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I Elliptic Systems 

This paper is concerned with the optimal control of 
systems governed by a variational inequality coupled 
with a semilinear partial differential equation via the 
constraint of obstacle. In the stationary case, we con- 
sider an elliptic obstacle variational inequality 

{ 

AY 2 f(x,y,u) in R, 

YZCP in R, (1.1) 
(AY - f)(y- (o) = 0 in R 

where the obstacle ‘p is the solution of a controlled 
semilinear elliptic equation 

{ 

AP = s(x,co,~) in Q, 
cplan = 0. (1.2) 

Our goal is to minimize the following cost functional 

The above problem is called indirect obstacle optimal 

control problem, since, if f dose not explicitly depend 
on u, the control acts upon the state y by means of 
the obstacle (p, the solution of the controlled equation 
(1.2). This amounts to a design of the shape of the 
string by choosing a suitable curvature of the obstacle, 
if the one-dimensional obstacle problem of the string is 
considered. Also, its parabolic counterpart may appear 
in the studying of Mathematical Finance (such as the 
pricing model of interest rate derivatives etc., cf. [15]). 

The above problem is essentially the optimal control 
problem for a class of nonsmooth distributed parameter 
systems, which has attracted much attention in the 
literature (cf. [l, 2, 6, 7, 10, 131 for examples). In 
this paper, our main purpose is to study the existence 
and optimality conditions (in the form of Pontryagin 
principle). 

If we define a multifunction ,B as follows: 

P(T) = 
1 

cm; 01 
r > 0, 
T = 0, 
T < 0, 

then the obstacle variational inequality (1.1) can be 
written as 

AY + P(Y - P> 3 f. 

The main feature of our problem is that the action of 
control (via the obstacle ‘p) gets into the multivalued 
operator ,B. 

To begin with, we introduce the following assump- 
tions. 

(HI) R C R” is a bounded region with C’T’ bound- 
ary 8R; U is a Polish space. 

(Hz) Operator A is defined by 

AY(x) = - 2 ~i(aii(x)~i~(x)) 
i,j=l 

with 

aij E c’(n), C&j = Uji, 1 < i,j 5 7L, 

and for some X > 0, 

i,j=l i=l 

v’z E 02, ((1, (2,. . *, &z) E Iv. 

(Hs) The functions f,g: R x R x U --+ ]w have 
the following properties:f(., y, u), g(., ‘p, U) are measur- 
able on fl, and f(z, .;u),g(~, .;u) are in Cr(B) with 

f (x1 *7 a), fy(~,.,.), g(z,.,.) and g,(z,.,.) continuous 
on R x U. Moreover, there exists a constant K > 0, 

such that 

-K 5 fy, gv IO on R X R X U, 

and 

If(x, 0, u)I + Is(x, ‘4 ~11 5 K on R x U. 

(Hd) The function L:R x I% x ]w x U + Ii% sat- 
isfies the following: L(., y, p,u) is measurable on 0, 

L(x, .7 .? u) is in C1(R x W) with L(x,.,.,.), L,(z, e,.,.) 

and L,( x, ., 1, .) continuous on R x ]Ig x U, and for any 
R > 0, there exists a constant KR > 0, such that 

IL1 + k/l + IhI 5 KR 

on 0 x [-R, R] x [-R, R] x U. 

We define 

U = {u: R + UI ~(a) is measurable} 



Any element u E U is referred to as a control. Clearly, 

under (Hi)-(H*), f or each u E U, there corresponds 
a unique pair of state (y, ‘p) and the cost functional 
(1.3) is well-defined. We can write J(y, cp,u) as J(u) 
without any ambiguity and state our control problem 
as follows. 

Problem (C). Find a u E U, such that 

J(U) = jiL J(u). 

To establish the existence for Problem (C), we in- 
troduce the following set: 

Note that our control domain is merely a separable 
metric space and dose not necessarily have any alge- 
braic structure. Neither the convexity of control do- 
main nor the smoothness of control is imposed. The 
regularity of the obstacle cp, which is required in the 
state analysis of our problem, relies on the governing 
equation (1.2). This makes the control manner more 
realizable. 

A(? Y, ‘p) = {(El 7730 E R31 t 2 L(z, Y, Po,U), 2 Minimax Control Problem 

77 = f(xc, Y, u), 6 = dx, cp, UL u E VI, 
and make the following assumption: 

(Hs) For almost all x E R, the mapping .(y, cp) H 

A(x, y, ‘p) has the Cesari property on R2. 

Using the so called Cesari condition (Hs) and the 
measurable selection theorem (cf. [lo]) we have 

Theorem 1 .l Let (HI)-(H5) hold. Then Prob- 
lem (C) admits at least one optimal control U E U. 

Using the spike variation technique and the Ekeland 
variational principle we obtain the first-order necessary 
conditions for optimal triples. 

For the same state system (l.l)-(1.2), we may also 
pose the following cost functional: 

where (y, ‘p, u) is a triple of state and control satisfying 
(l.l)-(1.2). 

Theorem 1.2 Let (Hi)-(H4) hold and (jj,Cp,U) 
be an optimal triple for Problem (C). Then there exist 
F,$ E Hi(R) and p E H-l(R) n M(n), such that 

One of the motivation of the above cost functional is 
the following: Consider the deformation of a membrane 
constrained by an obstacle. We would like to design the 
shape of the membrane by choosing a suitable obstacle 
so that the largest deviation of the perpendicular dis- 
placement y from the desired one, say yd, is minimized. 
In this case, we could take L(x, y, ‘p, u) = Iy - yd(x)12. 

Since the problem is to minimize a “maximum”, it is 
usually referred to as a minimax control problem. 

AF - fY(x, jj, G)F = L,(x, B, F, Z) - p in R, 

A$--gp(x,Fj,21)J)= L,(x,y,F,U)+P in@ 

4an = 0, iJIm = 0, 

Minimax control problems sometimes seem to arise 
more naturally in applications than the standard prob- 
lem involving integral cost, especially when one is at- 
tempting to minimize the maximum deviation from 
what is desired. Nevertheless, in our knowledge, 
such problems were less studied (especially for infinite- 

dimensional systems). As we know, the minimax con- 
trol problem for ordinary differential equations was 
studied by several authors (cf. [3]). The first infinite- 
dimensional version of Pontryagin principle for mini- 
max problem was presented in [lo]. The usual inte- 
gral cost problem is smooth (in some sense), whereas 
the Loo norm (as the cost functional) is nonsmooth. 
This leads to more complicated necessary conditions 
for minimax control problems. That is one of the rea- 
sons why the problems with integral cost are more of- 
ten studied than that with L” cost. 

and 

suppp c {x E Rlji(x) = v(x)} (1.4) 

where M(a) is the set of all regular signed measures 
on a, and 

H(x, Y, P, ‘11, z, ti) 

= zf(x, Y, u) + &7(x, (P, u) + L(x, Y, P, u) 

for any (2, YT P7 u, z, ti) 

ERxRxlRixUxRxR. 

The condition (1.4) is understood as the following: 
For any 77 E C(n) with suppq c fi+ 

where 

cl+ = {x E q y(x) > v(x)}. 

Let us retain all assumptions (HI)-(Hs) given above. 
Since the state equations are the same, we may quote, 
from the previous section, all the analyses of state sys- 
tem without modifications. As before, let U be the set 
of all controls, our minimax control problem can be 
stated as follows. 



Problem (M). Find a ?i E U, such that 

I(C) = jiL I(u) 

where I(u) is defined by (2.1). 

For the sake of convenience, let us make some re- 
ductions. First, by scaling, we may assume that 
m(n) = 1. Next, from W2J’-estimate of state and 
Sobolev’s embedding, it follows that y and ‘p are uni- 
formly bounded, independent of u E U. Thus, by (Ha), 
we may assume without loss of generality, that 

0 < a 5 L(x, y, p, ,u) 5 b < 1 

qx, y, $0, u) I$ a x IR x R x u 

for some constants a and b. We will keep the two re- 
ductions in this section. 

The existence for Problem (M) can be established 
similarly to last section. 

Theorem 2.1 Let (HI)-(Hs) hold. Then Prob- 
lem (M) admits at least one optimal control ?i E U. 

The major novelty of our problem lies in the simulta- 
neous presence of the nonsmooth state equation (vari- 
ational inequality) and the nonsmooth cost functional 
(the sup norm). We need to introduce a new regular- 
ization and to overcome some new difficulties arising 
in the discussion on convergency of the approximation. 

Before going further, let us assume 

(Hs) L(x, y, cp, u) is continuous on R x R x R x U 

and there exists a nondecreasing continuous function 
w: [0, +oo) -+ [0, +oo) with w(0) = 0, such that 

IL(K 5, ‘p, u) - L(X> Y, cp, u)I 

I412 - 4 + II7 - Yl + I$ - $4) 
V(x, y,(p,u), (2, j&@,u) E R x R x lK x u. 

Under (Hs), we can prove a convergence theorem 
which is crucial in deriving the optimality conditions. 
Then, the Pontryagin principle for Problem (M) is 
available. 

Theorem 2.2 Let (HI)-(Hd) and (He) hold and 
(y,‘p,?X) be an optimal triple for Problem (M). Then 
there exist S,$ E Wrap’ with p’ = 5 E (1, 5) 

and x,1, i-i E L”(R)*, such that 

{ 

AT-f,(x,jj,?i)~ =~_LY(x,y,~,?i+ji inR, 

A$- g,(x,Cp,T@ = XL,(x,jj,Cp,E) +i7 inR, 

%n = 0, iJIm = 0 
(2.2) 

and 

where 

{ 
U$) 

= {x E q qx, V(x), cp(x),qx)> < 3, 
= {u E UI L(x, y(x), v(x), u> < 7) 

x E R, 

X(n) 3< x, xa >> a > 0. (2.4) 

Moreover, in the case m(0o) > 0, for any 0 < c < 
m(no), there exists a measurable set S, c 0o with 
m(S,) 2 cr, such that 

X(S,) = 0. 

We note that in general, the above x is only a finitely 
additive measure and is not necessarily in M(n). If x 
happens to be in M(n), then there exists a measurable 
set S c 00 with m(Re \ S) = 0, such that 

X(S) = 0. 

This means that the support of 1 is disjoint with 

Remark 1 If L is independent of u, no 
Uo(x) can be replaced by R and U, respectively. 

Remark 2 If (F,$) # 0, then (2.3) gives a 

fro. 

and 

nec- 
essary condition for the optimal control U. Whereas, if 

~;yw ( 1 en 2.3 is trivial. In this case, (2.2) tells 

~L,(x, y, cp, q + p = 0, 
XL,(x,&qq) $77 = 0. (2.5) 

This gives (implicitly, if L is independent of u) a nec- 

essary condition for ZL. Due to (2.4), (2.5) is nontrivial. 

Also, if m(S2e) = 0, (2.3) tells us nothing. But, in 
this case, we must have 

L(x, y(x), F(X)> qx)) = J a.e. x E R. 

This has already given us some information about the 
--- 

optimal triple (y, ‘p, u). 

3 Parabolic Systems with State 

Constraint 

In this section, we are concerned with the following 
controlled evolutionary obstacle variational inequality 

y E Wlll(Q) n L2(0,T; H;(R)), inR, 

Ylt=o = Yo, in@ 

it - AY L f(x,t,y,u) in Q, (3.1) 

Y>P in Q, 
(it - AY - f)(y - ‘p) = 0 in Q 



where the obstacle ‘p is time-dependent and solves a 
semilinear parabolic equation with distributed control: 

w - Acp = s(z, t, ‘p, u) in&, 
cplc = O,cplt=o = 90. (3.2) 

Our cost functional is taken to be 

where (y, (o, U) is a triple satisfying (3.1)-(3.2). 

With respect to the control domain and the data 
involved, we make the following assumptions. 

(Hr) fl c 1w” is a bounded region with Cl” bound- 
ary an; U is a Polish space and 

U = {u: Q + U] u(., .) is measurable}. 

(Hs) For some (Y E (0,l) and any p > 1, 

yo, $70 E c;(n) l-l w2-l’pyfq. 

Moreover, 

Yo L PO a.e.in Q. 

(Hg) The functions f,g: R x [0, T] x ES x U -+ Iw 
have the following properties:f(., ., y, u), g(., ., p, U) are 

measurable on fl x [0, T], and f(z, t, .,u), g(z,t, ., U) 
are in C’(R) with f(z,t, ., .), fv(z, t, ., e), g(z,t,., .) and 

gv(?t, .1.> t con inuous on Rx U. Moreover, there exists 
a constant K > 0, such that 

lfYl+ hl I I-c on Rx[O,T]xJiSxU 

and 

on R x [0, T] x U. 

(Hie) The function L:R x [0, T] x Iw x II% x U + 

R satisfies the following: L(., .,y, cp,u) is measurable 

on R x [0, T], L(z,t, ., ., U) is in C1(]w x W) with 
L(z, t, ., ., e), L,(z,t, ., a, .) and L,(z,t, a, ., .) continuous 
on Rx Rx U, and for any R > 0, there exists a constant 

KR > 0, such that 

on R x [O,T] x [-R, R] x [-R, R] x U. 

Let 

W = {y E L2(0, T; H,‘(R))/ yt E L2(0, T; K1(fl))}. 

By [14] (Lemma 3.2, Ch.11) we know that if y E W, 
then y is almost every where equal to a function that 
is continuous from [0, T] into L2(R). Hence, our initial 
condition is meaningful for any y E W. 

Any element u E U is referred to as a control. 

It is known that (cf.[5, 12]), under (Hr)-(Hie), for 

each u E li, there corresponds a unique pair of state 

(Y, 4 E W n c(Q)12 and the cost functional (3.3) 
is well defined. Keeping assumptions (Hr)-(Hro), we 
may talk about the state constraint of form 

G(Y) E S. (3.4) 

For the state constraint (3.4), we assume that 

(Hii) 2 is a Banach space with the dual Z* being 
strictly convex. S C 2 is convex and closed, and is of 
finite codimension in Z (see [lo] for the definition of 
finite codimentional subset). The map G: Co@) --t Z 
is continuously FrCchet differentiable, where 

Co@) = (77 E cm d-2 = 0 >. 

Any triple (y,cp, U) satisfying (3.1)-(3.2) and the 
constraint (3.4) is called an admissible triple and the 
corresponding u is called an admissible control. We de- 
note by &d the set of all admissible controls. In what 
follows, we assume that &d # 8. Then, we may state 
our optimal control problem as follows. 

Problem (P). 

&d, such that 

Find an admissible control ;iz E 

F(E) = inUfuf, F(u). 
(I 

In analogy to the previous sections, we introduce the 
following set: 

and make the following assumption: 

(Hi2) For almost all (2, t) E Q, the mapping 

(y, ‘p) H A(z, t, y, ‘p) has the Cesari property on R2. 

Then, we can prove the existence result for Problem 

w 

Theorem 3.1 Let (H7)-(HIo) and (His) hold. 

Then Problem (P) admits at least one optimal control 

i.i E &d. 

We are mainly interested in deriving optimality con- 
ditions in the form of Pontryagin principle, which, 
for the optimal control problems of parabolic vari- 
ational inequalities with nonconvex control domain, 
have never been established before. 

There are many contributions devoted to the deriva- 
tion of Pontryagin principle for evolutionary systems. 
See, for examples, [9, 10, 111, in which an abstract evo- 
lution equation setting was commonly used. Since our 
constraint (3.4) is quite general and, in many cases, 
it requires pointwise behavior of the state, we use the 
framework of partial differential equation instead of the 



abstract framework. The Pontryagin maximum prin- 
ciple for semilinear parabolic equations with pointwise 
state constraints has been proved in [S] (and recently 
in [4] for boundary control problems) without using the 
abstract evolution equations. However, both of them 
have not contained the case where the nonlinear term 

f is multivalued. 

Due to the state constraint, we need the stability of 
the optimal cost with respect to small perturbation of 
the state constraint ( (Hrs) below, cf. [lo]) in order 
the Ekeland variational principle applies, and need the 
finite codimensionality of the state constraint set to en- 
sure the nontriviality of the Lagrange multipliers (see 

(3.5)). 

(H13) For any (~k,pk,uk) satisfying 
and 

ds(G(Yk)) + 0 (k + m>r 

it holds that 

(3.1)-(3.2) 

where the distance function (to the convex and closed 
subset 5’ c Z) 

b(z) = ;:fs lb - vllz ZEZ 

is involved. 

Now, we are in a position to give the Pontryagin 
principle for Problem (P). 

Theorem 3.2 Let (H7)-(Hll) and (His) hold 
and let the following compatibility condition, for the 

set S, the map G and the initial state yo, hold: 

wvG'(rl)*WMd) c Q u (fl x VI) 

VT E Co(&) with G(T) E S, &O = YO(X). 

Let (B, F, W) be an optimal triple for Problem (P). Then 
there exist r, $ E Lg(O,T; W,“‘(n)) (1 < 4 < s), 

3 E [O,l], p E MO(Q) and V E ads(G(y)) c Z*, such 
that 

x + ~~qlz* > 0, (3.5) 

-& -AZ-- f,(z,t,&z)Z 

=J-&(x,t,~, (p, ‘ii) - I + $“(‘y)*vl~ in Q, 
-6 - W - sq(x, t, cp, u)ll) 
= XL,(x,t,y,cp,q+p 
ZJC = 0, 

inQ’ (3.6) 

q,lc = 0. 
tlt=T = G’($*vlnx{~j, 
iG=T = 0, 

< V, q - G(y) > 5 0 VT E S, (3.7) 

SUPPT~ c ((2, t> E &I $x,t> = cp(x,t)) (3.8) 

and 

~(x,t,~(x,t),cp(x,t),~(x,t),~,~(x,t),Ilr(x,t)) 

= ~~i~H(x,t,g(x,t),~(x,t),u,S;,F(x,t),~(x,t)) 

a.e.(x,t) E Q (3.9) 

where 

H(x, t, Y, $4 UY A, z, ti) 

= zf(x, -4 Y, u) + &7(x, -4 ‘p> u> + qx7 6 YT ‘PY u) 

for any (x,t,Y,v,u,hz,ti) 

Moreover, if 

then, 

In the above, MO(Q) = Co(Q)* is the set of all 
Radon measures on Q with the support contained in 

Qu(Ox {O,T}); (3.6), (3.7) and (3.9) are referred to as 
the adjoint equation (along the given optimal triple), 
the transversality condition and Pontryagin’s condi- 
tion, respectively. The condition (3.8) is understood as 
the following: For any 7 E CO(&) with s~ppq C Q+, 

< I, 71 >M&j),C,(Q) = ’ 

where Q+ = {(x,t) E Qly(x,t) > p(x,t)}. 
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