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Abstract

Conditions are given that guarantee the convergence
of arbitrary solutions of an autonomous dynamical sys-
tem towards some equilibrium point of the system. The
conditions are formulated in terms of matrix inequal-
ities involving the variational equation. A connection
with analytic estimates of the Hausdorff dimension of
invariant compact sets is given.

1 Introduction

Stability analysis of closed loop nonlinear systems in
control theory is usually based on Lyapunov functions
(nonlocal methods) or first order approximation (local
methods). Control design which is based on lineariza-
tion around a desired position is far simpler in general
than nonlocal design. However, local methods do not
allow to estimate the region of attraction of the target
position. With this in mind it would be nice to have a
tool to estimate the region of attraction of an equilib-
rium point of a system of differential equations in terms
of the variational equation for the closed loop system.

It can be shown that if all solutions of an autonomous
system enter a domain diffeomorphic to a ball and this
domain does not contain periodic solutions then any
solution converges to an equilibrium point in this do-
main, provided the equilibria are isolated (recall that
if there is a positively invariant domain homeomorphic
to a ball then this domain contains at least one equi-
librium point). Thus the question of estimation of the
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region of attraction leads to a question under which
conditions a positively invariant domain does not con-
tain a periodic solution. In this paper we investigate
this question by a method which allows to estimate the
Hausdorff dimension of invariant compact sets [10].

In the paper we use the following notations. The Euc-
lidean norm in R" is denoted as | - |, |z|> = 27z, where
T stands for the transpose. For matrices the notation
||P|| stands for the spectral norm of P, i.e. [|P|? is
the largest eigenvalue of the matrix P P. FEigenval-
ues of the matrix PTP are called singular values of
P. If a quadratic form " Pz with a symmetric matrix
P = PT is positive definite then the matrix P is called
positive definite. For positive definite matrices we use
the notation P > 0. Ry stands for the set of nonneg-
ative reals. The solution of the system of differential
equations & = f(t,z), with z € R" starting at ¢y in xg
and calculated at ¢t will be denoted as x(t, to, zg), i.e.
x(to, to, o) = xp. Sometimes, if no confusion arises,
we will omit the dependence of some arguments.

2 Hausdorff dimension and Hausdorff measure

Consider a compact subset K of a compact metric space
X. Given d > 0, € > 0, consider a covering of K by
open spheres B; with radii r; < e. Denote by

WK, d,e) = infzr;l (1)

the d-measured volume of covering of the set K. Here
the infimum is calculated over all e-coverings of K.
There exists a limit, which may be infinite,

na(K) = sup (K, d, ).
e>0



It can be proved that u4 is an outer measure on X (see,
e.g. Proposition 5.3.1 in [7]).

Definition 1 The measure ug is called the Hausdorff
d-measure.

The properties of the measure gy can be summarized
as follows. There exists a single value d = d,, such
that for all d < di, pqe(K) = +oo and for all d > d,,
ta(K) = 0. Here

d. =inf{d : pqe(K) =0} =sup{d : pq(K)=+o0}.

Definition 2 The value d. is called the Hausdorff di-
mension of the set K.

In the sequel, we will use the notation dimy K for the
Hausdorff dimension of the set K.

Now, following Douady and Oesterlé [2], we define the
elliptic Hausdorff d-measure of a compact set K C R".
Let E be an open ellipsoid in R". Let a1 (F) > ay(F) >
... > ay(E) be the lengths of semiaxis of F numbered
in decreasing order. Represent an arbitrary number d,
0 < d < nin the form d = dy + s, where dy € Z, and
s €[0,1) and introduce the following

do
wa(E) = [ [ ai(E)(aa,11(B))". (2)
i=1

Fix a certain d and € > 0 and consider all possible finite
coverings of the compact K by ellipsoids FE; for which

wa(E:)]Y* < e

(if d = 0 we put [wa(E;)]*/? = a;(F;)). Similar to the
definition of Hausdorff d-measure we denote

fia(K,d,€) = inf Y wa(E;),
where the infimum is calculated over all coverings.

Definition 3 The value

.ad(K) = sup [L(Kv d7 6)
e>0

is called the Hausdorff elliptical d-measure of the com-
pact set K.

It was proven in [2, 13] that the elliptical and spher-
ical Hausdorff d-measures are equivalent and therefore,
using extremal properties of 14, the values of the Haus-
dorff dimensions determined by means of spherical and
elliptic coverings are equal.

Let {¢'} be a one-parameter semigroup of diffeomorph-
isms Q@ — Q, Q C R", t € I. We will only consider
the case I = Ry, the case I = Z4 can be treated in
the same fashion. A subset y(zg) of R™ of the form
v(zg) = {= It e Ry o = pl(xg)} is called the
trajectory, or orbit, of the point xg.

By Tr¢! we denote the derivative of ¢! with respect
to z (Jacobian) at the point z € R", that is, T’
is a linear operator R — R". For a linear operator
L : R" — R" denote by a1 (L) > as(L) > ... > a,(L)
its singular values. For arbitrary k € Z4, 0 < k < n
we denote

k
wk(L) _ il;ll ai(L), k>0
1, k=0

For arbitrary d € [0,n] we put d = dy + s, where dy €
Zy and s € [0, 1) and introduce the following definition

wa(L) = wy, *(L)wg, 41 (L)-

Consider a compact set K such that K C K, ¢'(K) C
K.

Theorem 1 Assume that there exists d € [0,n] such
that for any € > 0 there exists t. > 0 such that for all
t>t,
sup wa(Tpp') < e. (3)
rzeK
Then

pa(K) < 0o = lim pua(¢"(K)) =0

Additionally, if the compact set K is invariant (i.e.
PH(K) =K, Vt € Ry ) then dimy K < d.

Basically, this theorem is a reformulation of the well
known Douady-Oesterlé theorem [2], an analog of this
statement for arbitrary Hilbert spaces is proved in [13].
Leonov [4] (see also Theorem 5.4.1 in [7] and Theorem
8.1.2 in [6]) proved a generalization of the Douady-
Oesterlé theorem: instead of (3) it is sufficient to re-
quire that

i pp(x))wdmﬂ <c (4)

where p K — (0,00) is a scalar positive continu-
ous function. This approach turns out to be useful for
estimates of the Hausdorff dimension in terms of aux-
illary (Lyapunov) functions satisfying certain partial
differential inequalities. We will apply this idea in the
sequel.

Consider the system

&= f(x), (5)



where x €  and f Q — Q, is a smooth vector-
function on Q@ C R". Let ¢*(zo) : xo — x(t,x0) and
K CK cCqQ.

Along with the system (5) consider the first order ap-
proximation

y = J(z(t,z0))y, (6)
where y € R" and

T (t,z0)) = L (e, 20).

Consider a matrix function G : K — R™ " which is
smooth and invertible in K. For any t € R4 andx € K,
G(p'(z)) defines a linear operator R™ — R". For any
x € K the singular values of G(p'(z)) are bounded
from above and below. Given an arbitrary nonsingular
matrix S(¢) which is bounded from below and above
for all ¢ € R, we have for the singular values o (¢)
of the matrix X (¢)S(¢) the following simple estimate
Emin0i(t) < 0}(t) < Emax0i(t) where Emin and &pax are
the lower and upper bounds for the singular values of
the matrix S(¢) and o;(t) are the singular values of the
matrix X (¢). Therefore, using Theorem 1, we arrive at
the following result.

Theorem 2 Assume that there exists d € [0,n] such
that

sup wq [G(p'(2)) T = 0 as t — oco. (7)
z€K

Then
pa(K) < oo = lim pa(¢"(K)) =0,
if o'(K) = K, Vte R, then dimy K <d,

Proof: Since

wq [G(e"(2))Top'] > Elwa(Tui"),

where ¢ is the minimal singular value of G on K, the
result follows from Theorem 1. ]

Consider some symmetric positive definite matrix P(x)
which is continuously differentiable in K, and which
therefore is bounded from above and below in K and
the symmetric matrix Q(z(¢,xo)) defined by

Q=P+PJ+J P

Here P(x(t,z0)) = 4 P(x(t, z0)) stands for the matrix
with entries equal to

(2ratettan) )

ij

Consider the equation
det[Q(z) — A(z)P(x)] = 0. (8)

For any = € K the equation (8) has n real solutions
Ai(x) since the matrix @ is symmetric and P is positive
definite. Indeed, (8) can be rewritten as

det[G(2)" (G (2) 7" Q(x)G(2) ™" = (&) L,)G(2)] = 0
or, equivalently,

det[G ()T Q(x)G(x) ™ — M) I,] =0,
where
P(z) = G(z)"G(x)

and the matrix G(2)~7Q(z)G(z)~! is symmetric. Or-
der the solutions of (8) in the decreasing order for all
x: A () > Aa(z) > ... > A (o).

Theorem 3 Suppose that for some P(x) satisfying the
above assumptions there exist numbers dy € Zy, s €
[0,1) such that

lini}sup % /OT A(x(t,x0)) + ...+ Agy (z(t, 20))
+ 8Adgt1(2(t, z0))]dt <0 (9)

for any zy € K. Then pqa(K) < oo =
lim; o0 pta (@t (K)) = 0, additionally, if K is invariant
then dimg K < dy+ s

Before we prove this theorem we formulate the follow-
ing result due to Smith.

Theorem 4 (Smith, [12]) Let X be a fundamental
matriz on [0, 7] of the linear system

z=A(t)z,

with singular values o;(t),7 = 1,...,n ordered in de-
creasing order for all 0 < t < 7. For alli,1 <i<n

the following relations are true: o1(7)oa(T) - 0;(7) <
exp 3 (fg (AL(t) + A2(t) + ... + Xi(t))dt) , and
On( )Un 1( ) Onp— z+1(7) >

G‘Xp2 (fO +An 1( )++>\n_2+1(t))dt) ,
where \;(t ) are the eigenvalues of the symmetrized mat-
riz (A(t) + A(t)") ordered in decreasing order for all
0<t<sr.

Proof of Theorem 3: Since the matrix P(z) = P(x)"
is positive definite it can be represented in the form
P(z) = G(z)"G(z) where G(zx) is continuously differ-
entiable and bounded together with its inverse in K.
For the system (6) consider the time-varying coordin-
ate change

z = G(x(t, z9))y. (10)



From now for brevity we will omit the dependence of
x(t,z9) and t. In the new coordinates the system (6)
can be rewritten as

5 =G0 24+ GJG 1z (11)

In view of (10) the fundamental matrix of (11) has the
form GH, where H is the fundamental matrix of (6). In
order to use Theorem 2 we should estimate the singular
values of the matrix GH.

Denote A = GG~ +GJG ! and consider the equation
det((A+ A7) — AI,,) = 0.
This equation is equivalent to
det(GTGA+ATGG+ G G+G'G-AG"G)=0
which is the same as (8) since P = G'G.

Estimates of the singular values 01,03, ... of the fun-
damental matrix for the system (11) can be obtained
using Smith’s theorem formulated above.

From the equality

o1(7)oa(T) -+ g, 41(T) =

(01(7) -+ 04y (1)) " (01(7) -+ Gy 1(7))" (12)
for the singular values of GH it follows from Theorem
4 that

o1(7) -+ 04y (T)0G41(7)

< eXp% ( /0 ") 4D+ s/\d0+1(t))dt)

where \; are the solutions of (8) and hence for all 7 > 0
and arbitrary positive e there is N = N(e) such that

sup o1(7)oa(7) - Ody (7)020+1(7—) < Nel—a/2+e)T
To€

where

1 T
—a = sup limsup — / (A1(t) + ...+ sAgy41(t))dt
0

zo€K T—o00 T

and therefore the conditions of Theorem 2 are satisfied.
[

Corollary 1 (Leonov [4, 7]) Let \i(z), i=1,...,n
be the eigenvalues of the matriz (J(z) + J(x)7)/2
ordered in decreasing order. Suppose there exist num-
bers dy € Z4, s € [0,1), and a continuously differenti-
able in K function v : K — R such that

A(x) + .o+ Ay () + sAgg1(T) + %f(m) <0 (13)

for any xo € K. Then
pa(K) < 0o = lim pua("(K)) = 0.

Additionally, if K is invariant then dimyg K < dy+ s.

Proof:  The result directly follows from Theorem 3
if one takes P(x) = p*(z)I,, where p(z) > 0 is a scalar
differentiable function bounded from below and above
in K and denote v(z) = (logp(x))/(dy + s). In this
case (8) is equivalent to the equation

.
det[J(@)" + J(2) + LI, — M| =0
p

Since ) J 5
P v v
I ) bl i
oot Zar " 2g @
the result follows from Theorem 3. n

3 Estimation of the region of attraction by
means of first order approximation

The results obtained in the previous section allow to
find conditions based on the first order approximation
ensuring convergence of any solution to an equilibrium
point.

Consider again system (5). We assume that in Q there
exists a bounded open simply connected positively in-
variant set D, the boundary 0D of which transversally
intersects any trajectory originating in 0D. This as-
sumption means that positive invariance of D is pre-
served under small perturbations of the vector field f.
Moreover assume that the set D is diffeomorphic to an
open ball B™. The existence of such a set can be estab-
lished by the direct Lyapunov method. Suppose finally
that D contains a finite number of equilibria.

Let P(x) be a continuously differentiable positive defin-
ite matrix function defined in clD. As before, let A\; be
the roots of the equation (8) ordered in the decreasing
order for all x € clD.

The following theorem can be treated as a generaliza-
tion of theorems due to Hartman-Olech [3] and Leonov

[5].

Theorem 5 Suppose that for some P(x) satisfying the
above assumptions

A (@) + Aa(z) <0 (14)

for any x € clD. Then any solution originating in D
tends to some equilibrium point.

In the proof of Theorem 5 we need the well-known clos-
ing lemma due to Pugh [11]. Let us formulate this
lemma in a form convenient for us.

Lemma 1 (Closing lemma, [9]) Let & be an w-limit
point of a bounded solution x(t,zq) of (5), t > 0, lying



in D, that is not an equilibrium. For any > 0 there
is a vector field g € C' such that

19)
7o) ~ 960 + x| 9 0) = 20| <5

and a closed trajectory v of the system & = g(x) passes
through T.

The proof of Theorem 5 follows the same lines as the
proof of the Leonov theorem (Theorem 8.3.1 in [6]), the
difference is that the condition (14) is weaker than that
imposed in [5, 6] and we added the assumption that D
is diffeomorphic to B™ not explicitely stated in [5, 6].

Proof of Theorem 5: Let g € clD. Since D is
bounded and positively invariant, the w-limit set 2,
of x(t,z¢) is nonempty. Let Z € Q,,. If a closed
trajectory v C clD passes through a point = then ~
is an invariant set. We put on 7 some smooth two-
dimensional surface K C R" having finite area. The
existence of such a surface for a smooth curve is shown,
for example, in [1]. Moreover, since D is diffeomorphic
to a ball we can suppose that K C clD (any closed
smooth curve in clD is diffeomorphic to some closed
smooth curve in c1B™). As before, we denote by ¢! the
shift operator along trajectories of system (5). Let p(S)
be the Hausdorff 2-measure of a smooth 2-dimensional
surface S. Since ~ is invariant under ¢' and K C clD
for any t > 0 we have

inf u (¢"(K)) > 0. (15)

At the same time, using (14) from Theorem 3, it follows
that
lim p (¢ (K)) =0, (16)

t—o00

which contradicts (15).

When & C €, is not an equilibrium point and the
trajectory passing through this point is not closed, we
use Pugh’s lemma. We slightly perturb f such that
the conditions of the Pugh lemma are satisfied and the
theorem hypothesis holds for the perturbed f with the
same P(x). Then there is a closed trajectory of the
perturbed system passing through z. Using the above
arguments we again arrive at a contradiction.

Thus 7 is an equilibrium. By assumption, the equilibria
are isolated in D and the result follows. m

Remark 1 If we take P(z) = al,,a > 0, or, equival-
ently, v(x) = const, condition (14) is equivalent to the
condition imposed in the Hartman-Olech theorem [3].

4 Conclusion

In the paper we presented sufficient conditions guar-
anteeing that any solution entering a set diffeomorphic
to a ball tends to an equilibrium point. The condi-
tions are based on the properties of some matrix pencil
associated with the first order approximation system.
An interesting connection of the approach used in this
paper with the problem of estimation of the Hausdorff
dimension of invariant compact sets is emphasized.
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