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Abstract

Nonlinear Model Predictive Control (NMPC) is be-
lieved to play an important role in improving the qual-
ity and flexibility of the production of many chemical
plants. More widespread application can be expected
when systematic solutions are found for modeling large-
scale nonlinear processes and for efficient solution of the
dynamic optimization problems NMPC entails. The
control parametrization approach to dynamic optimiza-
tion solves the dynamic optimization problem as a Non-
linear Program using e.g. the Sequential Quadratic
Program (SQP) in the outer loop optimization prob-
lem. In the SQP approach, a reduced space Quadratic
program is set up based on a quasi-Newton method
estimate of the Hessian. We propose, based on an in-
vestigation of the structure of the Hessian of the NMPC
problem, a different Hessian update procedure: part of
the Hessian is calculated explicitly and only the part
that relates to the second derivatives of the dynam-
ics is estimated using a Hessian update. The proposed
method shows a large improvement in computational
efficiency for a semi-large-scale Poly-Ethylene reactor
NMPC problem with 27 states and 6 inputs with 15
parameters each.

1 Introduction

Chemical industries are faced with rapidly changing
market situations and high competition. The present-
day market of chemicals is characterized by its enor-
mous diversity and is highly demand-driven. To guar-
antee profitability of operation of existing production
processes, often advances need to be made with re-
spect to the quality and the flexibility of the produc-
tion. One of the most popular and promising solutions
in the field of process control is Model Predictive Con-
trol (MPC). Numerous successful implementations were
reported (Froisy 1994), of which most are linear MPC
applications. In respond to the industrial incentive to
enable application of MPC on strongly nonlinear pro-
cesses (e.g. batch or multi-product chemical plants such

as HDPE plants), a lot of research on Nonlinear MPC
(NMPC) has been done (see e.g. Henson (1998) for a re-
view). However, widespread application of NMPC can
only be expected when systematic solutions are found
for modeling large-scale nonlinear processes and for ef-
ficient solution of the dynamic optimization problems
that NMPC entails. This paper provides a contribution
to the efficient solution of these optimization problems.

The characteristics of the dynamic optimization prob-
lems to be solved within NMPC have been studied
extensively. Two basic solution methods for dynamic
optimization can be distinguished: the sequential ap-
proach and the simultaneous approach. The sequen-
tial approach utilizes parametrization of the controls to
discretize the problem (see e.g. Vassiliadis (1993)). An
integration tool is used to evaluate the model equations
and hence the objective function, the constraints and
the gradients. Successive search directions towards the
local optimum are determined by an outer loop opti-
mizer, which is generally a Sequential Quadratic Pro-
gramming tool (SQP). In the simultaneous approach,
both the controls and the states are parametrized (Li
et.al. 1989) to transform, mostly via collocation on fi-
nite elements, the dynamic optimization problem into
a Nonlinear Program which can be solved using a Non-
linear Programming tool (e.g. SQP or the Generalized
Reduced Gradient method (GRG)). The big advantage
of the simultaneous approach is that the objective func-
tion and the process model equations converge simul-
taneously (infeasible path method), while the process
model equations are necessarily satisfied in every iter-
ation in the sequential approach. Also, the simultane-
ous approach can handle open loop unstable processes.
However, the sequential approach is simpler in imple-
mentation and especially for stiff systems, it may actu-
ally be an advantage instead of a disadvantage that the
model equations are satisfied every iteration. Another
advantage of the sequential approach for on-line appli-
cation is that intermediate solutions are feasible (with
respect to the model equations). For these reasons, in
our research we focus on the sequential approach.



The general purpose sequential approach to dynamic
optimization can be relatively inefficient for problems
with a specific and known structure such as the NMPC
problem, which has only linear and quadratic terms in
its objective functions. In this paper, we will show how
the NMPC problem structure can be exploited by modi-
fication of the reduced space Hessian update of the SQP
solver. The main idea is that instead of updating the
full reduced space Hessian we can calculate part of the
reduced space Hessian explicitly and estimate only the
part that relates to the (unknown) nonlinear dynamics.
A similar idea was posed in (Biegler 1992) for increas-
ing the efficiency in simultaneous optimization methods
for dynamic data reconciliation.

First, in Section 2 we introduce the NMPC problem
formulation which is considered in this optimization
study. Then, Section 3 explains how the standard SQP
approach proceeds in solving the NMPC problem. In
Section 4 the modified approach for dynamic optimiza-
tion is motivated and described. Results on the opti-
mization efficiency of both optimizers are shown for the
case of a polymerization reactor grade change problem
in Section 5. Finally, conclusions are given in Section 6.

2 Problem formulation

Without too much loss of generality, assume the dy-
namics of the process that is to be optimized to be
described by a DAE system:

.’i/':f(ZU,U,U), 0:g(m,u,v), y:Cyv, (1)

where z € R™ v € R, and v € R™ are respectively
the state, algebraic and input variables. y € R are
the output variables, which appear in the objective or
in the constraints. The general NLMPC objective J
contains time-varying linear and quadratic weights on
inputs and outputs and a linear-quadratic weight on
the terminal state x(ty):

J = FTa(ty) +a(t;)TQu(ty) + |,

Input and output constraints are linear and possibly
time-varying and defined as follows:

Gu(t)u < gu(t), Gy(t)y < gy(t), 3)

with G,, € R*»*" g, € R* G, € R**™ and g, €
R™¢ the constraint matrices, and with nc, and ncy the
number of input respectively output constraints. Note
that we do not model explicitly a terminal state con-
straint, which is in most NMPC formulations included
for stability (see e.g. Henson (1998) for an overview).
Extension with such a constraint is straightforward.

The receding horizon optimal control problem is defined
as to minimize (2) subject to (1) and (3) over u € U,
with £(0) = &, and where & = L?[0,t7) := {f :
[0,t7) = R™|sup, |fi(t)] < oo,Vi=1,... ,nu}.

To discretize optimal control problem I we introduce the
Riemann sum to approximate the integral objective.
The discretized objective becomes:

N—1
J=FTzn + 28 Qxy + Z T (f(y,i)yi + yiTQiyi
i=0
+fupui + UzTTiUi) , (4)

where N is the number of discretization intervals. The
discretization is assumed time-uniform, with the length
of each interval equal to 7 = t;/N. Further, u; =
u(it), y; = y(it), and z; = z(it). We now assume
that v is parametrized using zero-th order splines with
length equal to 7. This is not a necessary assumption
but it does simplify the description to follow. Then, if
we introduce the operator F.(-) for the integration of
the DAE system over one time interval 7 with constant
input u; the model equations can be written as

Tip1 = Fy, (wq,ui), yi = h(zs, u;) (5)

Further, we evaluate the constraints at times
0,7,27,37,... ,(N — 1)7:

Gu,iui < Gu,is Gy,iyi < Gy.,i» (6)

for: = 0,1,2,... ,N — 1. Then, the discretized opti-
mal control problem can be defined as to minimize (4)
subject to (5) and (6) over p = [ud ul ... uy], with
Zo = Zo. This problem will be under consideration in
the remainder of this section.

3 Standard sequential approach, using SQP

The conventional sequential solution approach is based
on the discretization of the controls: u = 8(p,t) as in
control problem II. An initial parameter vector is cho-
sen. With the according input trajectories, the model
is integrated using a numerical solver to obtain values
for the objective function .J, the constraints g and the
gradients % and g—i. The optimizer calculates on the
basis of the gradients a new search direction which is
then implemented on the model. This scheme is exe-
cuted iteratively until a local optimum is found.

3.1 Function evaluation

A shortcut notation for the objective evaluation is ob-
tained by stacking the outputs and inputs in long vec-
tors:

J=FTen +25Qrn + [fyTy +y'Qy + ffu+ uTRu],
(M



where
y = [ vl - ynl"
u = [ulul oWk 7,
fu = T[fgzo 3:1 Z‘Nfl]T7
f, = T[fgzo fyT,l fy,Nfl]T’
Q = rdiag((gg ¢f --- gk 4]), and
R = rdiag([rd I ... 7% ).

Here, a = diag(b) means that a is a square matrix with
the entries of vector b on the diagonal and zeros on the
upper and lower diagonal triangular sub matrices.

A shortcut formulation of the constraints can also be
achieved:

G“ 0 u gu:|
= - <0, 8
=[5 e ][] lE ] o
where G, € RNnewxNnu G, € RNney <Ny g ¢

RN and gy € RN"¢v are constructed through the
combination of inequalities (6).

3.2 Gradient evaluation

In a general setting let the objective be given by the
functional J(y(p),u(p),zn(p)). Then, the objective
gradient can be calculated as

0J _0Joy  9Jou

oJ + 8J al‘N
Op Oy dp Oudp

— . 9
orn Op ©)
For the NMPC objective, the Jacobian matrices g—i €

R *Nny g—fl € RI*Nnv and 8‘1‘; € R can be cal-
culated as follows.

g—i = fyT+2yTQ,
22 = fl'+2u’R, (10)
2L = FT 4+ 2:Q.

The Jacobian matrix ‘g—‘p‘ € RNmxnp ig calculated from
the parametrization that is used. In our case, with the
uniformly distributed zeroth order spline parametriza-
tion we have g—‘p‘ = 1. g—z € RNmwxnp and Bg—;’ €
R™**"P finally, the so-called “sensitivity matrices”, rep-
resent a linearization of the DAE and can be calculated
in several ways, which will be discussed later on in this

section.

The constraint gradients can be calculated by differen-
tiating (8) with respect to p which yields

0 G, O gu
a_i:[o GyHg’_g] (11)

Calculation of the sensitivity matrix

One way to calculate g—z is to sample at the time in-
stances {0, 7,27,...,ts} the solution of the sensitivity

equations (Stgren et.al. 1995):

o (o) _ ar| (o= 4 ar| (o) 4 off (2w
ot \ Op ¢ - dz It \ Op ¢ dult \ dp ¢ v It \ Op t,
- Y oz 99 du e} ov
0 = oz t(@p)t+ ou t( p>t+ v t( p)t’

(5), - o

where .|; is a shortcut notation for .|;—z(¢),u=u(t),v=v(t)-
The integration of the sensitivity equations can be very
time-consuming. To avoid this, approximations to solv-
ing (12) can be used. For the NMPC optimization prob-
lem we propose an infinite order fixed step explicit in-
tegration scheme:

oz _ A:h [ Bz h As du
(3),., = e (%), + foeeasmi (5),.
0, O o
(), = o (%), +0 (),

(12)

(13)
with
—1
_of ar| (o 9
A = mt—%t(a—i) R
B, = 4| -4l (& )’1@
ou t 880 t_lagt ou t (14)
G = _Cy(a_zt) B_’g”t’
D — —c (22| ) 2
t Y\ ov|, dul,’

with integration time step h. This explicit integration
scheme is based on an assumption of local linearity of
the dynamics in each interval of length h. The choice
of h is a trade-off between integration accuracy and
efficiency and is constrained from above by 7. For
smoothly nonlinear processes, choosing h equal to 7
may give satisfactory results, thence requiring only N
evaluations of the Jacobian matrix; in other cases, we
can choose h smaller or resort to implicit schemes at the
expense of increased computation time. A practical ad-
vantage of this approach is that it enables to perform
gradient evaluations external to the integration code
and even on a different processor.

3.3 SQP optimization problem formulation
Applying the standard SQP optimization procedure
(e.g. Nash et.al. (1996)) to the dynamic optimization
problem on hand leads to the following iterative scheme
(details are omitted):

step 1: set ¢, the iteration number to ‘0’ and choose

an initial parameter vector p°, an initial Hessian ma-

trix H? (normally chosen the identity matrix), and an

initial A°; a proper estimate of H° and A° can be taken

from the previous NMPC execution to warm start the

optimization in this cycle.

step 2: calculate the objective J? and the constraints

g'.

step 3: calculate the gradient of the reduced space La-
J+A”g>(

op

grangian V;C = o p) and of the constraints



Vig = g—i(p) using respectively (9),(10), and (11).
step 4: if i > 0 update the reduced space Hessian esti-
mate H* based on V£ and Vi~' £ with a quasi-Newton
approximation method.
step 5: solve the reduced space QP

H&lpn [V;C]TAp + %'ApTH’Ap (15)

sit. [Vig]TAp+gi <0,

for the search direction Ap, and update the estimate of
the Lagrange multiplier.
step 6: Find a suitable search step s* through the
execution of a line search procedure such that M (p® +
s*Ap) < M(p') for an appropriate Merit function M.
Set p*t! = p* 4+ s*Ap, check the termination conditions
and on failure proceed with step 3.

The termination conditions mentioned in step 6 are
generally expressed in terms of a maximum allowed
change in the objective and the solution p in the last
iteration.

4 Modified SQP approach

The standard implementation of SQP has a major
drawback: the estimation of the Hessian is based on
successive gradient evaluations only. As a consequence,
if the estimated Hessian deviates significantly from the
real Hessian, the quality of the search steps will be poor
and many costly iterations will be required to converge
to a local optimum. For these reasons we propose, in
view of dynamic optimization for NMPC, a modifica-
tion to the conventional SQP approach which does al-
low to use specific problem structure aiming to speed
up convergence.

First, let us investigate the characteristics of the true
reduced space Hessian of the NMPC problem:

Hl,l(p) H1,2(P) Hl,np (p)
Hyi(p) H22(p) ---

H(p) = . : .. ’
an71(p) anrnp (p)

(16)

2 o%g
where Hy(p) = B(Zkl;l (p) + AT 8pkpl (p). Using 2 8pk

Nny oJ dy: Nnu 9J du; 8J  Ozn (%)
Zi:l 0y Opk + Ei:l Ou; Opy, + Zz 1 9z~ (i) Opk
(compare (9)) we can derive

9°J ZNny ENny 8%J Oy Oy 8J 9%y
Oprp1 j=1 0yi0y; Opi1 Opk 0y OprOp1
Nnu 2] 08u; du, 8J 0%u;
+ X (Z] 1 Du;u; Op: Opx ) T Du; Oprop
nw 0%J oz (j) Oz (i)
+ Yo (EJ 1 Dan(0002n () Op Ok

aJ 8301\1(1)
T 0an D) Oveom

(17)

8gm _ Nny 9dg,, 8y Nnu 9gm du;
Further, using =Dl Bt il e

we find, for constralnts which are linear in y and u:

+ 2 u, opop”

g { dg,, O
OprOpy Z 0y; 8pk8pz

Based on this understanding of the structure of the re-
duced space Hessian, we now propose to partition the
Hessian as follows:

H(p) = H°(p) + H(p), (19)

where H¢ contains the second derivatives of the objec-
tive and only first derivatives of the dynamics:

¢ _ Nny Nny 52%J dy; dy:
Hinp) = i (Ej:1 Byiy; Opi Opk
Nnu Nnu §%J Ouj juy

+ Yimt (Zj 1 Bulau] D91 Opi

J BCEN(j) 8zN(i)
+ Z (Z] 1 dzn(i)0zN(j) Om Opr ’
(20)

and H? contains the second derivatives of the dynamics
and only first derivatives of the objective:
d _ Nny aJ _8%y; Nnu 8J _8%u;
H(kJ) b)) = Xin Dy Opeop T 2is du; dpi,dpr

8J _ 9%an (i)
+ Zz 1 Ozn (i) OprOp;

N(ncu+ncy) Nny dg, 0%yi
+ Z Am Ei:l Oyi 8Pkapl+

ZNnu 0gm O0%u;
i=1 Ou; Oprdp | °

(21)

H¢(p) can be calculated explicitly based on the gradi-
ent of the dynamics in combination with the analytic
expression of the cost functional. For the NMPC prob-
lem discussed in this chapter it can be easily verified
that

ornT Orn 8yT oy

Bp Q@p +8p Q6p+R (22)
For systems with weakly nonlinear dynamics, using
H(p) = H¢(p) as an approximation of the reduced
space Hessian in every iteration may yield adequate
search directions (this approach shows strong similari-
ties to the Gauss-Newton approach for solving nonlin-
ear least-squares problems). For systems that do not
satisfy this ”weak-nonlinearity condition” performance
may be poor using this approximation of the reduced
space Hessian which motivates the inclusion (in some
way) of the contribution of the second order derivatives
of the dynamics in the approximation. We propose to
construct (and update) this contribution based on suc-
cessive evaluations of the gradient like in the conven-
tional SQP approach discussed before. Applying the
BFGS update yields:

H(p) =

i i) ( Fdvig\T iniT

( iT)( S - (23)
s Hd,zsz ,Yszz

where s' = pt! —pi, and ' = ViH LV L— Ho st

Other update schemes can be used when deemed appro-

priate.

Hd,i+1 — Hd,i+1 _
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Figure 1: Schematic process flow sheet of the gas phase
HDPE polymerization process

5 Example

We consider the implementation of NMPC for grade
change control of a High-Density Poly-Ethylene reactor.
A similar process was studied by (McAuley et.al. 1992)
in their optimization studies. A schematic flow sheet of
the polymerization reactor considered is shown in Fig-
ure 5. The gaseous monomers, Ethylene and Butene,
together with Hydrogen and Nitrogen enter the reactor
at the bottom. Only part of the gas flow reacts on the
catalyst surface in the fluidized bed; the rest leaves the
reactor through the gas cap and is recycled through the
counter current flow heat exchanger in which the heat
of reaction is removed. Part of the content of the re-
actor can be flared through the purge. The reactions
are modeled according to Ziegler-Natta kinetics. The
NMPC is used as a supervisory controller on top of a
basic control systems consisting of a temperature con-
troller, a pressure controller, a level controller and a
ratio controller for the feeds. The model available for
optimization studies is similar to the one used in (Schot
et al. 1999). For this study, we approximated this model
by a Wiener nonlinear model with 27¢* order linear dy-
namics and static nonlinearities in the outputs. The
inputs and outputs considered are, together with their
respective bounds given in Table 1.

The grade change optimization problem is defined as
follows: to switch the plant from producing a certain
polymer grade A (density: 933.6 kg/m3, log(melt in-
dex): -0.44) to producing a polymer grade B (density:
930.2 kg/m?, log(melt index): 7.15) in 7 hours with
a user-defined compromise between low costs and low
control energy. The transition time is assumed to be
determined from an off-line dynamic optimization with

mv/cv | description Ib ub
u(1) extra but. feed [kg/hr] - -
u(2) extra hydr. feed [kg/hr] - -
u(3) nitr. feed [kg/hr] 0
w(4) cat. feed [kg/hr] 0 1
u(5) bed level setpoint [m] 5 7
u(6) purge flow [kg/hr] 0 10
y(1) density [kg/m3] t € [0,4] 932.6 | 934.6
te[11,15] | 929.2 | 931.2
y(2) log(melt index) ¢ € [0, 4] -1.4 0.6
te[11,15) | 6.15 | 8.15
y(3) production [kg/hr] 2000 | 5000
y(4) cooling water flow [kg/hr] 1000 | 52000
y(5) eth. feed [kg/hr] 0 5000
y(6) but. feed [kg/hr] 0 1000
y(7) hydr. feed [kg/hr] 0 100
y(8) nitr. mass fr. gas phase [—] | 0.6 0.7

Table 1: manipulated variables and controlled variables
with their respective upper and lower bounds.

a more complex and stronger non-linear objective (how
such a problem can be formulated and solved is de-
scribed in Schot (1999)). The NLMPC objective is a
mixed economic-control objective: J = scJ¢¢ + J,
with weighting factor sc. The economic objective is
defined as follows:

Jo = Z:io PethYs + PbutYe + Phydy7 + Pnitys
3 10 14
— D0 PpolAY3 — D i—4 Prolof fY3 — D_i—11 ProlBYS3,
(24)

where ppoia is the price of polymer grade A and ppon
is the price of polymer grade B. ppoory is the price of
off-spec polymer which is in this case chosen lower than
the price of the raw material; hence, there is a strong
incentive to decrease the production during the transi-
tion. The control objective is chosen such that product
quality variance and control energy are penalized:

S io 430, wi(f) i (d)
im0 X1 4 (i (§) — Yiee(1)” (25)
Zl}in Z?:l 45 (:(3) = yare (4))%,

with » = [1.107° 1.107% 1.107* 1.10~® 1 1.1077],
¢q=1[11000000],and y4,(1) = 933.6, y2,(2) =
—0.44, yB,(1) = 930.2, yB,(2) = 7.15. No end-
weighting was defined since the horizon length is long
enough to reach steady-state.

JC

+ + 1l

The mv’s are parametrized as piece-wise constant in-
puts with 15 parameters each. The optimization is done
using the standard SQP approach first. For sc = 0.5
more than 50 iterations were required before the so-
lution tolerance was within the termination criterion.
The solution found was -6.5848. Convergence was es-
pecially slow close to the solution. The modified SQP
approach required only 17 iterations to converge to the
same optimum. The solver progress is plotted in Table 2
for both methods for the first 20 iterations of both op-
timization cycles. As can be seen, convergence of the
modified SQP approach is much faster. The trajecto-
ries of the most significant cv’s are shown in Figure 2
for solutions of the optimization problem with three
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Figure 2: Result of the NMPC optimization grade tran-
sition control for a HDPE reactor. solid line:
sc = 0.01, dotted line: sc = 0.5, dashed line:
sc=1.

values of sc. Constraints are indicated with bold lines.
As expected, a stronger weighting of the economic ob-
jective leads to more aggressive changeovers, where the
decrease in (money-wasting) off-spec production during
the transition is rudely enforced.

6 Conclusions

In this paper, we discussed the characteristics of the dy-
namic optimization problem one encounters when ap-
plying Nonlinear Model Predictive Control. The gen-
eral purpose Sequential Quadratic Programming ap-
proach to solving such problems appears to be ineffi-
cient for this class of problems, since the special struc-
ture of the Hessian is not exploited. The SQP can be
tailored to NMPC applications by modifying the SQP
Hessian update algorithm: the part that relates to the
second order terms in the objective is calculated explic-
itly and only the second order dynamics terms are es-
timated using a secant update method. The proposed
method shows a large improvement in computational
efficiency for a semi-large-scale Poly-Ethylene reactor
NMPC problem with 27 states and 6 inputs with 15
parameters each.

iteration function value
conventional SQP | modified SQP

1 63.2788 63.2788
2 -1.1759 -3.0606
3 -3.3057 -5.4088
4 -5.1138 -6.2683
5 -5.3091 -6.5682
6 -5.5545 -6.5706
7 -6.0191 -6.5739
8 -6.4060 -6.5814
9 -6.4394 -6.5825
10 -6.5151 -6.5831
11 -6.5256 -6.5837
12 -6.5295 -6.5840
13 -6.5310 -6.5842
14 -6.5347 -6.5844
15 -6.5386 -6.5846
16 -6.5395 -6.5847
17 -6.5401 -6.5848
18 -6.5407 -6.5848
19 -6.5419 -]

20 -6.5430 -]

Table 2: Solver progress for the first 20 iterations for the
mixed economic-control objective NMPC prob-
lem with sc = 0.5.
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