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Devwudfw

Wklv sdshu ghdov zlwk joredo rxwsxw uhjxodwlrq ri xqfhu0
wdlq qrqolqhdu v|vwhpv d�hfwhg e| glvwxuedqfhv zklfk
duh jhqhudwhg iurp d nqrzq h{rv|vwhp1 Wkh lqirupd0
wlrq qhhghg iru wkh frqwuro ghvljq lv wkdw wkh xqfhuwdlq
v|vwhp vdwlv�hv wkh jhrphwulf frqglwlrqv iru wkh rxwsxw
ihhgedfn irup zlwk vwdeoh }hur0g|qdplfv dqg wkh sdud0
phwhul}dwlrq lv olqhdu iru xqnqrzq frqvwdqw sdudphwhuv
dqg wkh xqphdvxudeoh glvwxuedqfhv1 Wklv lqirupdwlrq
lv plqlpxp frpsduhg zlwk wkh frqglwlrqv vshfl�hg lq
wkh olwhudwxuh iru joredo rxwsxw uhjxodwlrq1

4 Lqwurgxfwlrq

Rxwsxw uhjxodwlrq ri qrqolqhdu v|vwhpv kdv dwwudfwhg
wkh dwwhqwlrq ri frqwuro hqjlqhhuv lq uhfhqw |hduv1 Zkhq
wkh h{rjhqrxv vljqdov +lqfoxglqj erwk uhihuhqfh vljqdov
dqg glvwxuedqfhv, duh jhqhudwhg e| nqrzq dxwrqrprxv
h{rv|vwhpv/ orfdo uhvxowv kdyh ehhq vkrzq lq ^4/ 5` xv0
lqj wkh ixoo lqirupdwlrq lqfoxglqj wkh phdvxuhphqwv ri
h{rjhqrxv vljqdov dv zhoo dv vwdwhv1 Wkh qhfhvvdu| dqg
vx�flhqw frqglwlrqv iru h{lvwlqj d orfdo ixoo lqirupdwlrq
vroxwlrq duh vshfl�hg dv wkdw wkh olqhdul}hg v|vwhp lv
vwdelol}deoh dqg wkhuh h{lvwv d fhuwdlq lqyduldqw pdq0
lirog ^4`1 D vhpljoredo h{whqvlrq wr wkhvh uhvxowv iru
d fodvv ri ihhgedfn olqhdul}deoh v|vwhpv lv uhsruwhg lq
^6`1 Rxwsxw uhjxodwlrq ri huuru ihhgedfn lv vroyhg uh0
fhqwo| ^7/ 8` zlwk wkh dssolfdwlrq ri v|vwhp lpphuvlrq
whfkqltxh1 Wkh xqfhuwdlqw| sdudphwhul}hg e| xqnqrzq
frqvwdqw sdudphwhuv duh wuhdwhg dv vshfldo fdvhv ri h{0
rjhqrxv vljqdov dqg wkh vroxwlrq/ h{whqghg iurp wkh
huuru ihhgedfn uhjxodwlrq/ lv uhihuuhg wr dv vwuxfwxudoo|
vwdeoh uhjxodwlrq1 D vhpljoredo dgdswlyh rxwsxw ihhg0
edfn frqwuro lv suhvhqwhg lq ^9` iru qrqolqhdu v|vwhpv
uhsuhvhqwhg e| lqsxw0rxwsxw prghov/ xvlqj d kljk0jdlq
revhuyhu1 Joredo vroxwlrqv iru rxwsxw uhjxodwlrq xvlqj
vwdwh ru sduwldo vwdwh ihhgedfn duh vkrzq iru vwulfw ihhg0
edfn v|vwhpv lq ^:` dqg iru h{whqghg vwulfw ihhgedfn
v|vwhpv lq ^;`1

Lq wklv sdshu/ zh frqvlghu wkh joredoo| dv|pswrwlf rxw0
sxw wudfnlqj ri dq| vprrwk wudmhfwrulhv xvlqj rxwsxw
ihhgedfn iru d fodvv ri xqfhuwdlq v|vwhpv zlwk glvwxu0
edqfhv jhqhudwhg iurp nqrzq h{rv|vwhpv1 Zh dvvxph
wkdw wkh xqfhuwdlq qrqolqhdu v|vwhp vdwlv�hv wkh frqgl0
wlrqv vshfl�hg lq ^<` vr wkdw lw fdq eh wudqviruphg wr
wkh rxwsxw ihhgedfn irup xvhg lq ^</ 43`1 Dqrwkhu dv0
vxpswlrq lv wkdw wkh }hur0g|qdplfv lv vwdeoh1 Qr rwkhu
dvvxpswlrqv/ vxfk dv wkh vljq ri wkh kljk iuhtxhqf| jdlq
dqg wkh erxqg ri wkh xqnqrzq sdudphwhuv/ duh qhhghg
lq wklv sdshu iru wkh frqwuro ghvljq1 Iru v|vwhpv lq
wkh rxwsxw ihhgedfn irup zkrvh xqnqrzq sdudphwhuv
duh frqvwdqwv zlwk nqrzq vljq ri wkh kljk iuhtxhqf|
jdlq/ dgdswlyh frqwuro dojrulwkpv kdyh ehhq sursrvhg
wr dfklhyh dv|pswrwlf rxwsxw wudfnlqj lq ^</ 43` xvlqj
dgdswlyh edfnvwhsslqj1 Zlwk wkh xqnqrzq sdudphwhuv
ehlqj lqwhusuhwhg dv glvwxuedqfhv/ doprvw glvwxuedqfh
ghfrxsolqj lv vkrzq lq ^44/ 45` dw wkh frvw ri dv|pswrwlf
rxwsxw wudfnlqj1 D frpelqdwlrq ri dgdswlyh rxwsxw
wudfnlqj dqg doprvw glvwxuedqfh ghfrxsolqj lv dfklhyhg
lq ^46`1 Iru wkh phwkrg sursrvhg lq wklv sdshu/ dv|ps0
wrwlf wudfnlqj yld rxwsxw ihhgedfn lv dfklhyhg surylghg
wkdw wkh xqnqrzq sdudphwhuv +ru glvwxuedqfhv, duh frq0
vwdqwv ru wkh| duh jhqhudwhg iurp d nqrzq h{rv|vwhp1

Wkh sursrvhg frqwuroohu lv d g|qdplf rqh wkdw rqo|
qhhgv wkh phdvxuhphqw ri wkh v|vwhp rxwsxw1 Wkh frq0
wuroohu g|qdplfv lqfoxghv wkh hvwlpdwlrq ri erwk vwdwh
yduldeohv dqg wkh xqnqrzq sdudphwhuv ru glvwxuedqfhv1
Zh sursrvh d qhz vwdwh hvwlpdwru/ gl�huhqw iurp wkrvh
hvwlpdwruv xvhg iru dgdswlyh rxwsxw wudfnlqj lq ^</ 43`/
wr wdnh lqwr wkh frqvlghudwlrq ri wlph0ydu|lqj qdwxuh
ri xqnqrzq glvwxuedqfhv/ dqg dw wkh vdph wlph/ wr
dfklhyh wkh g|qdplf vzdsslqj hqmr|hg e| wkh N0�owhuv
xvhg iru dgdswlyh rxwsxw wudfnlqj lq ^43`1 Vlqfh wkh vljq
ri wkh kljk iuhtxhqf| jdlq lv dovr xqnqrzq/ zh sursrvh
d Qxvvedxp jdlq lq wkh frqwuro ghvljq1 Edvhg rq wkh
sursrvhg vwdwh hvwlpdwru dqg wkh Qxvvedxp jdlq/ wkh
frqwuro lqsxw iru wkh rxwsxw uhjxodwlrq lv ghvljqhg xvlqj
dgdswlyh edfnvwhsslqj zlwk wxqlqj ixqfwlrqv wr dyrlg
ryhu0sdudphwhul}dwlrq1



5 Sureohp Irupxodwlrq

Zh frqvlghu d vlqjoh0lqsxw0vlqjoh0rxwsxw qrqolqhdu v|v0
whp zklfk fdq eh wudqviruphg lqwr wkh rxwsxw ihhgedfn
irup
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zkhuh { 5 Uq lv wkh vwdwh yhfwru/ x 5 U lv wkh frqwuro/
hl ghqrwhv wkh l froxpq ri wkh lghqwlw| pdwul{ L/ !l/
3 � l � s/ duh nqrzq vprrwk yhfwru �hogv lq Uq/ � =
U $ U lv d vprrwk ixqfwlrq dqg �+|, 9@ 3/ ;| 5 U/ e
lv dq xqnqrzq frqvwdqw yhfwru zlwk e� 9@ 3/ d ghqrwhv
xqfhuwdlq v|vwhp sdudphwhuv dv zhoo dv glvwxuedqfhv/
dqg lw lv jhqhudwhg iurp dq h{rv|vwhp

bd @ Vd+|,d +5,

Uhpdun 4= Wkh frruglqdwh0iuhh jhrphwulf frqglwlrqv
iru wkh h{lvwhqfh ri vwdwh wudqvirup iru wudqviruplqj d
qrqolqhdu v|vwhp lqwr +4, duh vshfl�hg lq ^<`1 e� 9@ 3 lq0
glfdwhv wkh qrqolqhdu v|vwhp ehiruh wkh wudqvirupdwlrq
kdv d frqvwdqw uhodwlyh ghjuhh ri �1 Lq wkh dgdswlyh rxw0
sxw wudfnlqj lq ^<`/ d dqg e duh dvvxphg wr eh xqnqrzq
frqvwdqw yhfwruv/ zkloh lq wkh doprvw glvwxuedqfh gh0
frxsolqj lq ^44`/ d lv dvvxphg wr eh erxqghg glvwxu0
edqfhv/ zlwk e nqrzq1 Lq ^46`/ d frqwdlqv frqvwdqw xq0
nqrzq v|vwhp sdudphwhuv dqg xqnqrzq erxqghg glv0
wxuedqfhv/ dqg e lv dq xqnqrzq frqvwdqw yhfwru1

Dvvxpswlrq 4= Wkh v|vwhp lv ri plqlpxp skdvh/
l1h1/ wkh sro|qrpldo E+v, @

Sq
l@� elv

q�l lv Kxuzlw}1

Dvvxpswlrq 5= Wkhuh h{lvwv d frqvwdqw srvlwlyh ghi0
lqlwh pdwul{ Sd vxfk wkdw

SdVd . VW
d Sd @ 3 +6,

Uhpdun 5= Zh gr qrw dvvxph wkdw wkh vljq ri wkh
kljk iuhtxhqf| jdlq e�/ xqolnh prvw ri wkh uhvxowv lq
dgdswlyh frqwuro olwhudwxuh1

Uhpdun 6= Dvvxpswlrq 5 lv vlplodu wr wkh qhxwudo
vwdeoh dvvxpswlrq ri wkh h{rv|vwhp dgrswhg lq ^4`/ wr
hqvxuh wkh erxqghgqhvv ri h{r0vljqdov1 Iurp Dvvxps0
wlrq 5/ zh fdq vwdwh/ zlwkrxw orvv ri jhqhudolw|/ wkdw Vd
lv vnhz0v|pphwulf/ l1h1/

Vd . VW
d @ 3 +7,

zklfk fdq dozd|v eh dfklhyhg e| uh0gh�qlqj d dqg �+|,1
Li wkh ruljlqdo xqnqrzq sdudphwhu yhfwru lv �d dqg lwv
d�qhg qrqolqhdu pdwul{ lv ��+|,/ zlwk b�d @ �Vd�d dqg
Sd

�Vd . �VW
d Sd @ 3/ wkhq zh fdq uh0gh�qh

d @ +Sd,
4@5�d +8,

�+|, @ ��+|,+Sd,
�4@5 +9,

Lq wkh uhpdlqlqj sduw ri wkh sdshu/ zh dvvxph wkh deryh
wudqvirupv kdyh ehhq grqh dqg +7, lv uhihuuhg wr zkhq0
hyhu Dvvxpswlrq 5 lv qhhghg1

Uhpdun 7= Frpsdulqj wkh h{rv|vwhp zlwk wkh rqh
lq ^4/ 7/ 8`/ Dvvxpswlrq 5 doorzv wkh h{rv|vwhp g|qdp0
lfv ghshqg rq wkh v|vwhp rxwsxw/ dv orqj dv Sd lv d
frqvwdqw srvlwlyh gh�qlwh pdwul{/ vdwlvi|lqj +6,1 Vlpl0
odu wr wkh dvvxpswlrq rq wkh h{rv|vwhp pdgh lq ^7/ 8`/
Dvvxpswlrq 5 dovr dffrpprgdwhv vlqxvrlgv ri nqrzq
iuhtxhqflhv/ exw zlwk xqnqrzq dpsolwxghv dqg skdvhv1
Iru h{dpsoh/ li d vlqxvrlg �+w, lv ri wkh iuhtxhqf| $g/
wkhq lw pxvw vdwlvi|

�� . $5
g� @ 3 +:,

li zh ohw d @ ^�> �@$g`
W / lw lv hdv| wr vhh
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Wkh rxwsxw uhjxodwlrq sureohp zh duh jrlqj wr vroyh lv
edvhg rq wkh gh�qlwlrq ehorz1

Gh�qlwlrq 4= Wkh rxwsxw uhjxodwlrq lv vdlg wr eh
joredoo| vroydeoh iru xqfhuwdlq qrqolqhdu v|vwhp +4, li
wkhuh lv d �qlwh glphqvlrqdo v|vwhp

b� @ �+�> |+w,> |u> = = = > |
�
u ,> � 5 Uu>

x @ x+�> |+w,> |u> = = = > |
�
u , +<,

vxfk wkdw iru hyhu| {+3, 5 Uq/ �+3, 5 Uu dqg iru hyhu|
erxqghg vprrwk rxwsxw uhihuhqfh |u zlwk erxqghg
ghulydwlyhv xs wr rughu �/ {+w,/ �+w, dqg x+w, duh
erxqghg ;w � 3/ dqg wkh rxwsxw wudfnlqj huuru/ | � |u/
dv|pswrwlfdoo| dssurdfkhv }hur1

6 Ghvljq ri Ilowhuv iru Vwdwh Hvwlpdwlrq

Iru g|qdplf rxwsxw ihhgedfn frqwuro/ vwdwh yduldeohv
qhhg wr eh hvwlpdwhg iru wkh frqwuro ghvljq gluhfwo| ru



lqgluhfwo|1 Ehfdxvh wkh vhsdudwlrq sulqflsoh dqg fhu0
wdlqw| htxlydohqfh frqwuro duh qrw dssolfdeoh wr qrqolq0
hdu v|vwhpv lq jhqhudo/ vwdwh hvwlpdwlrq lv h{shfwhg wr
eh gl�huhqw iurp revhuyhuv iru olqhdu v|vwhpv1 Iru wkh
rxwsxw ihhgedfn v|vwhp zlwk frqvwdqw xqfhuwdlq sdud0
phwhuv/ PW0�owhuv dqg N0�owhuv kdyh ehhq sursrvhg iru
vwdwh hvwlpdwlrq ru g|qdplf vzdsslqj lq ^</ 43`/ exw
wkh| fdqqrw eh xvhg iru wkh v|vwhp +4, wkdw zh duh frq0
vlghulqj/ dv d/ wkh xqnqrzq yhfwru iru sdudphwhuv dqg
glvwxuedqfhv/ lv wlph0ydu|lqj1

Zh uh0duudqjh wkh v|vwhp dv

b{ @ Df{. !3+|, . I W +|> x,� +43,

zkhuh wkh t @ q� �. 4 . s yhfwru � lv gh�qhg e|

� @
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dqg

I +|> x,W @
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�

Qrwlfh wkdw �/ frqwdlqlqj xqnqrzq v|vwhp sdudphwhuv
dqg xqnqrzq glvwxuedqfhv/ lv qrw frqvwdqw/ dqg lq idfw
zh fdq zulwh

b� @ V+|,� +44,

zkhuh V+|, @ gldji3+q��.4,�+q��.4,> Vd+|,j1

Iroorzlqj wkh lghd ri N0�owhu ghvljq lq ^43`/ zh dlp dw
dq h{srqhqwldoo| ghfd|lqj hvwlpdwlrq huuru � @ { � a{
zlwk

a{ @ � .
W �= +45,

zkhuh � dqg 
 duh wzr vljqdov jhqhudwhg iurp �owhuv wr
eh ghvljqhg1 Wkh �owhu iru � iroorzv wkh ghvljq dv lq
N0�owhuv dv

b� @ D3� . n| . !3+|,> +46,

zkhuh

n @ ^n4> = = = > nq`
W > D3 @ Df � nhW4 +47,

zlwk n ehlqj fkrvhq vr wkdw D3 lv Kxuzlw}1

Iru 
/ zh kdyh

b
W @ D3

W . I +|> x,W �
WV+|, +48,

zkhuh wkh odvw whup lv dgghg lq wr dffrpprgdwh wkh
wlph0ydu|lqj qdwxuh ri wkh xqnqrzq yhfwru �1 Vlplodu
wr wkh N0�owhuv lq ^43`/ wkh rughu ri wkh �owhuv fdq eh
uhgxfhg e|


W @ ^y�> = = = > yq>�`> +49,

b� @ D3� .�+|,� �Vd+|,> +4:,
b� @ D3�. hq�+|,x> +4;,

ym @ D
q�m
3 �> iru m @ �> = = = > q= +4<,

Wkh iroorzlqj ohppd vxppdulhv wkh surshuwlhv ri wkh
�owhuv iru odwhu xvh lq wkh sdshu1

Ohppd 614= Wkh vwdwh hvwlpdwlrq edvhg rq wkh �o0
whuv +46, dqg +48, kdv wkh iroorzlqj surshuwlhv=

+l, Ohw wkh hvwlpdwh ri wkh vwdwh eh jlyhq e|

a{ @ � .
W � +53,

dqg gh�qh wkh hvwlpdwlrq huuru e|

� @ {� a{ +54,

Wkhq hvwlpdwlrq huuru vdwlv�hv

b� @ D3� +55,

+ll, Wkh �owhuv +46, dqg +4:, duh erxqghg0lqsxw0
erxqghg0rxwsxw +ELER,/ l1h1/ li | lv erxqghg/
wkhq �/ � duh dovr erxqghg1

Surri= Wkh surshuw| +l, iroorzv iurp d vwudljkwiru0
zdug hydoxdwlrq ri b� @ b{� ba{ xvlqj +45,/ +46, dqg +48,1
Wkh erxqghgqhvv ri � iroorzv iurp wkh idfw wkdw D3 lv
Kxuzlw}1 Wkh uhpdlqlqj sduw ri wkh surri lv wr hvwdeolvk
wkdw �0v|vwhp +4:, lv ELER1

Ohw xv lqwurgxfh d qxpehu ri qrwdwlrqv iru frqyhqlhqfh1
Li P lv dq s� t pdwul{/ zkhuh P @ ^p4> = = = >pt `/ zlwk
pl dv wkh lwk froxpq yhfwru riP / wkhq yhf+P, ghqrwhv
wkh yhfwru rewdlqhg e| uroolqj rxw wkh froxpq yhfwruv
ri P / l1h1/

yhf+P, @

5
97

p4

111
pt

6
:8 +56,

Wkh gluhfw surgxfw ri wzr pdwulfhv P dqg Q / zklfk
lv dovr nqrzq dv wkh Nurqhfnhu surgxfw/ lv ghqrwhg e|
P 
Q 1 Wkh iroorzlqj xvhixo surshuwlhv frqfhuqlqj wkh
yhfwru ri d pdwul{ dqg gluhfw surgxfw ri pdwulfhv duh
h{wudfwhg iurp ^47`=

yhf+DEFW , @ +D
 F,yhf+E, +57,

+D
E,W @ DW 
EW +58,

+D
E,+F 
G, @ +DF,
 +EG, +59,

zkhuh D/ E/ F dqg G duh zlwk surshu glphqvlrqv vr
wkdw wkhlu surgxfwv fdq eh hydoxdwhg1

Xvlqj wkh qrwdwlrqv lqwurgxfhg deryh wrjhwkhu zlwk
+57,/ zh uh0zulwh wkh �0v|vwhp +4:, dv

g

gw
yhf+�, @ ^D3
L�L
V

W
d +|,`yhf+�,.yhf+�+|,, +5:,

Vlqfh D3 lv Kxuzlw}/ wkhuh h{lvwv d srvlwlyh gh�qlwh pd0
wul{ S vdwlvi|lqj

SD3 .DW
3
S @ �L +5;,

Gh�qh

Y� @
4
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yhf+�,W +S 
 L,yhf+�, +5<,



zkhuh +S 
 L, lv srvlwlyh gh�qlwh1 Hydoxdwlqj lwv ghuly0
dwlyh dorqj +5:,/ dqg xvlqj +58,/ +59, dqg Dvvxpswlrq
5/ zh kdyh
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 L,yhf+�+|,,n5 +63,

zkhuh �pd{+S , ghqrwhv wkh pd{lpxp hljhqydoxh ri S 1
Dsso|lqj Jurzq0Ehoopdq ohppd/ zh kdyh

Y�+w, � Y�+3,h
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5�pd{+S , n+S 
 L,yhf+�+|,,n5g� +64,

Wkhuhiruh/ wkh erxqghgqhvv ri | hqvxuhv wkh erxqghg0
qhvv ri Y� dqg �0v|vwhp lv ELER1 7

Uhpdun 8= Wkh revhuyhu edvhg rq +46,/ +48, dqg +53,
lv qrw lpsohphqwdeoh/ ehfdxvh lw ghshqgv rq � zklfk lv
xqnqrzq1 Krzhyhu/ lw grhv surylgh d qlfh vwdwlf uhod0
wlrqvkls ehwzhhq wkh vwdwh yduldeoh { dqg �=

{ @ � .
W � . � +65,

zklfk zloo eh xvhg lq wkh edfnvwhsslqj ghvljq wr uhsodfh
wkh xqphdvxudeoh vwdwh yduldeohv lq wkh vdph zd| dv
lq ^43`1 Wkh whupv lq 
W � zloo eh jurxshg wrjhwkhu
zlwk rwkhu whupv dvvrfldwhg zlwk � lq wkh ghvljq/ dqg
dgdswlyh frqwuro whfkqltxh lv wkhq xvhg wr ghdo zlwk wkh
xqfhuwdlqw| ri �1

Dq hvwlpdwru iru wkh xqnqrzq yhfwru � lv ghvljqhg dv

ba� @ V+|,a� . �� +66,

zkhuh a� lv dq hvwlpdwh ri �/ dqg �� lv dq lqwhuodfh ixqf0
wlrq wr eh ghflghg odwhu lq wkh frqwuro ghvljq1 Ohw
�� @ � � a�/ wkhq +66, fdq eh zulwwhq dv

b�� @ V+|,�� � �� +67,

7 Frqwuro Ghvljq

Vlqfh wkh wlph0ydu|lqj h�hfwv ri wkh h{rv|vwhp kdv ehhq
devruehg lq wkh �owhu ghvljq ri +48, dqg lq wkh revhuyhu
+67, lq wkh odvw vhfwlrq/ frqwuro ghvljq fdq eh fduulhg rxw
xvlqj dgdswlyh edfnvwhsslqj wrjhwkhu zlwk d Qxvvedxp
jdlq1 Gh�qh

}4 @ | � |u +68,

}l @ y�>l � �l�4> l @ 5> = = = > � +69,

}�.4 @ 3 +6:,

zkhuh �l/ l @ 4> = = = > �/ duh vwdelol}lqj ixqfwlrqv wr eh
ghflghg lq wkh frqwuro ghvljq1 Frqvlghu wkh g|qdplfv
ri }4

b}4 @ {5 . !3>4 .�+4,� � b|u +6;,

zkhuh wkh vxevfulsw +l, lv xvhg wr ghqrwh wkh lwk urz
ri d pdwul{1 Iurp wkh ghvljq ri wkh vwdwh hvwlpdwru/
lq sduwlfxodu/ iurp +65,/ zh kdyh {5 @ �5 . 
W

+5,� . �5/

dqg zh xvh wklv wr uhsodfh wkh xqphdvxudeoh {5 lq +6;,/
uhvxowlqj dw

b}4 @ �5 .
W
+5,� . �5 . !3>4 .�+4,� � b|u

@ e�y�>5 . $3 . �$W � . �5 � b|u +6<,

zkhuh $3 @ �5 . !3>4 dqg �$ @ ^3> y�.4>5> = = = yq>5>�+4, .
�+5,`

W 1 Vlqfh wkh vljq ri wkh kljk iuhtxhqf| jdlq/ e�/
lv xqnqrzq/ zh hpsor| d Qxvvedxp jdlq/ Q / lq wkh
frqwuro ghvljq1 Ohw

�4 @ Q+�,��4 +73,

zkhuh � lv d sdudphwhu jhqhudwhg e|

b� @ ��}4 ��4 +74,

zlwk �� ehlqj d srvlwlyh uhdo ghvljq sdudphwhu1 Wkh
Qxvvedxp jdlq Q lv d ixqfwlrq +h1j1 Q+�, @ �5 frv�,
zklfk vdwlv�hv wkh wzr0vlghg Qxvvedxp surshuwlhv ^48/
49`
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Q+v,gv @ .4 +75,
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�$	4

lqi
4

�

] �

3

Q+v,gv @ �4 +76,

zkhuh �$ 	4 ghqrwhv �$ .4 dqg �$ �4 uhvshf0
wlyho|1

Zh ghvljq ��4 dv

��4 @ �f4}4 � g4}4 � $3 � �$W a� � b|u +77,

zkhuh f4 dqg g4 duh wzr ri wkh srvlwlyh uhdo ghvljq sd0
udphwhuv fl dqg gl/ l @ 4> = = = > �1 Qrwlfh wkdw

e�y�>5 @ e�+}5 . �4, @ ae�}5 . e��4 .�e�}5 +78,

zkhuh �e� @ e� � ae�1 Wkhq iurp +77, dqg +6<,/ zh kdyh

b}4 @ ae�}5 . e�+Q+�,� 4,��4 . +�$ . }5h4,
W ��

�f4}4 � g4}4 . �5 +79,



Edvhg rq +79,/ zh ghvljq wkh �uvw wxqlqj ixqfwlrq

�4 @ +�$ . }5h4,}4 +7:,

Diwhu wkh ghvljq ri �4 wkh uhpdlqlqj vwdelol}lqj ixqf0
wlrqv fdq eh ghvljqhg lq d vlplodu zd| wr wkh vwdqgdug
dgdswlyh edfnvwhsslqj vkrzq lq ^43`1 Rplwwlqj wkh gh0
ulylqj surfhgxuhv/ zh eulh�| ghvfuleh wkh �qdo uhvxowv
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Lq wkh deryh/ wkh lqwhuodfh ixqfwlrqv �l duh gh�qhg e|

�l @ �l�4 � �
C�l�4

C|
$}l l @ 5> = = = > � +88,

zkhuh � lv d frqvwdqw srvlwlyh gh�qlwh pdwul{ vdwlvi|lqj
��4V+|, . V+|,W��4 @ 3/ dqg lq idfw zh fdq wdnh � @
��L / �� A 3/ iroorzlqj Dvvxpswlrq 5 dqg +7,1 Wkh
frqwuro lqsxw lv jlyhq e|

x @
4

�+|,
+�� � y�>�.4,= +89,

Wkhruhp 714= Wkh rxwsxw uhjxodwlrq sureohp lv
joredoo| vroydeoh iru v|vwhp +4, xqghu Dvvxpswlrqv 4
dqg 51

Surri= Edvhg rq wkh vwdelol}lqj ixqfwlrqv vkrzq lq
+7;, dqg +7<,/ wkh g|qdplfv ri }l/ iru l @ 5> = = = > �/ fdq
eh zulwwhq dv
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Iurp +79,/ +8:,/ +8;,/ +67,/ +7:, dqg +88,/ lw fdq eh
vkrzq wkdw
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5
l +95,

Wkh erxqghgqhvv ri Y fdq eh hvwdeolvkhv edvhg rq wkh
Qxvvedxp jdlq surshuwlhv +75, dqg +76, lq d vlplodu
zd| dv lq ^49` yld dq dujxphqw ri frqwudglfwlrq1 Lq
idfw/ lqwhjudwlqj +95, jlyhv

Y +w, .

] w

3

�[
l@4

fl}
5
l gw � e�@��

] �+w,

3

Q+v,gv

��@��+w, . Y +3, +96,

Li �+w,/ ;w 5 U./ lv qrw erxqghg iurp deryh ru ehorz/
wkhq iurp +75, dqg +76, lw fdq eh vkrzq wkdw wkh uljkw
kdqg vlgh ri +96, zloo eh qhjdwlyh dw vrph lqvwdqfhv ri
wlph/ zklfk lv d frqwudglfwlrq/ vlqfh wkh ohiw kdqg vlgh
ri +96, lv qrq0qhjdwlyh1 Wkhuhiruh � lv erxqghg/ zklfk
lpsolhv wkh erxqghgqhvv ri Y 1

Wkh erxqghgqhvv ri Y lpsolhv wkdw }l/ l @ 4> = = = > �/ ��
dqg � duh erxqghg1 Wkh erxqghgqhvv ri �� ixuwkhu lp0
solhv wkdw a� lv erxqghg/ edvhg rq Dvvxpswlrq 51 Vlqfh
| @ }4 . |u/ wkh erxqghgqhvv ri � dqg � iroorzv iurp
Ohppd 614 +ll,1 Wkh erxqghgqhvv ri � fdq eh hvwde0
olvkhg iurp Dvvxpswlrq 41 Wkhuhiruh/ x lv erxqghg dqg
zh fdq frqfoxgh wkdw doo wkh yduldeohv ri wkh ihhgedfn
frqwuro v|vwhp duh erxqghg1

E| dsso|lqj wkh lqyduldqw vhw wkhruhp wr +95,/ zh kdyh
olpw$4 }l+w, @ 3/ l @ 4> = = = > �/ zklfk hqvxuhv wkh dv0
|pswrwlf rxwsxw wudfnlqj/ olpw$4+|+w, � |u+w,, @ 31
7



8 Frqfoxvlrqv

Rxwsxw uhjxodwlrq xvlqj phdvxuhphqw ihhgedfn kdv
ehhq vroyhg iru xqfhuwdlq qrqolqhdu v|vwhpv zlwk wkh
plqlpxp lqirupdwlrq= wkh v|vwhpv fdq eh wudqviruphg
wr wkh rxwsxw ihhgedfn irup zlwk vwdeoh }hur g|qdp0
lfv dqg olqhdu sdudphwhul}dwlrq ri xqnqrzq sdudphwhuv
dqg glvwxuedqfhv1 Wkh xqfhuwdlqwlhv sdudphwhul}hg e|
xqnqrzq frqvwdqw sdudphwhuv dqg e| wkh xqphdvxu0
deoh glvwxuedqfhv jhqhudwhg iurp nqrzq h{rv|vwhpv duh
wuhdwhg lq d xql�hg zd|/ e| frqvlghulqj wkh xqnqrzq
frqvwdqw sdudphwhuv dv wkh glvwxuedqfhv jhqhudwhg iurp
wkh h{rv|vwhpv zlwk doo wkhlu ghulydwlyhv htxdo wr }hur1
Wkh vwdwh �owhuv duh uhghvljqhg wr devrue wkh g|qdp0
lfv ri wkh xqnqrzq sdudphwhuv/ dqg wkh wudglwlrqdo sd0
udphwhu dgdswlyh odz kdv ehhq uhsodfhg zlwk dq sd0
udphwhu hvwlpdwru zklfk lv vlplodu wr wkh wudglwlrqdo
vwdwh revhuyhu/ frqwdlqlqj wkh g|qdplfv ri wkh h{rv|v0
whpv1 D Qxvvedxp jdlq kdv ehhq xvhg wr wdfnoh wkh
xqnqrzq vljq ri wkh kljk iuhtxhqf| jdlq lq wkh frqwuro
ghvljq1 Wkh sursrvhg dojrulwkp h{whqgv wkh dssolfd0
wlrq ri edfnvwhsslqj whfkqltxh wr wkh vlwxdwlrq zkhuh
wkh xqnqrzq sdudphwhuv ru glvwxuedqfhv duh srvvleo|
wlph0ydu|lqj1 Frpsduhg zlwk wkh h{lvwlqj rxwsxw uhjx0
odwlrq dojrulwkpv lqfoxglqj vwuxfwxudo vwdeoh uhjxodwlrq/
wkh sursrvhg dojrulwkp r�huv d ehwwhu dowhuqdwlyh zlwk
wkh joredo rxwsxw wudfnlqj iru wkh fodvv ri wkh xqfhu0
wdlq v|vwhpv frqvlghuhg1 Dvvxpswlrq 5 pdgh rq wkh
glvwxuedqfhv lv qrw yhu| uhvwulfwlyh/ frpsduhg zlwk wkh
vwdqgdug qhxwudo vwdeoh dvvxpswlrq pdgh lq orfdo rxw0
sxw uhjxodwlrq1 Wkh h{rv|vwhpv vdwlvi|lqj Dvvxpswlrq
5 fdq eh ylhzhg dv olqhdul}hg yhuvlrq ri wkh qhxwudo
vwdeoh v|vwhpv durxqg wkh rshudwlqj srlqw/ dqg wklv
lv qhhghg iru joredo uhjxodwlrq1 Rxu dvvxpswlrq grhv
doorz vrph lqwhudfwlrq ehwzhhq wkh glvwxuedqfhv dqg
wkh rxwsxw/ zklfk lv qrw shuplwwhg e| wkh frpprq dx0
wrqrprxv qhxwudo vwdeoh dvvxpswlrq pdgh iru orfdo uhj0
xodwlrq1 Edvhg rq Dvvxpswlrq 5/ wkh glvwxuedqfhv duh
doorzhg wr eh vlqxvrlgv zlwk nqrzq iuhtxhqflhv exw zlwk
xqnqrzq dpsolwxghv xqnqrzq skdvhv/ zklfk fdq eh uh0
mhfwhg frpsohwho| e| wkh sursrvhg dojrulwkp xvlqj wkh
rxwsxw phdvxuhphqw rqo|1 Lq sudfwlfh/ wkh grplqdqw
iuhtxhqf| frpsrqhqwv lq glvwxuedqfhv fdq eh lghqwl�hg
e| vshfwudo dqdo|vlv/ dqg rqfh wkh iuhtxhqflhv duh lghqwl0
�hg/ wkh fruuhvsrqglqj frpsrqhqwv fdq eh frpsohwho|
vxssuhvvhg e| wkh sursrvhg dojrulwkp1 Lq fdvh wkdw
wkhuh duh huuruv ohiw ryhu diwhu wkh h{wudfwlrq ri grpl0
qdqw iuhtxhqf| frpsrqhqwv/ wkh| fdq eh wdfnohg xvlqj
wkh urexvw dojrulwkp ru doprvw glvwxuedqfh ghfrxsolqj
whfkqltxh/ dv orqj dv wkh| duh erxqghg1
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