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Abstract

Attenuation of thermoacousticinstabilities by ac-
tive control has lately received considerableatten-
tion. Many experimentallysuccessfulendeavors have
usedphase-shiftingcontrollersfeedingbacka phase-
shifted/time-delayedversionof thedominantharmonic
of acousticoscillationsthroughappropriateactuation
(loudspeakers or fuel flow modulation). The phase-
shiftersaretunedby trial anderror to producea min-
imum oscillation amplitude. Hence,for widespread
practicalapplicationof thesecontrollers,thereexists
aneedfor adaptive tuningof thephase-shiftto produce
a minimum oscillationamplitudein a dynamicenvi-
ronment. The presentsimulationstudydemonstrates
the efficacy of the extremumseekingalgorithmanda
modified version in optimally tuning the phase-shift
in a model of a controlledcombustion processiden-
tified from data. Stepandrampchangesin the opti-
mal phase-shiftaresuccessfullytracked, and oscilla-
tion amplitudekeptat its minimumvalue.

1 Introduction

It is recognizedthat thermoacousticinstabilities in
combustion processescausemany problemssuchas
high-cycle fatigue, increasedwall heat-transferand
possibilitiesof flamereversals[4, 10, 11]. The need
for active control in attenuatingthermoacousticoscil-
lations has beenrecognized[5, 11, 12] and its util-
ity demonstrated[3, 10, 12, 14, 17]. The applica-
tion of well-known control techniquesrequiressuf-
ficiently accuratereduced-ordermodelsof the com-
plex processesinvolved, capturingthe essentialdy-
namics. Thoughthereexist several efforts in this di-
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rection[5, 6,7, 13, 17], andevenin thespecificcaseof
leanpremixedcombustion[15], thereis no modelyet,
which inspiresa confidencesufficient for its general
acceptance.Whatis, however known from experimen-
tal efforts in severalconditionsis thattheoscillationis
dominatedby a singlefrequency,

p � p0
�

Asin� Ωt � � h � o � t ��� (1)

where p denotesthe pressure,p0 the static pressure,
and Asin� Ωt � denotesthe dominantmodeof oscilla-
tion, the higher order terms (h.o.t.) in the oscilla-
tion being small. Many successfulexperimentalef-
forts in theareahaveusedasimplephase-shiftingcon-
troller to attenuatetheoscillations[2, 3,11, 12, 14, 18].
Thecontrolutilizessensingof fluctuatingpressureand
actuatesa loudspeaker or fuel-injector using a time-
delayed/phaseshifted versionof the input signal. In
themodelthatweuse,

θ � ΩT � (2)

ṁ f � t � � � Gp � t � θ � Ω �	� (3)

whereθ is thephase-shift,Ω is the frequency of ther-
moacousticoscillations,T is thecontrollerdelay, G the
controllergain,andṁ f � t � thefuel mass-flow rate.

A questionthat naturallyarisesis whetherthe phase-
shift θ can be optimizedin a dynamicenvironment.
In this work, we start with a model identified from
a controlledcombustion processin a lean premixed
gas combustor [1]. We simulate the standardex-
tremumseekingalgorithmanda modifiedversionon
the model, and demonstratehow the phase-shiftpa-
rameterfrom [2, 3, 11, 12, 14, 18] canbe optimized
online.



−3 −2 −1 0 1 2 3

0.08

0.09

0.1

0.11

0.12

0.13

0.14

g � θ �
(psi)

θ (rad)

Figure 1: Mapof closedloopequilibria

2 Model of the Controlled Combustion Process

The model that is simulatedhere has been identi-
fiedfrom experimentsonacontrolledcombustionpro-
cess[1]. Thereduced-ordermodelidentifiedfrom the
closedloopsystemis:

Ȧ �
� α � θ ��� A � g � θ ���
� (4)

whereA is the amplitudeof the acousticoscillations
in thecombustionchamber. g � θ � is themapof closed
loop equilibriaparametrizedby θ, obtainedin [1] asa
curve fit to experimentaldata:

g � θ � � Γ
�

1
�

Lsin� θ � θ � � π
2 �

1
�

M sin� θ � θ � � π
2 ��� � (5)

The parametershereinare Γ � 0 � 1246, L � 0 � 7659,
M � 0 � 6286. It canbeshown, thatthemaphasa min-
imum at θ � θ � . The map g � θ � is shown in Fig. 1.
α � θ � denotesthe decayrateof the exponentialrelax-
ation processof the systemat a given phase-shiftθ.
(Onehasto keepin mind thatα mustbecyclic, there-
fore a sinusoidis fitted to the data.) The curve fit for
α � θ � usedin thesimulationsis:

α � θ � �
� a1sin� θ � θ � � a2 � � a3 � (6)

wherea1
��� 26� 15, a2

��� 0 � 6094, a3
��� 44� 8750.

Hereit canbenotedthat themodelsatisfiesall condi-
tions for the applicationof the extremumseekingal-
gorithm[8, 9]. Thefollowing sectionprovidesa brief
overview of this methodandthestructureof thesimu-
lations.

������

������������
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Figure 2: Implementationof the ex-
tremumseekingalgorithm.

3 Optimizing Control with the Extremum Seeking
Algorithm

Extremumseekingis well suitedfor tuningcontroller
parametersin uncertainandnoisy environments.The
implementationof theextremumseekingalgorithmis
shown in Fig. 2. Sensornoise n is included. For
anintroductorypresentationof extremumseeking,the
readermayconsult[8]. For theconfigurationin Fig. 2,
the frequency ω of theprobingsignalshouldbesmall
relative to thereciprocalof thelargesttimeconstantof
the plant, andlarge relative to k anda. Thesecondi-
tionsseverely restrictthespeedof convergencewhich
is controlledby k. While larger k would speedup the
convergence,it wouldalsomake thesystemmoresen-
sitive to noiseandpossibleunstable.

The restrictionon k wasremoved in [9] by introduc-
tion of thedynamiccompensatorC � s � shown in Fig. 3.
Thiscompensator, if properlydesigned,canlift there-
quirementontheplantto befast,thusensuringstability
for muchlarger valuesof k, for which convergenceis
faster. An additionalextensionofferedin [9], whichwe
employ here,is compensationof non-stepchangesin
theoptimaloperatingpoint. For example,if this point
changesasarampfunctionof time,i.e.,θ �!� s � � λθ � s2,
whereλθ is a constant,the adaptationlaw will incor-
poratea double integrator Γθ � s � � 1� s2. Of course,
the presenceof the doubleintegrator in the loop will
requirea morecarefulchoiceof C � s � to guaranteere-
liability. As we shallseein our problem,a rampin θ �
will requirea secondorderpolynomialfor C � s � (for a
stepin θ � , aconstantC � s � wouldsuffice).
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Figure 3: Implementationof the ex-
tremum seeking algorithm
with compensatorand exten-
sion for non-stepchangesin
θ � .

4 Simulations

The following simulation study dealswith the case
wherestepor ramp changesoccur in the minimizer
θ � of the equilibrium mapg � θ � 1. The stepandramp
changesin θ � canbeviewed,for example,aschanges
in theoperatingconditionsof thepower plantsuchas
abruptchangesin external load,or the rampingup to
full power during starting. The capabilityof the ex-
tremumseekingalgorithmto track the minimum and
keep the systemoutput at its optimal statewill be
demonstrated.

4.1 Step Changes in the Operating Conditions
Theminimizationof theplantoutputhasbeencarried
out by the extremumseekingalgorithmmentionedin
Section3. Thetrackingof a stepchangeof 1 radin θ �
is shown in Fig. 4. The initial conditionof A is 0 � 13,
which is almostthe maximumoutput of the system.
The parametervaluesare chosenas h � 0 � 3, ω � 3,
a � 0 � 05, k � 1000. In thefigurethevaluesof θ � and
its estimateθ̂ aresimultaneouslyplottedfor compari-
son. Ã is the outputwith the noisen. The algorithm
achieves excellent tracking in the presenceof noise.
Theamountof noiseaddedto thesystemis measured
in decibels(dB) accordingto thedefinitionof Signalto

1Note from Eqns. (5) and (6) that g % θ &(' and α % θ &)' do not
changewhenθ & changes.
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Figure 4: Resultsfor a unit step in θ �
(dotted).

NoiseRatio(SNR):

SNR � 10log10 *,+ Ã2 -+ n2 -/. � (7)

where + Ã2 - denotessignalvarianceand + n2 - de-
notesnoisevariance. In this caseSNR � 19� 03 dB.
Roughly, thesamelevel of noisehasbeenmaintained
in all thefollowing simulations.

4.2 Ramp Changes in the Operating Conditions
We first simulateclassicalextremum seekingin the
presenceof the ramp changein θ � . Fig. 5 shows a
simulationwhereθ � begins rampingat t � 100 sec-
onds. The slopeis 0 � 04 rad/sec.The trackingof the
ramp is not perfectbut it is acceptable.The error is
due to violation of the standardinternal model prin-
ciple propertyof LTI systemswhich requiresa dou-
ble integrator (rather than a single integrator in the
basicextremumseekingscheme)for perfecttracking
of a ramp. An increasein the slopeof the ramp to
1 rad/secleadsnot only to a larger steadystateerror,
but to an actual loss of tracking ability, as shown in
Fig. 6. The outputof the systemnow cyclesthrough
all possiblevaluesof theequilibriummap. To demon-
stratethat tracking cannotbe achieved by increasing
k, we show Fig. 7 whereit is clearthat someform of
stability loss (with boundednessof A preserved) oc-
curs for the overall nonlinearfeedbacksystem. Note
that Figures6 and7 wereobtainedwith n � 0 to em-
phasizethe trackingdifficulty even in the absenceof



0 20 40 60 80 100 120 140 160 180 200
−2

−1

0

1

2

3

4

0 20 40 60 80 100 120 140 160 180 200
0.07

0.08

0.09

0.1

0.11

0.12

0.13

0.14

θ̂
θ �

(rad)

Ã
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Figure 5: Results for a ramp
in θ � (dotted). Ramp
slope� 0 � 04 rad/sec.

noise. Many otherchoicesof k anda weretried (not
shown here),withoutsuccess.A way to copewith this
problemis the introductionof a double-integrator as
Γθ � s � � 1� s2 andacompensatorasindicatedin Fig. 3.
Theintroductionof adoubleintegratormakesit harder
to achieve closed-loopstability. The choiceC � s � � 1
no longerworks, andneitherdoesa PD compensator
C � s � � ds

�
1. We succeedin our taskwith a com-

pensatorC � s � � d2s2 � d1s
�

1, for d2
� 0 � 001 (very

small, but important)and d1
� 0 � 1. Note that, even

thoughC � s � is improper, C � s � Γθ � s � � d2
�

d1 � s � 1� s2

is proper. The loop is well-posedbecausetheplant is
relative degreeone.

In order to distinguishbetweenθ � and θ̂, θ � is plot-
tedasabroadblackstraightbandbehindthethin white
curverepresentinĝθ. With thecompensatorsΓθ � s � and
C � s � , the ability to track a rampis recoveredandthe
system’s outputstaysat theminimum(Fig. 8). Track-
ing is almostperfectandÃ residesunderanexponen-
tially decayingenvelope.

5 Conclusions

The simulationsshow that the extremumseekingal-
gorithm is able to drive the oscillation amplitudeto
its minimumin thepresenceof changingplantcondi-
tions. Stepandrampchanges,which occurduringthe
operationof apower plant,weresuccessfullyhandled.
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Figure 6: Resultsfor a rampin θ � (dot-
ted). Rampslope� 1 rad/sec.
k � 1000

Theextremumseekingcontrolcancopeevenwith very
steepslopes.Themagnitudeof sensornoisetolerated
is quiteremarkable,althoughwenotethatthemodified
extremumseekingalgorithmis moresensitive to noise
thanthestandardalgorithm.
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