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ABSTRACT

This paper addresses the problems of robustH1 perfor-
mance analysis and control synthesis for linear systems
subject to uncertain real time-varying parameters. The
uncertain parameters enter a�nely in the matrices of
the system state-space model and the admissible values
of the parameters and their rates of variation are sup-
posed to belong to a given polytope. New LMI based
methods of robust H1 analysis and control design via
state feedback are proposed using parameter-dependent
Lyapunov functions.

1. INTRODUCTION

The past two decades has witnessed signi�cant advances
in the theory of H1 control. The state-space ap-
proach has been well investigated and a number of solu-
tions have been proposed based on, for instance, Ric-
cati equations and linear matrix inequalities (LMIs);
see, e.g. [4, 7, 8, 11] and the references therein. The
H1 control approach is known to provide stability ro-
bustness against certain types of modeling uncertainty,
however it cannot possibly guarantee a prescribed per-
formance in the presence of large modeling uncertainty.
This motivated the development of robust H1 con-
trol methods to ensure both stability and a prescribed
H1 performance, irrespective of the uncertainty. A
time-domain approach of robust H1 control to deal
with parameter uncertainty that has attracted consid-
erable interest is the approach based on the notion of
quadratic stability (see, e.g. [1, 12, 15] and the ref-
erences therein). One of the main drawbacks of the
quadratic stability approach is that the control design
uses a parameter-independent Lyapunov matrix which
satis�es the bounded real lemma. As a consequence, the
system stability and performance bound hold even when
the parameters changes arbitrarily fast. It has long been
known that such an approach often yields overly conser-
vative results.
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300459/93-9/PQ and 301653/ 96-8/PQ, PRONEX grant `Control of
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A few attempts have been made to reduce the con-
servatism of the quadratic stability approach by using
parameter-dependent Lyapunov functions. In this con-
text, several methods have been proposed to solve a
number of important problems such as robust stabil-
ity analysis, robust stabilization, robust H2 and H1
control, and gain-scheduled control of linear parameter-
varying systems; see, e.g. [2, 5, 6, 9, 10, 13, 14, 16] and
the references therein. Most of the numerically tractable
results in this area have been developed for Lya-
punov functions with a�ne or multi-a�ne parameter-
dependence [5, 6, 9, 16]. LMI methods of robust stabil-
ity analysis and robust H2 control based on quadrat-
ically parameter-dependent Lyapunov functions have
also been proposed [2, 13]. In spite of the recent devel-
opments on parameter-dependent Lyapunov methods,
to-date only few results on robust H1 control design
are available and the theory is far from being complete.

In this paper we develop LMI based methodologies of
robust H1 performance analysis and control design for
linear systems with uncertain time-varying parameters
using parameter-dependent Lyapunov functions. The
uncertain parameters enter a�nely in the matrices of
the system state-space model and the admissible val-
ues of the parameters and their rates of variation are
assumed to belong to a given polytope with known ver-
tices. Attention is focused on the design of static state
feedback controllers. The proposed methods incorpo-
rate information on the bounds on the rates of change of
the parameters and have the feature that the system sta-
bility and performance bound are based on parameter-
dependent Lyapunov functions with quadratic depen-
dence on the uncertain parameters. Our methods in-
clude the quadratic stability based approach as a par-
ticular case, and as a result they are at most as conser-
vative as the latter approach.

Notation. <n denotes the n-dimensional Euclidean
space, <n�m is the set of n � m real matrices, In is
the n � n identity matrix, the notation S > 0, for a
real matrix S, means that S is symmetric and positive
de�nite and L2 denotes the space of square integrable
vector function on [0;1) with norm k�k2. For a symmet-



ric block matrix, the symbol ? denotes the transpose of
the block matrices above the main diagonal block.

2. PRELIMINARIES

Consider the uncertain linear system (G)

_x(t) = A(�(t))x(t) +Bu(�(t))u(t) +Bw(�(t))w(t)

z(t) = C(�(t))x(t) +Du(�(t))u(t) +Dw(�(t))w(t)
(1)

with �(t) := (�1(t); � � � ; �p(t)) 2 <
p and

A(�) = A0+

pX
i=1

�iAi; Bu(�) = Bu0+

pX
i=1

�iBui

Bw(�) = Bw0
+

pX
i=1

�iBwi ; C(�) = C0 +

pX
i=1

�iCi

Du(�) = Du0+

pX
i=1

�iDui ; Dw(�) = Dw0
+

pX
i=1

�iDwi

where x(t) 2 <n is the state, u 2 <nu is the control in-
put, w(t) 2 <nw is the disturbance input, z(t) 2 <nz is
the performance output, Ai, Bui , Bwi , Ci, Dui andDwi ,
i = 0; : : : ; p, are known constant real matrices of appro-
priate dimensions, and �i(t); i = 1; : : : ; p, are uncertain
bounded real time-varying parameters with rates of vari-
ation _�i(t). It is assumed that (�(t); _�(t) ), 8 t � 0, lies
in a given polytopic domain D with known ` vertices.

This paper addresses the problems of robust H1
performance analysis and control for system (1) us-
ing parameter-dependent Lyapunov functions. In-
spired by the work of [13] on robust stability analy-
sis via parameter-dependent Lyapunov functions with
quadratic dependence on the uncertain parameters, in
this paper we shall develop LMI methods of robust
H1 performance analysis and controller based on a
version of the so-called bounded real lemma for linear
time-varying systems, where a quadratically parameter-
dependent solution to the underlying Riccati inequality,
or the corresponding LMI, is used. Attention is focused
on the design of a static state feedback controller.

In order to develop theH1 analysis and synthesis meth-
ods, the state equation of system (1) will be rewritten
in the form:

_x(t) =
�
A0 +�T (t)A

�
x(t) +

�
Bu0 +�T (t)Bu

�
u(t)

+
�
Bw0

+�T (t)Bw
�
w(t) (2)

where A 2 <q�n, Bu 2 <q�nu and Bw 2 <q�nw are
known matrices, and � 2 <q�n is an uncertain matrix
such that each row depends linearly on the uncertain
parameters �i, and where the value of q depends on the
structure of the matrices Ai, Bui and Bwi , i = 1; : : : ; p,
and on the structure chosen for �.

Note that the representation of (2) always exits and does
not impose any loss of generality. For example, a direct,
and natural, choice of A, Bu, Bw and � is

A =

2
64
A1

...
Ap

3
75; Bu =

2
64
Bu1

...
Bup

3
75; Bw =

2
64
Bw1

...
Bwp

3
75; � =

2
64
�1In
...

�pIn

3
75:

It turns out that q = np for the above � and this is
possibly the choice of � of largest dimensions which is
not redundant.

Observe that the representation of (2) is not unique.
Further, the choice of the dimension q of � should be
based on the tradeo� between the conservatism and the
computational e�ort required by both the performance
analysis and control design methods. Indeed, an in-
crease of q is likely to reduce the conservatism of those
methods as it increases the number of decision variables
in the underlying optimization problem, however it will
increase the required computational e�ort.

We end this section by recalling the notion of H1 norm
and a version of the bounded real lemma for linear time-
varying systems which will be used in the paper. Let the
linear system ( ~G):

_x(t) = A(t)x(t) +B(t)w(t)

z(t) = C(t)x(t) +D(t)x(t)

where x(t) 2 <n is the state, w(t) 2 <nw is the input,
z(t) 2 <nz is output, and A(t), B(t), C(t) and D(t) are
real valued piecewise-continuous matrix functions with
appropriate dimensions.

De�nition 2.1. ([8]) Suppose that the system ~G is ex-
ponentially stable. Then the H1 norm of ~G is de�ned
as the L2-induced norm of the input-output operator
~G : w ! z, namely

k ~Gk1 = sup
w

�
kzk2
kwk2

: w 2 L2; w 6= 0; x(0) = 0

�

Lemma 1. ([3]) Consider the system ~G and let 
 > 0
be a given scalar. Then the following statements are
equivalent

(1) The System ~G is exponentially stable and k ~Gk1<
:

(2) There exists a bounded positive de�nite matrix func-
tion P (t) on [0;1) such that the following inequality
holds for all t 2 [0;1)2
64
� _P (t)+A(t)P (t)+P (t)AT(t) P (t)CT(t) B(t)

C(t)P (t) �
I D(t)

BT (t) DT (t) �
I

3
75<0

(3)



3. ROBUST H1 PERFORMANCE

ANALYSIS

This section is concerned with the problem of robust
H1 performance analysis for the unforced system of (1)
with u(t) � 0, namely the system (G0):

_x(t) = A(�(t))x(t) +Bw(�(t))w(t)

z(t) = C(�(t))x(t) +Dw(�(t))w(t)
(4)

The goal is to ascertain exponential stability and en-
sure an upper-bound for the H1 norm of system (4)
for all (�; _�) 2 D. We shall develop a method of
H1 performance analysis based on the bounded real
lemma inequality of (3) with a quadratically parameter-
dependent matrix P (t). More speci�cally, the aim is to
�nd conditions which ensure the existence of a real sym-
metric matrix function P(�) which is quadratic in � and
satis�es the following inequalities for all (�; _�) 2 D:

P(�) > 0 (5)

2
64
� _P(�) +A(�)P(�) + P(�)AT(�) ? ?

C(�)P(�) �
I ?

BT
w(�) DT

w(�) �
I

3
75< 0

(6)

Note that as the inequalities of (5) and (6) are non-
convex in �, the problem of testing if these inequalities
are feasible is not tractable, in general, neither analyt-
ically nor numerically. In the sequel we shall develop
su�cient LMI conditions for checking the feasibility of
(5) and (6) .

Without loss of generality, the matrix P(�) is assumed
to be of the following form

P(�) = P0 + P1�+�TP T
1 +�TP2�

= ~�TP ~� (7)

where

~� :=

�
In
�

�
; P :=

�
P0 P1
P T
1 P2

�
2 <(n+q)�(n+q) (8)

The robust H1 performance analysis result is presented
below. Due to space limitation, all proofs will be omit-
ted. First, introduce the notation:

�(�; _�) =

"
A0 � _�T +A0�

T

A A�T

#
; ~Bw =

"
Bw0

Bw

#
(9)

Hx(�) =
�
� �Iq

�
: (10)

Theorem 3.1. Consider the system G0 of (4) and let
D be a polytopic domain of admissible (�; _�) and 
 > 0
a given scalar. Suppose there exist a symmetric matrix

P and matrices L and M such that the following LMIs
are satis�ed at all the vertices of D:

P + LHx(�) +HT
x (�)L

T > 0 (11)

2
66664
W (�; _�) ? ? ?

~�TP 0 ? ?

0 0 �
I ?

~BTw 0 DT
w(�) �
I

3
77775+MH(�) +HT(�)MT<0

(12)

where

W (�; _�) = �(�; _�)P + P�T (�; _�) (13)

H(�) =

�
Hx(�) 0 0 0
0 �I CT (�) 0

�
: (14)

Then the system G0 is exponentially stable and
kG0k1 < 
 for all (�; _�) 2 D. Moreover, V (x; �) =
xTP�1(�)x, where P(�) = ~�TP ~�, is a parameter-
dependent Lyapunov function for the system G0.

Theorem 3.1 provides an LMI based method for com-
puting an upper-bound for the H1 norm of system (4).
The proposed method incorporates information on the
bounds on the rates of variation of the parameters and
is based on a parameter-dependent Lyapunov function.
Further, �nding the minimum 
 is a convex optimization
problem in terms of an eigenvalue minimization problem
with LMIs constraints (see, e.g. [1]).

Remark 3.1. Note that Theorem 3.1 specializes to
H1 performance analysis methods based on quadratic
stability and a�ne quadratic stability by imposing cer-
tain constraints to the matrix P as partitioned below

P =

�
P0 P1

P T
1 P2

�
; P0 2 <

n�n; P2 2 <
q�q :

Indeed, when P1 = 0 and P2 = 0, it turns out that
P(�) becomes parameter-independent, namely P(�) =
P0, and thus Theorem 3.1 provides a quadratic stability
based approach. On the other hand, by imposing the
restriction P2 = 0 renders the matrix P(�) a�ne in the
parameters �i.

It should be observed that the conditions of Theorem 3.1
with P1 = 0 and P2=0 are necessary and su�cient for
the bounded real lemma inequalities of (5) and (6) to
hold with a parameter-independent matrix P(�) = Pq .
Indeed, the su�ciency follows immediately as pointed
out in Remark 3.1, whereas the converse result is pro-
vided by the next lemma.

Lemma 2. Suppose that the bounded real lemma in-
equalities of (5) and (6) are satis�ed with P(�) = Pq.
Then there exists a scalar " > 0 such that the condi-
tions of Theorem 3.1 are satis�ed with P0 = Pq, P1 = 0,
P2 = 0 and



L =

�
0
�"I

�
; M =

2
66664
PqA

T Pq
"I 0
0 "I

0 0
BTw 0

3
77775:

In the light of Remark 3.1 and Lemma 2, the robust H1
performance analysis method of Theorem 3.1 is at most
as conservative as the quadratic stability approach and
is likely to provides less conservative results than the
methods based on a�ne quadratic stability.

We end this section by noting that in the case where the
matrix C(�) is parameter-independent, namely C(�) =
C0, Theorem 3.1 specializes to the following result.

Corollary 3.1. Consider the system G0 of (4) with
C(�) = C0 and let D be a polytope of admissible (�; _�)
and 
 > 0 a given scalar. Suppose there exist a sym-
metric matrix P and matrices L and M such that the
following LMIs are satis�ed at all the vertices of D:

P + LHx(�) +HT
x (�)L

T > 0

2
64
W (�; _�) ? ?

C0
~�TP �
I ?

~BTw DT
w(�) �
I

3
75+MĤ(�) + ĤT(�)MT <0

where ~Bw, Hx(�) and W (�; _�) are given in (9), (10) and
(13), respectively, and

Ĥ(�) =
�
Hx(�) 0 0

�
:

Then the system G0 is exponentially stable and
kG0k1 < 
 for all (�; _�) 2 D. Moreover, V (x; �) =
xTP�1(�)x, where P(�) = ~�TP ~�, is a parameter de-
pendent Lyapunov function for the system G0.

4. ROBUST H1 CONTROL SYNTHESIS

This section presents a robust state feedbackH1 control
design method for system (1) via LMIs and based on a
parameter-dependent Lyapunov function. Attention is
focused on a control law of the form u(t) = Kx(t), where
K 2 <nu�n is a constant matrix gain to be found, such
that the closed-loop system (Gc):

_x(t) =
�
A(�) +Bu(�)K

�
x(t) +Bw(�)w(t)

z(t) =
�
C(�) +Du(�)K

�
x(t) +Dw(�)w(t)

(15)

satis�es the bounded real conditions of (5) and (6) with
a quadratically parameter-dependent matrix P(�). The
robust H1 controller design is presented in the next
theorem.

Theorem 4.1. Consider the system (1) and let D be a
polytopic domain of admissible (�; _�) and 
 > 0 a given
scalar. Suppose there exist a symmetric matrix P and

matrices L, M , N , R and S such that the following
conditions hold at all the vertices of D:

P + LHx(�) +HT
x (�)L

T > 0 (16)

	(�; _�) +MHc(�) +HT
c (�)M

T < 0 (17)

R~�T = ~�TP (18)

where

	(�; _�) =

2
6666664

W (�; _�) ? ? ? ?

~�TP 0 ? ? ?

ST ~BTu 0 0 ? ?

0 0 Du(�)S �
I ?

~BTw 0 0 DT
w(�) �
I

3
7777775

Hc(�) =

2
64
Hx(�) 0 0 0 0

0 �In 0 CT (�) 0

~�T 0 �In 0 0

3
75

~Bu =

�
Bu0

Bu

�

and ~Bw, Hx(�) and W (�; _�) are given in (9), (10) and
(13), respectively.

Then the control law u(t) = Kx(t), where K = SR�1,
ensures that the resulting closed-loop system Gc is expo-
nentially stable and kGck1<
 for all (�; _�) 2 D. More-
over, V (x; �) = xTP�1(�)x, where P(�) = ~�TP ~�, is a
parameter-dependent Lyapunov function for the closed-
loop system.

Remark 4.1. Theorem 4.1 provides an LMI method
for the design of a robust state feedback H1 controller
for system (1). The developed H1 control method has
the feature that the control law is based on a quadrat-
ically parameter-dependent Lyapunov function for the
closed-loop system. Indeed, it turns out that the con-
trol law of Theorem 4.1 ensures the exponential sta-
bility of the adjoint system corresponding to the closed-
loop system (15) via a Lyapunov function which depends
quadratically on the uncertain parameters.

Note that the equality constraint R~�T = ~�TP of (18)
may render the synthesis method of Theorem 4.1 some-
how conservative as this equality implies hard con-
straints on the structure of the matrix P . To alleviate
this undesirable feature, the condition of (18) can be
replaced by

R
T (�) = ~�TP (19)

where 
(�) is a given a�ne matrix function of � with
the same dimensions of ~� and having full column-rank.
Indeed, it can be readily veri�ed from the proof of The-
orem 4.1 that this theorem still holds when the equality



constraint of (19) is used in lieu of (18) and ~� in the
matrix Hc(�) is replaced by 
(�).

Observe that by setting 
(�) =
�
In 0

�T
, it turns out

that the block partitions P1 and P2 of the matrix P in
(8) must satisfy P1 = 0 and P2 = 0. This implies that
the matrix P(�) reduces to P(�) = P0, i.e. it becomes
parameter-independent, and thus the method of The-
orem 4.1 reduces to a quadratic stability approach for
robust H1 control. Other choices of 
(�) may lead to
suitable parameter-dependent Lyapunov functions. The
best choice of 
(�) which renders the constraint of (19)
somehow nonconservative is an important issue that we
are currently investigating.

It should be noted that when some of the system ma-
trices are parameter-independent, the condition (17) of
Theorem 4.1 can be simpli�ed as follows.

(i) When Bu(�) = Bu0 , C(�) = C0 and Du(�) = Du0 ,
the inequality of (17) can be replaced by the following:

~	(�; _�) +MĤc(�) + ĤT
c (�)M

T <0

where

~	(�; _�) =

2
64

W (�; _�) + ~W (�) ? ?

C0P ~�TP +Du0S

T (�) �
I ?

~BTw DT
w(�) �
I

3
75

~W (�) = ~BuS

T (�) + 
(�)ST ~BTu

Ĥc(�) =
�
Hx(�) 0 0

�
and W (�; _�) is as in (13). Note that now ~Bu reduces to
~Bu =

�
BT
u0

0
�T
.

(ii) When C(�) = C0, the inequality of (17) can be
replaced by the following:2
66664
W (�; _�) ? ? ?

ST ~BTu 0 ? ?

C0
~�TP Du(�)S �
I ?

~BTw 0 DT
w(�) �
I

3
77775+M ~Hc + ~HT

cM
T<0

where W (�; _�) is as in (13) and

~Hc(�) =

"
Hx(�) 0 0 0


T (�) �In 0 0

#
:

5. EXAMPLES

Example 1. This example deals with the problem of
robustH1 performance analysis for the unforced system
of (4) with

A(�) =

�
�1� 1:3� �0:5� 20�
�1 + 2� �2� 10�

�
;

Bw(�) =

�
1 + 2:2� �4 + 0:5�
�1� 6� �1� 5�

�
; C(�) =

�
1 0
0 1

�

where � is an uncertain real time-varying scalar. We
shall consider the problem of �nding the smallest 
 at-
tenuation level obtainable from Theorem 3.1 for di�er-
ent rates of variation of �. Using Theorem 3.1, and as-
suming that � 2 [0; 1] (which ensures quadratic stability
of the above system), three types of Lyapunov matrices
P(�) will be considered to illustrate the dependence of
the minimum 
 on both P(�) and the parameter rate
of variation. We shall refer to the cases where P(�)
depends quadratically and a�nely on � as bi-quadratic
and a�ne-quadratic approaches, respectively, whereas
the quadratic approach corresponds to P(�) independent
of �. Note that an a�ne-quadratic approach can be ob-
tained from Theorem 3.1 by zeroing the block partition
P2 of (8), whereas the quadratic approach corresponds
to the case where P1 = 0 and P2 = 0. Fig. 1 displays
the minimum bound 
 for the system H1 norm in func-
tion of _� obtained from Theorem 3.1 for the three cases
as above. Clearly we conclude from Fig. 1, that the bi-
quadratic approach provides smaller H1 performance
bounds.

5.50 5.72 5.94 6.16 6.38 6.60 6.82 7.04 7.26 7.48 7.70

0

1

2

3

4

5

6

7

8

9

10

Bi-Quadratic
Affine-Quadratic
Quadratic




j _�j

Figure 1. Minimum 
 as function of _� for � 2 [0; 1]

Example 2. Consider the system of (1) with

A(�) =

�
�4:1� 3� 1
�2� 2� 3:2�

�
;

Bw(�) =

�
�0:03
�0:47

�
; Bu =

�
3
2

�
;



C(�) =

�
1 1
0 0

�
; Du(�) =

�
0
1

�
; Dw(�) =

�
0
0

�
:

It can be easily veri�ed that the above system is un-
stable for � < 0:56414. We shall consider the prob-
lem of designing a state-feedback controller which en-
sures exponential stability and a guaranteed H1 per-
formance for any � satisfying j�j � 4 and j _�j � 5. Using
the method of Theorem 4.1, the control gain that pro-
vides the smallest bound 
 for the system H1 norm is
K =

�
1:15437 �34:23263

�
and the corresponding value

of 
 is 2:65248.

6. CONCLUSIONS

This paper have presented LMI methods for solving
the problems of robust H1 performance analysis and
control design for linear systems with real time-varying
uncertain parameters in the system state-space model.
The uncertain parameters enter a�nely in the matri-
ces of the state-space model and the admissible values
of the parameters and their rates of variation are sup-
posed to belong to a given polytope. The developed
methods incorporate information on the bounds on the
rates of variation of the parameters and have the feature
that the Lyapunov function as well as the upper-bound
on the system H1 norm are parameter-dependent. A
method for designing a robust H1 controller via static
state feedback has been provided.
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