very suitable for parallel com-
putations since it allows complete parallelism. In addi-
tion, due to complete and exact decomposition of the
discrete algebraic Riccati equation, the optimal control
at steady state can be performed independently and in
parallel at the local levels (slow and fast subsystems).

3 Conclusion

In this paper we have introduced the de�nition of
discrete-time nonstandard singularly perturbed linear
systems and shown how to solve the corresponding nu-
merically ill-conditioned linear-quadratic optimal con-
trol problem in terms of well-conditioned reduced-order
pure-slow and pure-fast continuous-time algebraic Ric-
cati equations. The presented method produces the
exact solution for both standard and nonstandard sin-
gularly perturbed linear discrete systems.
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