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Abstract

Although many objectives involving the time-delay system
exist, the time-delay systems are often dealt as a finite di-
mensional system by using Pade approximation, etc. This
paper presents a design of a continuous-time adaptive ob-
server for the linear system with the unknown time delay
without using such a approximation. To our best knowl-
edge, no research result of an adaptive observer for the
unknown time-delay system designed without the approx-
imations is proposed until now.
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1 INTRODUCTION

The state observer, which can estimate unknown pa-
rameters and state variables at the same time from the
information of the input and the output, is useful when
parameters of the plant are unknown and only a part of
state variables is measurable. In the case of the adap-
tive estimation, the needed input signal can be selected
freely by a designer, however in the case of the adaptive
control, the input signal can not be selected freely [1].
So far, a number of designs of an adaptive observer
are proposed (Liiders-Narendra’s and Kreisselmeier’s
types, and so on), however, only a few designs con-
sider the time-delay of the plant. In this paper, we
propose the Continuous-time Adaptive observer for the
unknown time-delay sysytem. The study of the time-
delay system is one of the significant problems which
confront science and technology.

Our research in this paper is to estimate the un-
known time-delay in input and unknown parameters
of the plant based on Liiders-Narendra’s adaptive ob-
server. Another research is to design the estimation
laws without the approximations even though an un-
known time-delay is an unknown non-linear parameter,
and to verify that the designed adaptive system is sta-
ble.

2 PROBLEM STATEMENT

We consider the following single-input single-output
continuous-time linear system with unknown time-
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delay in input.

y(t) = x(t) (1)
where
A= [ a ‘(;{ ],
b=[b1 b2 -+ bal',
c=[10 - 0"

¢ > 0 is an unknown time-delay, x(t) € R" is the plant
state, and y(t) € R is the output. We make the follow-
ing assumptions.

A1 Theinput delay ¢ is an unknown value, but belongs

to a known closed interval L = [lmin, ¢max] C R.

A2 The input u(-) € R is a known scalar function,
time-continuous and bounded with respect to time and
L. Moreover, u(t — ¢) is either convex or concave with
respect to £ on a known closed interval L.

A3 The plant is asymptotically stable and completely
controllable, completely observable, and its order n is
known.

A4  The sign and the maximum (or minimum) of by
are known.

Definitionl A function f(¢) is said to be (i)convex
on L if it satisfies the inequality

[0l + (1= ¢)la) < ¢f(41) + (1 = ¢) f(L2),
Wl, 62 el (2)

and (ii) concave if it satisfies the inequality

f(olh + (1= ¢)la) = of(f) + (1 = ) f(£a),
V1, o€ L (3)

where 0 < ¢ < 1. A useful property of these function is
their relation to the gradient. When f(£) is (i)convex
on L, then it can be shown that

f(g) - f(go) > Vféo (£ - 60)7 V& by e L (4)



and when f(£) is

f) — fllo) < Vfe, (£ — L),
where V fo, = (55) ey -

(#3) concave on L, then

Ve, by € L (5)

Now, in equation (1), @ and b are unknown constant
vectors, g is an (n — 1)-constant vector, K is an (n —
1) x (n — 1) constant parameter matrix, and (g7, K) is
a known observable set.

Based on Liiders-Narendra’s adaptive observer [2],
we choose the observable set (g7, K) as follows:

Top1 o1, (6)
X 0 - 0

k=| " % (7)
: " 0
0 - 0 =\

where A\; >0, A; # \j, i #J (i, =2,3,---,n).

By using an n x n stable-matrix F', we can transform
the plant (1) into the following equation.

&(t) = Fa(t) + (a — £y(t) + bu(t — 0),
z(0)=zo  (8)

where
g T
=[f‘—K :|7.f:[f1 fao o fulo (9)

3 DESIGN OF THE ADAPTIVE OBSERVER
3.1 Structure of the Adaptive Observer

In equation (9), by the choice of f© =[-A; 0 --- 0],

A1 > 0, equation (8) becomes below:

+ sz
+ (a1 + A1)y ( ) + byu(t = 0), (10)
J?z(t) = —)\il‘i(t) + aiy(t) + bzu(t — é), 1=2,---

Using the measurable input w(t) and output y(t), we
define (n — 1)-state variable filters below:

flh (t) = _)\zfya (t) + y(t)v flh (0) =0, (12)
fu7 (t) = =i fu; (t) + u(t - ﬁ), Ju; (0) =0, (13)

where ¢ = 1, 2, ---, n. From (12) and (13), we can
construct the plant state x;(t) as follows:

zi(t) = a;ify, (t) + bifu, (t) + exp(=Ait)zos, (14)

where ¢ =2, 3, ---, n. By substituting (14) into (10),
we obtain the following equation.

+Z az fyl

+ bi(t) fu, () + eXp(—/\it)xoi)
+ (a1 + A)y(t) + bru(t — 0), (15)

y(t) = —My(t)

y(t) = —Ay(t)

where o, is an initial value. Here, we make reference
to the equation (15) and produce the output estimation
9(t) by introducing the variable a*, which is defined
later, and the term —a*sat (f)

+Z (aq(t fyL

1( )fuq‘,( )+exp( i t) Zo,; )
+ (@ () + M)y(t) + b (ut — (t)
— a*sat (g) ) (16)
Fur(8) = =Nifur () + u(t — £(1), fui(0) = 0, (17)

g(t) = —Mg(t)

where d;(t), bi(t) are adjustable parameters with re-
spect to unknown parameters a;, b;, respectively. Fur-
thermore, we define the identification error e(t) by

e(t) = 4(t) —y(t). (18)

From (10) and (16), we have the error equation as fol-
lows:

é(t) = —Aie(t) + Z(d( ) — ai) fy (t)
+ Z(Bi(t) — bi) fu, (t) + Z exp(—Ait)(Zo, — zo,)
+ by ()u(t — 6(t)) — byu(t — 0)
+ 30 (B0 Fu () = i ()£ (1)) = a*sat (£),(19)
where f,, (t) = y(t). The term Z exp(—\;t)(Zo, — xo,)

i=2
n (19) converges to zero, then, this term can be ignored.
n
Moreover, the term Z(di(

— Q4 fy, +Z )
i=1

ﬁ“ (t), which involves adjustable parameters, is rewrit-
ten as &’ X by using

[ ai(t) —ar T [ (D) (=y(t) T
&éd_a: an(t) — an Xé fyn ()
by(t) — by Jus ()

[ bu(t) — by ] R

Finally, by using the simple transformation,

ba(t)ult — £(t)) — bru(t — 0)
= by ()u(t — £(t)) = byu(t — £) + byu(t — £(t)) — bru(t — £(t))
_ {u(t — () — ult — 13)} + (ba(t) — by)ult — i(D)),



the error equation (19) can be expressed as follows:
é(t) = —e(t) + &7 X + by {u(t ) —ult - e)}
n
+bru(t =0+ Y bilfu, () = fu (1))
i=2
*sat (&
— a*sat (6), (20)
where b, 2 by (t)—by. Equation (20) shows that the pa-

rameter error and the time-delay error cause the iden-
tification error.

3.2 Design of the Adaptive Estimator

In this section, we propose the estimation laws for un-
known parameters &, by, £(t). First, we define the re-
vised error signal e, as follows [3]:

e
eeze—ssat(—>, e>0
€

1, z>1
sat(z) = {z, |z| <1 (21)
-1, z< -1

Along the line of [3], we can propose the estimation
laws includeing the time-delay estimation. From Al,
we have required that the parameter estimation é(t),
must lie in £. This can be accomplished by a projec-
tion strategy. We present the following algorithm with
respect to é(t)

veew —y(l—=L®t), e,y >0
lel
Il’l'IX e > BIIlaX (22)
mln Z < gmln

& =-TeecX, Tu>0 (23)
b = —ye:ult—L(t), v, >0 (24)
o - minpegmaxees J(w,0), e >0 (25)
© | mingeg maxpes —J(w, £), e <0
« _ Jargmin,eprmaxper J(w,£), e: >0 (26)
| arg ming,eg maxyes —J (w, £), e <0

J(@,0) = brefu(t — i) — ult — O} + w(i(t) - )
+ 3 bi(fu () = fu (1) (27)
i=2
Note that b1, is the maximal value (or the minimal

value) of an unknown parameter b;. Finally, the state
estimation #;(t) can be obtained by

#i(t) = (1) fyu (1) + bi(t) fu (8) + exp(=Nit) o, (28)

The structure of the proposed adaptive observer is
shown in Figure 1.
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Figure 1: Structure of the Proposed Adaptive Observer

4 LYAPUNOV FUNCTION AND
STABILITY ANALYSIS

In this section, by using a Lyapunov function, we an-
alyze the stability of the proposed adaptive observer
system.

Theorem 1 For the plant in equation (1) subject to
assumptions Al-A4, the adaptive laws specified by equa-
tions (22)-(24) ensures that if {(to) € L Yt > to, the
overall adaptive system has globally bounded solutions
and achieves tracking to within a precision €.

Proof: The error equation é(t) is shown in (20), and
here we choose a Lyapunov function candidate:

V= %(62 +a' T o+, b7+ P
+ 29, (= (1)) (29)

where 7 2 0(t) —¢.
Equations (29) and (22)-(24) yield a time derivative:

V = —Xee. + e [bl {u(t —0(t)) — ult — e)}
+ lw* + z”: bi(fu, () = fu,(t)) — a*sat (S)]
=2
m(l(1),0), (30)

where

m(L(t),0) = =y (1) — O £(1))
R ONGIO)
it

Firstly, we show that m({(t),€) < 0 for all (t) and £,
by considering the following three cases: (i) ¢ € L, (ii)



> lax, (i) £ < lmin.

(i) fecL.
In this case, /(t) = ¢ and hence m({(t),£) = 0.

(i) £ > lrmax. .
In this case, £(t) = lax (constant) and hence £(t) = 0.
By the choice of £(t) and ¢ and since £ € L; ({in < £ <

limax), we have £ —£(t) > 0, f(t) —¢>0 when £ > lray.

Therefore, we obtain m(¢(t),¢) < 0.

(iii) £ < linin-

In this case, £(t) = fyin (constant) and hence £(t) = 0.
By the choice of é(t) and £ and since £ € L; (fin < £ <
lrmax), we have £ — é(t) <0, é(t) — ¢ <0 when £ < lpiy.

Therefore, we obtain m(£(t),£) < 0.

Therefore, we have m(é(t), ) < 0 for all /(t) and Z.
Since m(£(t),) < 0 is verified, the time derivative (30)
can be dealt as follows from here.

V = —Aree. +e. [bl {u(t — () — ult — 13)}
+ o+ ibi(ﬁ” (£) = fus (1) — a"sat (g)] (32)

Let y = e2. Since the discontinuity at |e| = ¢ is of the
e e
first kind, and since |e.| = 0 because of sat (—) = -
€ €

when |e| < ¢, it follows that the derivative V exists for
all e, and we have the result below.

)

V=0 whenle| < e (33)
when |e] > &,
V = —Aree. +e. [bl {u(t — () — ult — 13)}

0 gt - (5] 00
1=2

From the definition in (21), we have e > e, and by
replacing e with e., the above equation can be simplified
as

V < —Aeee + ec [bl {u(t — () — ult — 13)}
+w+iwﬁw—mw%wmgﬂ@a

We now consider two distinct cases, (a) e > ¢ and (b)
e < —e¢, and show that V < 0 in both cases.

(a) e>e.
In this case, since e, > 0, we have sat (S) =1 It
follows that V <0if

@ > by {ult — () — u(t = 0} +

+ sz(fw (t) - fU1 (t)) Vi e L. (36)

i=2
Therefore, we choose
a" = maxbi, {utt = i) = ult - 0} +w (@) - 0)

n

+ sz(fua (t) - f“7 (t))

=2

for any w*. (37)

Since the form of the controller suggests that the quan-
tity a* is like a gain [3], we seek to find an w* so that
a* is minimized. Hence our goal is to choose a* as

a* = minmaxb, {u(t —0(t)) — ult — e)} Fwt(lt) - 0)

+ 3 bilfus(8) = fu, (1)) (38)
=2

The above choice of a* and w* coincides with our selec-
tion of a* and w* in the estimation law for e. > 0.

(b) e < —¢.
e

In this case, since e. < 0 here, we have sat (—) =—1.
€

It follows that V <0if
a* > b, {u(t ) —ult - Z(t))} s

=2

Following along the same lines as in case (a), we choose

a* = minmax by, {u(t ) —ult - Z(t))} W (it) — 1)

= 2 bilfu(®) = fur (1) (40)

Also, the above choice of a* and w* coincides with our
selection of a* and w™* in the estimation law for e, < 0.
Therefore, we have the result as follows.

V<0 Vel>e (41)

(33) and (41) imply that V is a Lyapunov function
which leads to global boundedness of e., &, by and /.
From the definition of e., e is bounded. As a result,
y € L~ N L' is bounded, hence y € L? as well. Since
éc has a discontinuity of the first kind when |e| = &,
it follows that ¢ € L*°. Hence lim;_. . y(t) = 0 and as
aresult, lim;_, o e-(t) = 0. This guarantees convergence
of e to within a prescribed precision ¢ [3].



5 SIMULATION RESULTS

By using the estimation laws suggested in section 3, we
show the numerical simulations and clarify the effective-
ness of the adaptive observer with the time-delay esti-
mation. In the numerical simulations, we consider the
structure of the proposed adaptive observer for equa-
tion (1) of its order n = 2.

In our present research, we have the difficulty in
solving the min-max problem (25)-(27). To avoid this
difficulty, we regard J(w, ¢) as j(w,f);

J(w,0) = bre{ult — i) —u(t — 0)} +w(l(t) — £). (42)
Note that bi.u(t — £) has the negative sign in J(w, ).
By solving this min-max problem, we have a*, w* as

follows:

If the function by.u(t — ¢) is convex with respect to £,

0, ¢=0
a* _ _blc |:u(t — Z) — u(t — gmin) (43)
_ u(t=fmax) —u(t—bmin) (é - emin):| ;, <0
* b1V, e>0
ST e [Htpmpta] - cco @9

If the function by.u(t — £) is concave with respect to £,

blc |:’U,(t — é) - ’U,(t - Emin)
0" = b —ult—boun) (§ gmin):| Ce>0 (45)

Zmax 7anin

07 e <0

- by, {u(t—e?a:):zt(;—zn,ixl)} L e>0 (16)
—b1.Vuy, e<0

In Figure 2, 3, 4, since the function u(t — ¢) is linear
with regard to ¢, the adjustment laws for a*, w* in
convex and those in concave are both available. We
select the adjustment laws in convex in this numerical
simulations.

In Figure 5, 6, 7, since the function u(t — ¢) is non-
linear with regard to ¢, we must change the adjustment
laws in convex to in concave, in concave to in convex.

In all simulations, the parameters of the plant are
set by a1 = =7, a2 = =9, by = 1, by = 1.5, by = —2,
A1 = 3, Ay = 7. The lumped systelgl of the plant in

. . 5+ I
equation (1), G(s) is G(s) = 1 1ds 158" The initial
values of the parameters are set by £(0) = 0, d1(0) = 0,
i2(0) = 0, by (0) = 1.5, by(0) = 0 and the initial value
of the state estimation #2(t) is &g, = 0.
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Figure 2: Time-delay ¢; constant, the time-delay £ = 2.
the parameters are set by fmin = 1, fmax = 4,
ve =5, 7 =001, &= 0.001, Ya1 = 7, Yaz = 65,
Yo1 = 0.04, vp2 = 1.2.
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Figure 3: Time-delay /¢; a rectangular signal, the
parameters are set by fmin = 0, fmax =4, ¢ =
40, v = 0.01, € = 0.001, va1 = 7, Ya2 = 65,
Yo1 = 0.04, vp2 = 1.2.
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gure 4: Time-delay ¢; a sine wave, the time-delay
£ = 2sin(0.01¢) + 3. the parameters are set by
Lnin = 0.5, bmax = 5.5, v¢ = 40, v = 0.01, € =
0.001, Yal = 7, Ya2 = 65, Yo1 = 0.04, Yo2 = 1.2.
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Figure 5: Time-delay ¢; constant, the time-delay £ = 2.
the parameters are set by fmin = 1, fmax = 4,
v =5, v = 0.01, & = 0.001, Ya1 = 6, Yaz = 55,
Yo1 = 0.04, Y2 = 1.2.

6 CONCLUSIONS

By the numerical simulations, the effectiveness of the
adaptive observer can be clarified, even though the
time-delay in input is unknown and time-varying.

The difficulty of selecting the appropriate input u(t)
emerges because it is necessary to know the function
u(t — ¢) with respect to £ on-line. Our future research
is to improve this point and apply our theory to the
field of control.
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