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Abstract: This paper considers the class of
discrete-time jump linear system with time-delay
and polytopic uncertain parameters. The prob-
lems of delay-independent robust stability, stabi-
lization and H1 control are cast into the frame-
work of linear matrix inequality (LMI) and thus
solved by LMI Toolbox of Matlab. By using the
supplementary technique, the system with time-
delay is converted into a higher dimension Markov
system without time-delay, and thus can be han-
dled as a standard jump linear system with un-
certain parameters.
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1 Introduction

Jump linear system (JLS) is very popular to char-
acterize a class of abrupt changes in the structure
of the system, which occur frequently in manufac-
turing system, economics system, communication
system and power system etc. For jump linear
systems with norm-bounded uncertainties, the
stability, stabilization, H2; H1 and their robust-
ness have been addressed by Boukas and Yang [3],
Costa and Boukas [4], Shi and Boukas [7], Souza
and Fragoso [8] and the references therein.

Time-delay is a great source of instability and
poor performance. During the past decades, the
stability of linear system with time-delay has re-
ceived considerable attention. For the progress on
the research of deterministic system with time-
delay, the reader is referred to Jeung et al. [5]
and references therein. For JLS with time-delay,
Benjelloun and Boukas [1] established a suÆcient
condition for the stochastic stability in the mean

square sense. The robust stabilization problem
was addressed by Benjelloun, Boukas and Yang
[2]. This paper is to study the robust stability and
stabilization problems of discrete-time jump lin-
ear time delay system with polytopic uncertainty
The rest of this paper is organized as follows. In
section 2, the model is speci�ed. Section 3 estab-
lishes the robust stability of the system. Section
4 addresses the robust H1 control problem. By
using supplementary variables, in Section 5 the
time-delay system is converted into a standard
jump linear system with higher dimension.

2 Model Description

Let frk; k � 0g be a Markov chain with state
space S = f1; � � � ; Ng and state transition matrix
P = [pij ]i;j2S , i.e. the transition probabilities of
frk; k � 0g are as follows:

P [rk+1 = jjrk = i] = pij ;8i; j 2 S:

Consider a discrete-time hybrid system with N
modes. Suppose the system mode switching is
governed by frk; k � 0g and the system parame-
ters contain polytopic uncertainties. The system
dynamics is

8><
>:
xk+1 = A(rk)xk +Ad(rk)xk�� +B1(rk)wk

+B2(rk)uk;
xt = �t; t = ��; � � � ;�1
zk = C(rk)xk +D(rk)wk

(1)

where xk 2 R
n is the state of the system, for each

i 2 S, A(i); Ad(i); B1(i); B2(i); C(i) and D(i) are
matrices with appropriate dimensions but un-
known, � is a constant, denoting the time-delay
of the system.
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In this paper, the matrices
A(i); Ad(i); B1(i); B2(i); C(i) and D(i) are
assumed to be in a convex set M(i) de�ned as
follows:

M(i) =

�
(A(i); Ad(i); B1(i); B2(i); C(i);

D(i)) =

�X
j=1

tj(A(i; j); Ad(i; j); B1(i; j);

B2(i; j); C(i; j); D(i; j)); tj � 0;

�X
j=1

tj = 1

�
(2)

with A(i; j); Ad(i; j); B1(i; j); B2(i; j); C(i; j) and
D(i; j) being known matrices with appropriate di-
mensions.

The goal of this paper is to establish the robust
stability and stabilization in the means square
sense and robust H1 stability of system (1) by
using LMI.

In the sequel, the standard notations are used.
For a matrix X , X > 0(�) means that X is sym-
metric and positive (semi-positive) de�nite, and
�max(X), �min(X) denote respectively the max-
imal and minimal eigenvalues.

3 Robust Stability and Stabilization

In this section, we will consider the stability prob-
lem of system (1). First, let us give some de�ni-
tions of stability.

De�nition 3.1 System (1) is said to be mean
stochastically stable (MSS) if there exist a con-
stant C such that

1X
k=0

Ekxkk2 � C

�
E(kx0k2) +

�X
l=1

k�lk2

+
1X
k=0

kwkk2
�

(3)

for any w(�) 2 l2; where l2 = ffak; k �
0gjP1

k=0 a
2
k <1g.

De�nition 3.2 System (1) is called mean square
exponentially stable (MSES) if there exist con-
stant C > 0; Æ 2 (0; 1) such that

E [kxkk2] � CÆk: (4)

Obviously, mean square geometrical stability im-
plies mean stochastic stability.

In the sequel of this section we will restrict our
study to the case of B1(rk) = 0; i.e.�
xk+1 = A(rk)xk +Ad(rk)xk�� +B2(rk)uk;
xt = �t; t = ��; � � � ;�1 (5)

De�nition 3.3 System (5) with uk � 0;8k � 1
is said to be robustly mean square quadratically
stable (MSQS) if there exist matrices P (i) >
0; Q > 0 such that for all i 2 S

�0(i) =

�
A>(i)G(i)A(i)� P (i) +Q

A>d (i)G(i)A(i)

A>(i)G(i)Ad(i)
A>d (i)G(i)Ad(i)�Q

�
< 0 (6)

for any (A(i); Ad(i)) 2 M(i), where G(i) =PN
j=1 pijP (j):

To study the relation between MSQS and MSES,
we assume the following assumption.

Assumption 3.1 There exist a symmetric ma-
trix M � 0, such that the state trajectory of sys-
tem (5) satis�es for any �� � � � 0,

kxk+�k2 �
�
x>k x>k��

�
M

�
xk
xk��

�
: (7)

Remark 3.1 Assumption 3.1 means that the
system state between k and k � � is bounded
by a function of xk and xk�� . Setting M =�

h2 0
0 0

�
with h > 0 leads to the assumption

4 in [6]

kxt+�k � hkxtk (8)

which was pointed out not to be restrictive since
h can be chosen arbitrarily. Assumption 3.1 is
more logic than (8). In the case of the system
being stable, (8), in fact, restricts the convergence
rate of the system.

Under this assumption, we have the following the-
orem.

Theorem 3.1 If system (5) is robustly MSQS,
then it is robustly MSES.
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Theorem 3.1 states that MSQS is a suÆcient con-
dition for system (5) with uk � 0;8k to be MSES.
However, noting that in �0(i), the parameters
A(i); Ad(i) are unknown and thus the results con-
cerning the robust MSQS is not easy to use di-
rectly. Now we proceed to establish an equiva-
lent condition for MSQS, which is provided by
LMI and can be easily checked by LMI toolbox of
Matlab. For this purpose, let us introduce some
notations.

For any matrices Xi > 0; i 2 S, de�ne
J1(X); yij(X); Zi(X) as follows

Ji(X) =

0
@ �Xi 0 Xi

0 �Q 0
Xi 0 �Q�1

1
A ;

yij(X) =

0
@ XiA

>(i; j)
A>d (i; j)

0

1
A� ppi1 � � � p

piN
�

Z(X) =

0
B@

X1

. . .

XN

1
CA :

Theorem 3.2 System (5) with uk � 0;8k; is ro-
bustly MSQS if and only if there exists matrix
Q > 0 such that�

Ji(X) yij(X)
y>ij(X) �Z(X)

�
< 0; j = 1; � � � ; � (9)

are feasible for some Xi > 0; i 2 S:

Proof: Necessity: Since system (5) is robustly
MSQS, by the de�nition of robustly MSQS there
exist P (i) > 0; i 2 S; Q > 0 such that (6) is valid
for any (A(i); Ad(i)) 2 M(i). In particular, for
all the vertices of M(i),

�0(i; j) =

�
A>(i; j)G(i)A(i; j) � P (i) +Q

A>d (i; j)G(i)A(i; j)

A>(i; j)G(i)Ad(i; j)
A>d (i; j)G(i)Ad(i; j)�Q

�
< 0 (10)

holds. Letting Xi = P�1(i), pre- and post- mul-

tiplying (10) by

�
Xi 0
0 I

�
gives

�
XiA

>(i; j)G(i)A(i; j)Xi �Xi +XiQXi

A>d (i; j)G(i)A(i; j)Xi

A>d (i; j)G(i)Ad(i; j)�Q
XiA

>(i; j)G(i)Ad(i; j)

�
< 0 (11)

which combined with Schur complement yields

0
@ XiA

>(i; j)G(i)A(i; j)Xi �Xi

A>d (i; j)G(i)A(i; j)Xi

Xi

XiA
>(i; j)G(i)Ad(i; j) Xi

A>d (i; j)G(i)Ad(i; j)�Q 0

0 �Q�1

1
A < 0: (12)

Note that

G(i) =

NX
j=1

pijP (j) =

NX
j=1

pijX
�1
j

=
� p

pi1 � � �ppiN
�
Z�1(X)

0
B@

p
pi1
...p
piN

1
CA

and thus the left hand side of (12) is

Ji(X)� yij(X)Z�1(X)y>ij(X):

By using Schur complement again, we get (9).

SuÆciency: Noting that (9) is aÆne in
A(i; j); Ad(i; j) and reversing the above proce-
dure, one can prove the suÆciency part of Theo-
rem 3.2. rrr

Based on Theorem 3.2, we can �nd a set of gain
matrices K(i); i 2 S such that the controller
uk = K(rk)xk robustly stabilizes system (5) in
the MSQS sense.

Theorem 3.3 For given matrices Xi; Yi; let

�ij(X;Y ) =

0
@ XiA

>(i; j) + Y >i B>1 (i; j)
A>d (i; j)

0

1
A

� � ppi1 � � � p
piN

�
If there exists Q > 0 such that

�
Ji(X) �ij(X;Y )

�>ij(X;Y ) �Z(X)

�
< 0; j = 1; � � � ; � (13)

are feasible for Xi > 0; Yi > 0; i 2 S, then con-
troller uk = K(rk)xk with Ki = YiX

�1
i robustly

stabilizes (5) in the MSQS sense.

Proof: Replacing A(i; j) in Theorem 3.2 by
A(i; j) + B(i; j)K(i) and letting Yi = K(i)Xi

leads to Theorem 3.3. rrr
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4 H1 Disturbance Attenuation

Section 3 has solved the robust stability and sta-
bilization problem, this section will be devoted to
studying the H1 control problem of system (1).
To this end, let us introduce some de�nitions.

De�nition 4.1 System (1) with uk � 0 is said
to robustly MSQS with noise attenuation level 
,
if there exists a constant C such that

kzk2 � 


"
kwk22 + C

 
Ekx0k2 +

�X
t=1

k�tk2
!#1=2

(14)

for any noise disturbance w(�) 2 l2,where kzk2 =�P1

k=0 E [z
>
k zk]

�1=2

De�nition 4.2 System (1) with uk � 0 is
said to be internally MSQS if (6) holds for all
(A(i); Ad(i); B1(i)) 2 M(i).

By de�nition, internally robustly MSQS is in fact
robustly MSQS in the case of zero noise distur-
bance. The following Theorem 4.1 shows that
if system (5) is robustly MSQS and an l2 distur-
bance noise is added to its input, then the system
is robustly MSS. Before presenting this theorem
let us give two lemmas.

Lemma 4.1 If system (5) with uk � 0 is ro-
bustly MSQS, then there exists " > 0 such that
8(A(i); Ad(i)) 2 M(i); i 2 S

�1(i) = �0(i)

+"

�
A>(i)A(i) 0

0 A>d (i)Ad(i)

�
< 0;(15)

are feasible for some P (i) > 0; Q > 0:

Theorem 4.1 Suppose system (1) with uk � 0 is
internally MSQS and the noise disturbance w(�) 2
l2, then system (1) is MSS, i.e. there exists a
positive constant C, such that

1X
k=0

E [kxkk2] � C

�
E [kx0k2]

+

�X
l=1

k�lk2 +
1X
k=1

kwkk2
�

(16)

which implies limk!1 E[kxkk2] = 0:

With these preparations, we can now establish
the robust H1 stability of system (1). For given
Xi > 0; de�ne matrices J2ij(X);�1(i; j) as fol-
lows

J2ij(X) =

0
BBBB@

�Xi 0 C>(i; j)
0 �Q 0

C(i; j) 0 �
2I
C(i; j)Xi 0 D>(i; j)

Xi 0 0

XiC
>(i; j) Xi

0 0

D(i; j) 0

�I 0

0 �Q�1

1
CCCCA

�1(i; j) =

0
BBBB@

XiA
>(i; j)

A>d (i; j)
B>1 (i; j)

0

0

1
CCCCA
� p

pi1 � � � p
piN

�

Theorem 4.2 If there exists matrix Q > 0; such
that for all i 2 S; j = 1; � � � ; �

�1(i; j) =

�
J2ij(X) �1(i; j)
�>1(i; j) �Zi(X)

�
< 0 (17)

are feasible for some Xi > 0; i 2 S, then

kzk2 � 


�
kwk22 + C0

�
E [kx0k2]

+

�X
l=1

k�lk2
��1=2

(18)

where C0 = maxf�max(P (i)); �max(Q)g.

Theorem 4.2 establishes the robust H1 of sys-
tem (1). In fact, based on Theorem 4.2, we
can develop an algorithm to design controller
uk = K(rk)xk that robustly stabilizes system (1)
and minimizes the noise attenuation level. To this
end, let us de�ne

Jv2ij(X) =

0
BBBB@

�Xi 0 C>(i; j)
0 �Q 0

C(i; j) 0 �vI
C(i; j)Xi 0 D>(i; j)

Xi 0 0

XiC
>(i; j) Xi

0 0

D(i; j) 0

�I 0

0 �Q�1

1
CCCCA
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�1ij (X;Y ) =

0
BBBB@

XiA
>(i; j) + Y >i B>(i; j)

A>d (i; j)
B>1 (i; j)

0

0

1
CCCCA

� � ppi1 � � � p
piN

�

By using Theorem 4.2, we have the following the-
orem.

Theorem 4.3 Consider the following optimiza-
tion problem

P1 : minXi;Yi
v

s:t:

8<
:
Xi > 0; Yi > 0�

Jv2ij(X) �1ij (X;Y )
�1>ij (X;Y ) �Z(X)

�
< 0

Suppose 
0; Xi; Yi are a set of feasible solution of
P1, then state feedback control uk = K(rk)xk with
gain matrices Ki = YiX

�1
i robustly stabilizes the

system (1) in the MSQS sense with noise attenu-
ation level

p

0:

Theorem 4.3 provides a robust H1 control de-
sign technique, this design technique is a convex
optimization and thus can be easily solved by us-
ing the LMI toolbox of Matlab. In Theorem 4.3
matrix Q > 0 is in fact unknown but not design
parameters. In practice, we can choose Q = �I
and the optimal � can be obtained by using one-
dimensional search technique. By this way, a fea-
sible suboptimal solution can be obtained.

5 Delay-Dependent Robust stability and

H1 Control

Since xk is dependent on xk�� , f(xk; rk); k � 0g
is not a Markov chain. However, an augmented
Markov system with higher dimension can be con-
structed from (5) by using the supplementary
variables technique. Indeed, de�ne

yk =

0
BBB@

xk
xk�1
...

xk��

1
CCCA ; A0(i) =

0
@ A(i) 0 Ad(i)

I 0 0

0 I� 0

1
A

where I; I� are identity matrices with dimensions
n and (� � 1)� n:

Then system (5) becomes into8>>>>>>><
>>>>>>>:

yk+1 = A0(rk)yk;

y0 =

0
BBB@

x0
�1
...
��

1
CCCA

zk = ~C(rk)yk +D(rk)wk ;

(19)

where ~C(i) =
�
C(i) 0

�
: This system is a

n(� + 1)-dimensional system without time-delay.

Evidently, kxkk � kykk, thus if fyk; k � 0g is
shown to be MSES, then the mean square expo-
nential stability of fxk; k � 0g follows.

Theorem 5.1 Let

Uij(X) = XiA
>
0 (i; j)

� p
pi1 � � � p

piN
�
:

If for all j = 1; � � � ; �, LMIs� �Xi Uij(X)
U>ij (X) �Z(X)

�
< 0; i 2 S (20)

are feasible for some Xi > 0, then fxk; k � 0g is
robustly MSES.

Remark 5.1 By using supplementary variables,
the system (5) with time-delay is converted into
(19), which is a standard jump linear system.
Thus the results of jump linear system can be
applicable. However, the system dimension in-
creases greatly. In fact, if the system (5) is of
dimension n; the feasible problem (9) to judge the
robust stability contains [Nn(n + 1)]=2 unknown
variables. Nevertheless, the feasible problem cor-
responding to the robust stability of (19) contains
(N=2)(� + 1)n[(� + 1)n+ 1] unknowns. Thus the
delay-dependent technique is only suitable for sys-
tem with small time-delay.

Remark 5.2 Since A0(i; j) depends on the delay
� , the upper bound of time-delay � can be obtained
by solving

max
Xi>0

�

s.t. (20)

Theorem 5.2 For Xi 2 R
n(�+1)�n(�+1) , Yi 2

R
n�n , i 2 S, de�ne matrices ~J1(i; j); ~�(i; j) and

~y1(i; j) as follows

~J1(i; j) =

0
@ �Xi 0 Xi

~C>(i; j)
0 �
2I D(i; j)

~C(i; j)Xi D>(i; j) �I

1
A ;
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~�(i; j) =

0
@ XiA

>
0 (i; j)
0

0

1
A� ppi1 � � � p

piN
�

~y1(i; j) = Y >i B>(i; j)
� p

pi1 � � � p
piN

�
:

Suppose Xi; Yi; i 2 S is a set of feasible solution
of the following LMIs�

~J1(i; j) ~�(i; j)
�>(i; j) Z(X)

�
+

�
0 ~y1(i; j)

~y>1(i; j) 0

�
< 0: (21)

Let Ki = YiX
�1
11 (i), where

Xi =

�
X11(i) X12(i)
X>12(i) X22(i)

�
:

Then the control u(t) = K(rt)xt robust stabilizes
the system (5) in the MSQS sense and the closed-
loop system veri�es the noise attenuation level 
:

By the same technique as in Theorem 4.2, let-
ting v = 
2 in (21) we can obtain the optimal
noise attenuation level by solving the following
optimization problem

P2 : min
Xi;Yi

v

s.t. (21):

Remark 5.3 When the control also contains
time-delay, i.e. the system dynamics is as follows8><
>:
xk+1 = A(rk)xk +Ad(rk)xk��1 +B1(rk)wk

+B2(rk)uk +Bd(rk)uk��2 ;
xt = �t; t = ��1; � � � ;�1
zk = C(rk)xk +D(rk)wk

(22)

where �1; �2(� �1) are the time-delays in the state
and control respectively, the results of previous
sections are not valid. In fact, suppose �1 = �2; if
we consider the control u(t) = K(rt)xt, then the
closed-loop system has dynamics8<
:
xk+1 = [A(rk) +B2(rk)K(rk)]xk + [Ad(rk)

+Bd(rk)K(rk�� )]xk�� +B1(rk)wk ;
xt = �t; t = ��; � � � ;�1

In view of Theorem 3.2, to handle the stabiliza-
tion problem one has to deal with K(rk) and
K(rk�� ) at the same time, which seems to be im-
possible, since frkg evolves randomly.

6 Conclusion

In this paper, Some LMI-based suÆcient condi-
tions for the delay-independent robust stability,

stabilization and H1 control problems of time-
delay jump linear system with polytopic uncer-
tain parameters are developed. By using the
supplementary technique, the system with small
time-delay is converted into a higher dimension
system without time-delay, and thus can be han-
dled as a standard jump linear system with un-
certain parameters. Simulation results show that
by using the supplementary technique one can ob-
tain a control law such that the closed-loop sys-
tem veri�es smaller noise attenuation, however
the system dimension increases greatly.
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