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Abstract

This paper is concerned with a mixed Hoo /deadbeat subop-
timal control problem for SISO continuous servo systems. By
considering the deadbeat tracking, time domain performance
may improve. Simultaneously, to improve frequency domain
performance of the closed loop system, Ho, norm constraint is
introduced. This problem gives the deadbeat tracking control
with Hoo norm constraint and has been studied by Nobuyama
et al. and Tsumura et al. individually. However, there is a
structural difference between their designs. This paper pro-
poses a new controller design of the mixed H . /deadbeat sub-
optimal control problem. The controller is more general since
the structure of the controller covers those of the previous two

designs.

1 Introduction

Recently, a deadbeat tracking problem for SISO
coutinuous systems have been investigated by
Nobuyama et al.[2],[3]. This control objective is
to make the error signal deadbeatly zero within a
given time and make it remain zero. Using this
method with a short elimination time, we can ex-
pect the improvement of time domain performance.
However, when designing the ordinary deadbeat con-
troller, sometimes the closed loop system becomes
unstable by noises or system errors. To improve ro-
bustness of the closed loop system, the design meth-
ods that guarantee frequency domain performance
simultaneously have been studied by Nobuyama et
al. and Tsumura et al. individually.

In the Nobuyama’s design[5], an error signal of the
servo system is restricted to

bO (Q) + b1 (s)e—sT

where a(s), bo(s) and by(s) are polynomial and
bi(s)/a(s), (i = 1,2) are proper. First, a(s) with ap-
propriate degree is fixed and b;(s), (¢ = 1,2) with
some free parameters are designed in order that the
error signal may settle to zero and the controller may
exist. And then, since the H., optimal problem over

Q(s) = (1)
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those parameters is convex, this optimal solution can
be given numerically. When the degree of a(s) be-
comes larger, so does the number of free parameters.
Therefore, if this solution does not achieve the de-
sired norm, the degree of a(s) is increased until its
optimal solution achieves it.

In the Tsumura’s design[6]-[8], at first, the H, sub-
optimal control problem is solved. The free parame-
ter of Ho, controller is restricted to

Q(s) = f(Q(s)) (2)
where f is a certain function and
Q(s)=qo + qe T+ que 2T 4o f e T (3)

They gave the sufficient norm condition of Q(:;) such
as ||Q(s)||~ < 1. Then, they designed Q(s) to satisfy
the conditions of the norm constraint and a finite
time elimination by increasing time delay functions
of (3). This method is little conservative because of
the norm condition of Q(s).

Comparing Nobuyama’s design with Tsumura’s, the
structures of the free parameter are limited and dif-
ferent each other, although these two approaches are
different. So, in this article, we propose the more
generalized method of mixed H,/deadbeat subopti-
mal control by generalizing the structure of the con-
troller to cover those of (1) and (3). Using this pa-
rameter, we can expect the controllers which guar-
antee better performance.

First of all, we use Youla parametrization and pro-
pose a structure of the free parameter in order to
cover those of (1) and (3). We derive that the free
parameter of its parametrization must be a deadbeat
signal via appropriate design of Youla parametriza-
tion, and give the conditions such that the error sig-
nal settles to zero within finite time.

Secondly, it is shown that a set of the free parameter
which satisfy the conditions for finite time elimina-
tion is affine with infinite dimension. Hence, the H
optimization problem subject to those constraints is
infinite dimensional convex problem. By employing a
Ritz approximation, this problem on this approxima-
tion can be reduced to finite dimensional convex. Al-
though this problem can be solved numerically, this



solution is not globally optimal. Hence, we adopt
larger degree of the Ritz approximation if the solu-
tion over the certain Ritz approximation does not
achieve the desired norm.

Finally we demonstrate that the optimal norm of a
certain Ritz approximation is different from that of
the another and the achieved norm of the closed loop
system depends on the elimination time by numerical
example.

2 Preliminaries

2.1 Problem Statement

wi (t). fl(t C(s G(s y(t)

Figure 1: Servo System

Consider the SISO servo system realized as Figure
1. The state space realization of the plant G(s) is
represented as follows.

() = Az(t)+ Bu(t),z(0)=0 4
y(t) = Calt) )

where z(t) € R™ is state vector, wy(t) € R' is scalar
input and y(¢t) € R! is scalar output. Suppose that
A, B, C are real matrices of appropriate dimensions
and (C, A, B) is minimal. One problem is to design
deadbeat controller such that the error signal z(t)
settles zero within Tieiiie.

To improve frequency domain performance, let con-
sider the generalized plant P(s) illustrated in Figure
2 where P(s) consists of a weighting functions and
the plant G(s) in the Figure 1.
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Figure 2: Generalized Plant

Second problem is to make infinity norm from w,
to zg, Le. ||Fuwy—zylloc(s), less than v. The purpose
of this paper is to design the controllers which sat-
isfy previous two problems simultaneously. It can be
summarized as follows.

Problem 1 Design the controller C(s) which satis-
fies the following two conditions:

e The impulse response from wy to 21 i.e.
Fyi—z (1), settles to zero within Tyepe < 00.

o | Pz (8)||oo < v is satisfied.

2.2 Condition of a Continuous Time Dead-
beat Settling Signal

Continuous deadbeat control has been investigated
by Nobuyama. A frequency-domain condition for
the continuous time deadbeat settling signal is in-
troduced in this section.

Lemma 1 [2]-[4] Suppose the Laplace transform of
a certain signal ¢(t) is represented as
b(s7 Cfsle e Ciqu)

B(s) = a(5) g

(5)
b(sﬂeisT]a' "7673Tq) (6)
=Do(s) +bi(s)e Tt + -+ by(s)e T4,

where T; > 0(i =1, -, q), a(s),bi(s) are polynomials

of s, and b;(s)/a(s), (i = 1,---,q) is proper. And

assume the next conditions

d’ T ,
ﬁb(sﬂe_STla"'ae_qu) =0 (7)
S=o;
1= 17"'7pv.j =07"'7Vi_ 1
where a;(i = 1,---.p) are zeros of a(s) and v;(i =
1,---,p) are their multiplicities, is satisfied. Then
@(t) settles deadbeatly to zero within t = Ty, where
Ty = max(Ty,---,T,). That is
_ po(t), 0<t<Ty
O
Define 6,(s,e™*T), (e € C,T < oo is a certain real
number) as follows.
T

04 (s,e7T) :/
0
Then kth order differential of 8,(s, c’ST) becomes

d* —sT ! k_—at_—st
@9(1(8,6 ’ ):'/0 (—t)e e *dt. (9)

Using 04(s,e*T), the signal ®(s) in Lemma 1 can
be written as follows.

e~ Me5t ¢ (8)

P(s — El E EJ . —sTijk &’ 0 —sTy;
(b) = Cijk€ = ai(s,e )
ds)
i=1 §=0 k=0

N3
+ E CAe—STzi
2

=0
(10)
where «; are zeros of a(s) and k; are their multiplic-
ities. Furthermore, ¢;j1,¢; € C, 0 < Ty, 115, To; <
oo are real numbers and Ny, No, k;; < 0o are natural
numbers.

3 Deadbeat Control for Continuous
Time Systems

In this section we present the deadbeat control
method for continuous systems which has been inves-
tigated by Nobuyama et al. [2]-[4] and improve the
conditions of the deadbeat control by appropreate
design of Youla parametrization. This method is ef-
fective to solve the first condition of Problem 1.



3.1 Class of Controllers
Let fT,h € R™ be the matrixes such that Ay =
A4+ bf and Ay, = A 4+ hc are Hurwitz respectively.
Define
X(s) =Y(s)
| e g |
:[é ?]+[£](31—Ah)1[—b h ]
(11)
M(s) Y(s)
N(s) X(s)

:[é 2]+[£](31_Af)1[b —h].
(12

Then these matrices provide a next double coprime
factorization.

G(s) = N(s)M (s)=M '(s)N(s), (13)
—)gv(()> ?vlfw((ijzvv[(()) X(s)]:[o 1]

(14)
All stabilizing controllers are given as follows.

K(s) = (M(s)Q(s) ~ Y(s))/(X(s) = N()Q(s))™*
(X(s) - Q)N () H(Q(s)M(s) - 7e)

where Q(s) is a causal and stable transfer fun("rlon

3.2 Conditions for Deadbeat Controller
Using the controller (15), the error signal F, ., (s)
becomes

Furals) = {X(5) = N(s)Q(s)} W (s)
_ Kl M)
(16)
where
Xo(s) = det(sI — Ay)—cadj(sI — Af) h

Ny(s) cadj(sl — Af) b
A(s) = det(sI — Ay)-det(s] — Ap)-s
g(s) det(sI — Ap) + c adj(s] — Ap) h

If we design Q(s) such that F,, . (s) satisfies the
conditions of Lemma 1, F,,, ., () has the finite time
settlement property. Until now, the structures of
Q(s) have been restricted to (1) or (3), so we pro-
pose the structures of Q(s) as follows.

'5 1(s efsT1 —sT,,
Qs) = bo(s) +b1(s) a(t) 4 by (s)e
o bs)
(17)

where b;(s) and a(s) are polynomials. Because Q(s)
is the causal and stable transfer function, b;(s)/a(s)
must be proper and a(s) must be Hurwitz polyno-
mial. It is obvious that the structures of (17) cover
these of (1) and (3).

Then, we derive the restrictions of Q(s) in (17)
such that F,, _., (s) satisfies conditions of Lemma
1. Since The plant G(s) is SISO system, the follow-
ing property is satisfied.

~ . det(sl — A)

cadj(sI —A)b
M(s)= —— "2, it S et
(5) det(sI — Ap)’

det(sl — Ay)

(18)
Let design f such that zeros of det(sI — Af) cancel
stable zeros of ¢ adj(sI — A) b and design h such that
zeros of det(sI — Ay) cancel stable zeros of det(sI —
A). Then the pole-zero cancellation occurs inside
M(s) and N(s). From the nature of double coprime
factorization,

N(s) =

M(5)X(s) — N(s)Y(s)
det(sI — A) Nu(X(s))
~ det(s] — Ap) det(sI — Ay)
cadj(sI —A)b Nu(Y(s))
det(sI — Ap) det(sl — Ay)
=1

is satisfied. Multiply both side of (19) by det(sI —
Ag)det(sI — Ap) and substitute zeros of ¢ adj(sI —
A) b to its equation. (If ¢ adj(s] — A) b has multiple
zeros, partially differentiate the equation (19) with
respect to s and substitute zeros.) Then it turns
out that the denominator polynomial of X(s) has
the same stable zeros that ¢ adj(sI — A) b has, and
these zeros of denominator of X(s) are canceled by
its numerator. Substitute (17) to (16) and cancel
zeros between denominator and numerator, (16) can
be coordinated as

Xis)a(s) -
A'(s)a(s)
where N'(s), ¢’(s) do not have stable zeros. From the

conditions of Lemma 1, the conditions for the finite
time settlement of Fi,, ., () become as follows.

Ni(s)b(s) ,

Furlﬁzl(s) = g (S) (20)

S )als) = Mg )| =0 (2)
0= 17"‘71)7]' =0, —1
where «;(¢ = 1,---,p) are zeros of A’'(s)a(s) and

vi(t = 1,---,p) are their multiplicities.
This constraint can be simplified.

Lemma 2 The followings are equivalent:

(a). ;JJ {(X(l( a(s) =0

= Nu(s)b(s))g'(s)}

S=w

=0

S=o

(1), S {Xg(s)a(s) — Na(s)b(

where Re(a) < 0,7 =0,
stable zeros.

,p and g'(s) does not have

(Proof)
(b)=(a) It is obvious.
(a)=(b) We employ the foundations of mathematics.



When j = 0, (b) is equivalent to (a) because ¢'(a) #
0.

Suppose (b) is equivalent to (a) from j = 0 to j =
k — 1. Then

dk ,
d—k{(Xo(é)“( No(é) (8))g'(s)}

k—i = )
= ch e (Xp(s)a(s) = Ny()h(s)) 0'(5)
k S=w
- d T AXials) — M)} o) =0

(b) is also equivalent to (a) when j = k. Therefore
(b) is equivalent to (a). O
Via Lemma 2, the conditions (21) are simplified as

SNp(s))| =0 (22)

o
o (Xh(s)als)

s=o;

7::1-,"'72)-,.7':07"'17/75_1

where a;(i = 1,---,p) are zeros of A'(s)a(s) and
vi(i=1,---,p) are their multiplicities.

This conditions require that the free parameter Q(s)
should satisfy the conditions of Lemma 1.

Theorem 1 Let the double coprime factorization be
given by (11),(12),(13) and (14), where zeros of
det(sI — Ay) and det(sI — Ap) cancel by stable zeros
of c adj(sI— A) b and det(sI — A) respectively. Then,
the sufficient condition for the conditions (22) is that
the free parameter Q(s) in (17) satisfies conditions
of Lemma 1.

(Proof)

For simplicity, assume that a(s) doesn’t have mul-

tiple root. From the conditions (22), the following
conditions are necessary.
dJ , , ,
17 Ko(s)als) = No(s)b(s)] =0 (23)

where Re(a;) < 0(i = 1,---, k) are all zeros of a(s).
Since N{(s) is designed such as unstable polynomial,

N{(a;) # 0. Clearly a(a;) = 0 is satisfied. Thus

b(ai) = 0 (24)
where «; is zeros of a(s), is satisfied. This implies
that Q(s) in (17) satisfies the conditions of Lemma 1.
That is, Q(t) settles to zero within max{Ty,---,Tr, }.
O

The previous theory shows that to make F,,, ., (t)
zero within finite time, it is necessary that Q(s) is the
deadbeat signal of Lemma 1. By proof of Theorem
1, if Q(s) is designed such as the signal of Lemmal,
the remained conditions of (22) are these for zeros of
A(s). Hence, the conditions of (22) with settlement
time Tyett1e becomes as followings.

Theorem 2 F,, ., (f) settles to zero within finite
time Tierile if the free parameter Q(s) in (15) satisfies
followings.

o Q(s) is the stable deadbeat signal of Lemma 1.
Furthermore Q(t) settles to zero within Tyeiile.

15 Xo(slats) = Ny(owe)| =0

=1, k) =Vai, - Vit Vg — 1
where «; are zeros of A(s), v; are their multi-
plicities and vg; are the multiplicities of a(s).

4 Design of H. /Deadbeat Suboptimal
Controllers

The previous section presented the restrictions of
Q(s) for the deadbeat control. This section presents
the design procedure of the controllers which satisfy
Hoe norm constraint subject to those restrictions.
Hoo norm of a certain transfer matrix is known as
convex|[1]. Applying the controller (15) to the sys-
tem, Fyy, .z, (s) can be written as

Foy—zy(5) = Fa1(5) + Fy2(s)Q(5) Fys(s).

Therefore, if a set of Q(s) which satisfies those re-
strictions is convex or afline, the H,, optimization
problem subject to those restrictions becomes con-
vex on this set. So, we show that this set is affine at
first.

(25)

4.1 Affine Property of Q(s)

It is shown that the set Q(s) which satisfy the con-
ditions of Theorem 2 is affine. To begin with, a def-
inition of affine is introduced.

Definition 1 [1] Hy C H is affine if for any H,
HeHy, and any A\ € R, AH + (1 — M) H € Hy.

Theorem 3 The set of the free parameters Q(s)
which satisfies Theorem 2 is affine.

(Proof)

The error signal Fy,, .., (s) can be written as

Fuy—z.(s) = Fi1(s) + Fi2(s)Q(s) Fis(s).

where Q(s) is designed such that Fy, . () settles
zero within finite time. Suppose that Q:(s) and
Q2 (s) are different free parameter which satisfy The-
orem 2, and AQ1(s) + (1 — A)Q2(s) is applied to the
controller (15). Then the error signal becomes

Purens(s) = Fuy + Fia(\Qa(s) + (1 = N)Qa(s)) Fis
= MFi1 4 Fi12Qq(s)Fi3)
+(1 = A)(F11 + F12Q2(s)F13)

(27)
Since the signals Fi3 + F12Q1(s)Fi3 and Fi; +
F12Q2(s)Fy3 settle to zero within finite time, the sig-
nal (27) also settles to zero within finite time. It is
obvious that AQ1(s)+(1—X)Qx2(s) is the stable dead-
beat signal of Lemma 1. Hence AQ1(s)+(1— /\)Q:)(e)
satisfies the conditions of Theorem 2.
Since this affine set is infinite dimension, it is not easy
to obtain the optimal solution. So, we introduce the
Ritz approximations.

(26)



4.2 Ritz Approximations [1]

It is not easy to obtain the optimal solution of the
infinite dimensional convex problems. By employing
the finite dimension subset of the infinite dimensional
set, that infinite problems are reduced to finite. Let
‘H be the infinite dimensional vector space. Then the
Nth Ritz approximation is given as follows.

Hn 2 {Ro + Z z: R;

1<i<N

wieR,lgigN} (28)

where Ry, Ry, Ro,--- € 'H.

This set is the finite dimensional affine subset of H.
If the original problem is convex, the Ritz approxi-
mation yields convex problem, since it is the original
problem with the affine specification adjoined.

4.3 Formulation of The Problems and Design
Procedures

To begin with, the elements of the Ritz approxima-
tion are derived. Then the optimization problems on
the Ritz approximation are formulated. Finally we
give the algorithms of the controller design.

From the first condition of Theorem 2, it is necessary
that Q(s) satisfies the conditions of Lemma 1. So
Q(s) is composed of the next signals. (Sce 2.2)

—sTh, dk —s5Ty;
e i mﬁu(h‘, e "2, (Re(a) < 0)

ST, S

(29)

€

where 60,(s, —sT;) is defined in (8). The convex
optimization problem with the Ritz approximation
becomes

min ||F!U2_'ZZ (Q) ||oo

= min || Fa(s) + Fao(5)Qu(5) Fas (5) (30)

Ty,

where Q,(s) € Hy,

Hy 2 {Qo(s) + Z z:Qi(s)

1<i<N

a:ieR,lgigN},

(31)

620(*‘;)7 Tt QN(SI)g
€ span{e™ T %9,, (s,e°T2) 71311 (Re(a) < 0)
ds

and Q,(s) satisfies the second conditions of The-
orem 2. Since the second conditions of Theorem 2
are equations, we can eliminate the parameter z; in
(28) by number of restrictions. For example, assume
that jth Ritz approximation’s elements are chosen as
0,Qu(s),---,Q;(s) and zeros of A(s) are a, -, ay,
without multiple zeros. Thus the second constrains
of Theorem 2 becomes

Xg(a1)
Qola) -+ Qj(s) £1 Ni(oa)
QO.(S) Qj.(*‘) "1;,7' X(,)('O’»k)
N ()

(32)
(32) has solution, if the matrix of left side of above
equation is § > k and full row rank. If the matrix

does not have full row rank, we can make it full row
rank by modifying the time delay or the settlement
time of the Q;(s). Using (5 — k)th free parameters,
the solution can be written as

i
T Ty

—Ki+K. | . (33)

) i
T ZJ_L

Thus jth Ritz approximation can be written as fol-
lows.

[ Qo(s) Q;(s) |
= [ Q1(s) Lk(g) ] 2 Q'(s)x’'.
m}fk

(34)
Therefore the optimization problem with jth Ritz
approximation becomes

win 17" (2" )iy~ (5) ]| (35)
where
F'(@ ), 2, (5) = Fo1(s) 4 Faz(s)Q'(s)z Fas(s).
(36)

If this optimal solution satisfies desire norm, we ac-
cept its free parameter. On the other hand, if this
optimal solution does not satisfy the norm condition,
we use the larger degree of the Ritz approximation
and repeat the same procedure. Finally, we summa-
rize the above arguments as following design proce-
dures.

(i). Design the controller (15) and cancel stable zeros
and poles between the plant and the controller.

(ii). Solve the conditions such that F., -, (¢) settles to
zero within finite time Tyettle.

(iii). Let k be the number of the restriction in (ii). Design
the kth Ritz approximation of Q(s) which elements
settle to zero within time Tgetr1e and decide the pa-
rameters such that Q(s) satisfies the restrictions of
(ii). If [|[Fuy—zy (8)]|,, < v, go to (vi) else go to (iv).

(iv). Increase the degree of Ritz approximation by one,
solve the constraints in (ii) and obtain the convex
optimal problem (35).

(v). Solve the convex optimal problem. If its solution is
less than v, go to (vi) else return to (iv).

(vi). Obtain the free parameter Q(s) in (15).

We now show that the structure (1) or (3) can be
represented as a special case of the Ritz approxima-
tion.

Corollary 1 The structure (1) consists of linear
combination of 1,e~*T and signals (9) with the settle-
ment time T, since (1) contains only one time delay.
That is, the sequence of the Ritz approximation are
restricted to
ayT  —sT ayT  —sT
07176_3,1171_61 ‘ 71_6_ ‘ [ (37)

S — Q7 S — Oy




Corollary 2 The structure (3) consists of linear
combination of 1,e=T, e=25T .... Therefore, the se-
quence of the Ritz approximation are restricted to

0717€—ST’€—2ST’___‘/€—QST (38)

5 Numerical Example

Let consider the following plant.

1

= o6+

(39)

First of all, we design the controller such that the
error signal F,, _,,, (t) settles to zero within time 2.
Then, we observe the variation of robustness against
additional error of the plant by change of the degree
of the Ritz approximation. Let consider next gen-
eralized plant and observe the variation of optimal
norm of || Fy,—2,(8)||., by the degree of the Ritz ap-
proximation.

[

0
0
0
1

0
1
1
0

The solution of He
1Py e, ()] = 6.02.
Let design the controller (15) to cancel stable pole
—2 of the plant. This time, we use the sequence of
Ritz approximations as (37) or (38). Since there are
four constraints for the deadbeat control, the degree
of the Ritz approximation begins with four.

optimal problem is

40

one time delay
multiple time delay -

38 i
36 -
34|
32|
30 |

28 -

26

[m

Figure 3: The degree of Ritz approximation versus op-
timal solution
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50

40
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Figure 4: The elimination time versus achieved norm

Figure 3 presents the variation of the optimal so-
lutions by change of the degree of approximations.

This result appears that to make ||Fiy,— 2, ()|, less
than 26 is difficult. For this reason, we can considere
that the deadbeat elimination time is restricted two.
So we demonstrate relationship between the elimi-
nation time and achieved norm of the closed loop
system in Figure 4. It seems that the achieved norm
of the closed loop system is inversely as the elimina-
tion time and approaches to H optimal norm when
the elimination time becomes larger. Oun the other
hand, Figure 3 also show that the achieved norm is
affected by the selection of the the sequence of the
Ritz approximation.

6 Conclusion

In this paper, we suggest the design method of mixed
Hoo/deadbeat control. This controller guarantees
not only the time domain performance but also the
frequency performance. The free parameter of Youla
parameterization has more general structure than
these of the other studies. So we can expect the
controllers which guarantee better performance.
However, there are some problems. One problem is
the choice of the sequence of the Ritz approximation.
The optimal norm of the certain approximation is
different from that of the another. Second problem
is that the controller may not exist. In the example,
it turns out that the achieved norm of the closed loop
system depend on settlement time.

As the future work, to solve above problems and
the deadbeat control problems with other norm con-
straints are remained.
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