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Abstract

A new class of adaptive nonlinear Ho. control systems for
processes with bounded variations of time-varying parame-
ters, is proposed in this manuscript. Those control schemes
are derived as solutions of particular nonlinear Hoo control
problems, where unknown system parameters are regarded
as exogenous disturbances to the processes, and thus, in the
resulting control systems, the £? gains from system param-
eters to generalized outputs are made less than v (> 0).
The control schemes are shown to be sub-optimal to some
Hoo cost functionals (or certain differential games), when
the high-frequency gains are time-invariant.

1 Introduction

In the study of adaptive control, the main topics have been
an asymptotic stability of adaptive control systems. So
much attention has not been paid on the control perfor-
mances such as transient performance and other perfor-
mances [1], {2]. On the contrary, the recent researches on
nonlinear Ho control and inverse optimality, could derive
adaptive or nonlinear control systems which are optimal to
certain meaningful cost functionals 4], [5].

Additionally, in the study of adaptive control, the stabil-
ity analysis of adaptive systems have been focused on time-
invariant processes mainly; no enough discussion for the case
of time-varying systems has been made. Although several
approaches have been examined for time-varying processes
in the robust adaptive control schemes [2], those results
could be applied to limited classes of time-varying systems,
that is, only sufficiently small variations of time-varying pa-
rameters are accepted in those robust adaptive schemes.

The purpose of the present paper is to provide a new class of
adaptive nonlinear Ho, control systems for processes with
bounded variations of parameters, where the control per-
formances are discussed explicitly, and the stability anal-
ysis for time-varying systems are carried out successfully.
Those control schemes are derived as solutions of partic-
ular nonlinear Hoo control problems, where unknown sys-
tem parameters are regarded as exogenous disturbances to
the processes, and thus, in the resulting control systems,
the £ gains from system parameters to generalized out-
puts are made less than v (> 0) (the prescribed positive

constant). The proposed control strategy can be applied
to any time-varying (or time-invariant) systems, and the re-
sulting control systems are bounded for arbitrarily large but
bounded variations of time-varying parameters. Also, the
control schemes are shown to be sub-optimal to some Hoo
cost functionals (or certain differential games), when the
high-frequency gains are time-invariant. The former ver-
sion of the present research [6] considered the case where
relative degrees are 1 only. The present manuscript extends
it to general relative degree cases by applying backstepping
procedures [3].

2 Problem Statement

A single-input single-output nonlinear system is introduced

2 e(t) = £e(t) + £(S(e, ) + bougne 1(0) + #Tan (1), (1)
ult) = oy (>0 )

where e(t) is a control variable, u(t) is a control input, and
f(e,t) is an unknown nonlinear term. wi (¢) is a vector com-
posed of measurable signals, bp and ¢ are unknown system
parameters which can be time-varying, and £(-) is an un-
structured element defined by

L(v(t)) = Go(s)u(®),

A(> 0) is a design parameter which is known, and n* is
a relative degree of the controlled process. The following
assumptions are introduced.

(Go € RH™). (3)

Assumption 1 1-1. The relative degree n™ is known. 1-
2. Although by can be time-varying, the sign of it remains
unchanged (bg > 0 or bg < 0), and ts known a priori. It is
assumed that by > 0 without loss of generality. 1-3. The
unknown nonlinear term f(e,t) is evaluated by

fle,)? < fo - d(e) - e, #(0) =0, €
where fo is an unknown positive constant, and ¢(e)(> 0) is
a known function of e which is n* — 1 times differentiable
with respect toe. 1-4. The magnitude of w1 (t) is evaluated
as follows:
llwr ()l < Mysuple(r)| + Ma, (M1, M2 >0). (5)
t>T

1-5. The upper bound on the norm of parameter vector
o, which will be introduced later, is known. Also, the upper
bound by and lower bound byon the high-frequency gain bo
are known such that

0<&<hy <bp<byg <M< oo, (6)



and the upper bound p and lower bound p on the parameter
p are known, too.
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The control problem is to determine a control input wu(t)
adaptively such that the overall system is stabilized for arbi-
trary but bounded time-varying system parameters, and ad-
ditionally, the control variable e(t) converges to zero asymp-
totically in the ideal case (stability condition), while the re-
sulting control system becomes optimal or sub-optimal to
some meaningful cost functionals (optimality condition).

3 Adaptive Nonlinear H, Control Scheme

The design of control systems are based on backstepping
procedures [3] composed of step 1 ~ step n”, and in each
steps, the control signals v;(t) are determined by applying
nonlinear Hoo control scheme. In the last step (step n™),
the actual control input u(t) is obtained.

Step 1) Define 2, (t), z2(t) by
z1(t) = e(t), (8)
z2(t) = ugnx_1(8) — an (). (9)
The virtual control a1 (t) is determined to stabilize z;(t).
a1 (t) = —p(t) [{61(t) + k11 }21(t) + Oa()d(21(1))21(t)
+o(t)Twi(t) + vi(1)]
= —p(t)[Po(t)Two(t) + k1121 (t) + v1 ()] = —P(t)vo(t), (10)

do(t) = [61(2), fa2(8), ()77, (11)
wo(t) = [21(t), ¢(2: ()21 (1), wr()T]7, (12)
vo(t) = Do (8)Twolt) 4 k1121(t) + v1(2), (13)

where k11 is a positive constant, and v1(¢) is to be deter-
mined later based on nonlinear Ho control strategy. In this
manuscript, the projection type adaptive laws, where tun-

ing parameters § are constrained to certain closed regions
S, are defined by

. _ T¢pe Case 1
6 = Pr(I'ge) = e — Fz%*vi:gv—r(f’f Case 11 °
(r=rT>0),
where Case 1 : § € 8%, or § € 8S & (T'¢e)TVg < 0, Case
IT : otherwise, S = {6 : g(8) < 0}, S° = interior of
S, 88 = boundary of S. By utilizing those descriptions,
61(t), 62(t), p(t) are tuned in the following ways:
61(t) = Pr{giz1(t)*}, 62(t) = Pr{gr2e(21(t))=1()*},
p(t) = Pr{giavo{t)z1(8)}, (15)
where g1, g12, g13 > 0, and each constraints are given by
g6, (01) =87 — M*, g, (62) = 65 — M?,

gp(ﬁ):(za—‘”M)z-(M_&)z. (16)

(14)
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M and § are properly selected positive constants based on
Assumption 1-5. Hereafter, we are to obtain the input
signal v1 (t) by applying nonlinear H., control strategy. For
this purpose, define Vl(t) by

1
Vi(t) = 521 t)2

Z{e (1)~ 071011 + 200(0) ~ Y fo1s

LB~ @) TGEHB — 07, (G =G >0), (1)

where & is a nominal value (time-invariant) of the parame-
ter & (time-varying), and 8] are also nominal values (time-
invariant) of the parameters §; (time-varying) determined
later. We take the time derivative of it.
Vi(t) = 21 ({L(21 () + L (21, 1) + @T wn (1)}
— o3 wo(t)z21(t) — k21 (t)?

+(by — b0)p(t){Do(t)Two(t) + k1121(t)}

—{1 4 bop(t) — byp(t)}v1(t)z1(t) + boza(t)z2(t)
+{o(t) - 23T GLHE(t) — 71 (D)}, (18)
Tp1(t) = Guwi(t)z1(2), (19)
4’3 = [0;7 9;7 (I:’*T]T' (20)

Since L(-) is defined by (3), there exist bounded #1, 612
(positive) satisfying the next inequality.

t
/ 21T ){L(21 (7)) + £{f(z1, 7)) }dr
0
t
< [Eune +omeaEnere oy
0
Then, the following relation is obtained by integrating V; (¢).

Vi(t) - vi(0)

t t
< “kll/ 21(m)2dr + [ (@01 — @5)Two(r)z1(7)dr
0 0

+/ (b — bo)p(T){(B1(7) + k11)21(7)
0]
+02(1)p(21(7)21(7) + B(T) wi(r)}21 (7)dr
/{1+b0p('r)—b0p( )}Ul(T)Zl(T)dT+/ boz1(7)z2(7)dr
0

/{‘1> 817G H(r) — o1 ()}dr

t
—ku/ 21(7)2d7+/ 6] w(r)dr
0 0

/ {1 4 bo(r)}v1(T)21 (7)dT +/ boz1(7)z2(7)dr
0 0

+ [ {®(r) - e }TGy)

{$(7) = 741(7)}dr, (22)

4]
1 = [611, 612, @77, (23)
@1 = [(4)01 - O) ’ —0 - bO}T’ (24>
bo = (bo — by)B(t) (> 0), (25)
w(t) = [wo(t)T, p(){Do(t) T wo(t) + k21 ()} (26)

From that evaluation of Vi(t), we introduce the following
virtual process

i1 = —knz1 + w1 — (14 bo)uy
= fi(z1) + g11d1 + g12vs, (27)
fi(z1) = —kniz1, g =w’, di =01, g12 = —(1+bo), (28)
and stabilize this system via v1 by applying nonlinear Heo

control strategies, where the unknown system parameter O
is regarded as an exogenous disturbance to the process. For
this purpose, consider the Hamilton-Jacobi-Isaacs equation

. . 2
A% L[ llgul® 9% Wi 2
+ - | - -== — + h127 <0, 29
dz1 h 4 ( ’y’fz 1 Oz 1= (29)

where the solution Vj is given by the next equation

() = ézl(t)? (30)




h1 and r; are positive functions to be determined from the
inequality (29) based on inverse optimality for the given

solution V; (30) and the positive constant 7. The substi-
tution of (30) into (29) yields
2 (1 4b2) 22
akllzﬁ{u_wu__gﬂ}zl”lzggo. (31)

<2 -
7 r1 4

Since the unknown element bo(> 0) is included in the above
inequality, we obtain hy, and r; satisfying the next relation,
which is a sufficient condition for (31).

2 2
. w 1 z
—k1122 + <” *HQ - —) Tl +h122 <o. (32)

st T1
In order that the inequality holds, we choose r; such that
1k k 2
1kt 13wl o = 701 - (33)
T To1 k12 + kasflw|

where k12, k13, r01(> 0) are design parameters. For that ry,
the corresponding h, is obtained as follows:

. k 9 *2 + k *2 —r w 2
his? < kgl 4 4 20 ( 1371*2 o1)|jwll 2,
47‘01’)’1

(k1377® — ro1 > 0). (34)

From these hy and 71, the control v1 is derived such that

1 81 k2 t+k 2 .
1,2 ket kuslel® a0 (35
2r1 7" 921 2ro1
Since the unknown element b is included in the above equa-
tion, the actual input signal is replaced by

k k t)]|2

pr= FL o k2t llw®l®

2r 2101
Then, we obtain the following relation for the original pro-
cess (1), (2), Vi(t) (17), and the input signal v1(¢) which is
not necessarily equal to v] () (36).

Vi(t) — V1(0) < / [~k1121(7) + 6Tw(r)
[¢]

(36)

—{1+50(T)}v1(r)]21(T)dT+/ boz1(7)z2(7)dr
0
+/ {&(r) - <I>*}TG1_41{‘i>(T) — 1p1(7) }dT
0
t . t
S/ {———HW(QHZ +l}—zl(T)2dT—/ hiz1(7)%dr
0 T m 4 0
+/ 21(TH{OF w(r) — (1 + bo)v1(r)}dr
Ot
+/ boz1(7)z2(7)dT
0
t .
+/ {<I>(7') - Q*}TG;41{(§(T) — Tp1(7)}dT
0
_ [ :
,/O rl{ T +U1(T)} dr
—/ {h1z1(7)2+r1v1(7)2}d‘r
0

t
*2
—/’71
0

t
+977 / [61(7))12dr
0

2
dr

O1(7) -

1
Srena)

—/ BO(T)vl(T)zl(T)dT+/ boz1(T)zo(T)dT
0 0

+/ (8(r) - @} G () — 141(r) }dr. (37)
0

Step i) (2 <4 <n") Take the time derivative of z(t).

2i(t) = uppr_ip1(t) — i1 (t), (38)

2i(t) = —Mugnr_ip1(t) Fuppr_i(t) = Bio1(t)
—vic 1 (O{L(21(8) + L{f(21.8)) + boufrr —1(t) + 2T w(t)}

ki1 (PG ()21 (8)} = Yoi- 1 ()B(E) — Ti_1 (E)bo(t),

(39)
i—1
) - dovy—1 . Oai _ .
*31—1(”'@-_1“1-1“”; RSO
tupn=_;(t) — B5-1(t)}, (22 3), (40)
i—1
O Oa;— )
Tioilt) = T =Y a0, (129), (41)
A J
o
i (t) = 20 —M Qoicy (1), (12 3) (42)
i 8K, e 0z; ” ' -
1—1
Ao Oa;_ .
Toioa (1) = Sl a0, (2 9), (43)
j=2
i—1
i Jo; .
()= 22N @, (29) (41)
0 P J
_ 8&1 . _ 6&1 _ 8041
(51(t) = 8_wlw1(t)’ Y1{t) = B Tr1(t) = _af(l’
vor(t) = %‘ () =0), (45)
Ra(t) = [61(t), b2(t), p(t)]7, (46)
B1(t) = [z1(1), ¢(21(t))21(8), wo(t)]T, (47)
G1 = diag(g11, 912, 913), (48)

w;—1(t) = [vector signals composed of the elements
{ugns—1(t) ~ Ugns —iv2, wiza(t), di2(D)}], (123). (49)
For z(t), we introduce z;y:(t) and determine the virtual
control a;(t) so as to stabilize z;(t).
Zigp1(t) Suppe—i(t) —ai(t), (3<i<n™ 1), (50)
ai(t) = Muppr i1 () + Bio1(t) — en(t)zim1(t)
T (OB w1 () + bo(t) -1 (B gne 1 ()
—ki1zi(t) — ki2vic1(8)%2:(t) — kizvii—1 (151 (1) |7 24 (8)
+u; (1) + ai(t), (ki1, kiz, kiz > 0), (51)
en(t) = bo(t) (G =2), 1(i>3), (52)

where &;(t) is an auxiliary signal to be determined later,
and the input signal v;(t) is to be obtained by applying
nonlinear H,, control strategy in Step 1. Define V;(t) by

1 1 -
Va(t) = 522@)2 + 5{1’0(0 - b5}? /g2, (53)
Vilt) = 5a(02, (02 3), (54)
where b5 (time-invariant) is a nominal value of by (time-

varying), and take the time derivative of it. Then, we get
the following inequality.

/ ciazi—1(T)zi(T)dT
0

t .
+/ {&(r) - @} GT{®(1) = rpi_1(7)}dr
0

t . t
+/ {z;om—bg}{zao(r)-rbi_l(r)}dw/ Vi(7)dr
0 0

< / zi(T)zig1(T)dr
0



t
+— J/ {821 (T)21(1)? + B22(7)(21 (7)) 21 (7)? }dr

2 Jg

+/ {ho() — b3} {bo(T) — es(7)}dr
0

/-i . /-t .
—/ 7¢i—1(7)q’(7)2i(7)d‘f—/ Yoi—1 (T)bo(T)zi(T)dT
0 0

rt
+ / 2i(r){i(7) + ()}, (55)

0
@a(t) = [21(8) = M(Bpns 1 (8), —n (e ()T]T (56)
@i(t) = [—vic1(Q)ugn—1(t), ~vio1 (w1 T, (G > 3), (57)
Toi(t) = Toi—1(¢) — Grari—1(B)w(t)z: (1), (58)
Toa(t) = g2{z1(t) — 1 (Hupnx—1(t)} (59)
Thi (1) = i1 (8) — gavi—1{t)ugnr 1 (B)2:(t). (@2 3), (60)
ci2 =bo (i=2), 1(i>3), (61)

where 851, 622, are positive functions satisfying the following
inequalities, and k;2, k;3 are arbitrary positive constants.

rt

- / i (PAL(1 (1) + £(f (21, 7)) }ei(7)dr
0

Skm/ ’)’1'-1(7')221'(T)2d7'
o}

4 022(7)?d(21(7))21 (1) Y7, (62)

—/ Yii—1(T)Pr{G191(7)21(7)} 2 (T)dT
0
S/ [Freci—1 (MG ()21 () [}z (7)|dT
0
Skis/ i —1 (DI 51 (NP 2a(7) 2 dr

t
Jrﬁucln2 / 21 (7)2dr. (63)

v U
From that relation (55), we introduce the virtual process
i = —kinz + @7 Os 4+ v; = fi(z:) + gindi + ginvi, (64)
filzi) = —kinzi, g =aF, di =03, g2 =1, (65)

and stabilize this system via v; by applying nonlinear Hoo
control strategies, where the unknown parameter O, is re-

A GO s oy raceas e oot

gdlut‘u as an CXU%CIIUUD Ulbbul Ud,Ll(,C [0 l/].lC lJlUl/CDD VY€ 5€1
the corresponding Hamilton-Jacobi- Isaacs equation

av; 1 nyzln ulz Vi
T h;zi <0, 66
azif1+4k )(6.21) + Z (66)

where the solution V; is given by the next equation

Vi) = %z;(t)z. (67)

Positive functions h; and r; are determined from the in-
ceialitn (68 bacad on inverse ontimality for the siven solu
Ll{uallb‘y \UU} DadTu vl 111 veiono Ul_)l/lll.l.(l/ll\l_y UL uviic 51\/(411 ouLu-
tion V; (67) and the positive constant ;. The substitution
of (67) into (66) yields

~i 2 1 z,2
—kir 2l + ”:)*Q - T—) j + hi2?2 <0, (68)
i 1

In order that the above inequality holds for any z; and @;,
r; shouid be
1 _ kit Kis || o To;

;=
T 70i kig +ki

the corresponding h; and the cont

tained as follows:
2 [ R+ (isn?® — roo) il 1
k2

hiz? < ki 2! 4,»2,
— 4,,,01 *2
(kisv:? — 1o > 0), (70)
18V 2 kia + kus||o
v;:A_giQ__:__’_:_L’E’”.i (71)
27‘1' 8Zi 27"1' 21‘01

Then, we derive the following relation for the original pro-
cess (1), (2), Vi(t) ~ Vi(t) ((17), (53), (54)) and the in-
put signals v (t) ~ v;(¢) which are not necessarily equal to

v?(t) ~ v} (t) ((36), (71)).
7 ‘vtr AM vi(T ’ T
Z{‘ V(0}</0 1{ o + v1( )}d

- / {h121(7)2+7“1v1('r)2}d7'

2
dr

L w(r)a ()
| =1 Il

t t
+772 / Héu(‘f)szT*J/ bo(r)v1 ()21 (T)dr
0

i z;(7) ’
+Z [/{ { ar, +Jj(‘.")} dr

—/ {hij(T)2+TjUj(T)2}dT
4]

Pt M R 112
—/ ;2 ~@(7)2;()
0

417 / uéwm%J
4]

+ / zi(T)zip1 (T)dT
0

O2(7) — dr

+/ {&’(T)—CI’*}TGIQ{&’(T)—Tm'(T)}d‘f
0. |
+ / {bo(T) — b5 }H{bo(T) — Ti(T)}/g2ddT

-3 / Y51 (T)®(r)z; (7)dr
el

t X i ¢

—L/ ’ij~1(7')b0(7)zj(7)d7'+L/ a;(7)z;(1)dr, (72)
— Jo 5o

O1; = [(@0i — @?.')T, By — bol” (73)
T
Y N A LN O .
901_[611+LKJ2 m} [ ék—‘i’JU‘l)
In Step n"), the actual control input is obtained as
u(t) = an~(t), (75)



and v,~ is derived in the same way as (71). From (74),
8, 8. are defined by
61, 62 arc defined by

B = 610 + v B22 (76)

; sz 4k ) kj2
j=2 J=2
* * . . . .
81, 85 in (17), are nominal values (time-invariant) of 8;, 8

Step n* + 1) The tuning laws of (), bo(t) and the aux-
ilary signals &; (1) are determined such that
B(t) = Pr{rgn- (1)}, bo(t) = Pr{min- ()}, (77)
Gi(t) = —kisllvpi—1 (DI lon ()17 2:(t)

—(n* = Dkirllvgi—1 (O lwr (Ol 2:(0)

G
Z 1|4;:7|| (6)22(8)
—kiB'Ybi—l(t) zi(t) = (n" = Dkiovsi—1(t) upnr —1(8)72:(2)
< g2
- JZ:; 4kjo
where the constraints are defined by

95(®) = |92 — M2, gy(bo) = ||bol|* ~ M>. (79)

M (> 0) is determined similarly to (16). Then, the following
inequality is derived by utilizing the property of projection
type adaptive laws.

{&(t) = @ }TGTHO() — Tpn- (1)}
+{Bo(t) = b3 Hbo(t) = Ton+ (1)} /g2d7
={&(t) - @} G H{Pr(T4n= (1)) — Tom= (1)}
+{bo(t) — by H{Pr(Ton=(t)) — Ton=(£)}/gadr < 0. (80)

Also, from

1180, m L0 vaiulatlon )1l ;1

*zi(t), (2<i<r+1), (78)

IPr(ron- ()]

= [[Pr{Graw1(t)a1(t) — ZGlﬂj—l(t)wl(t)zj(t)}H
=2

< [Gaalllsa®lllr @]+ IGralii -1 (®)lllwr Olllz )], (81
j=2

WPr(Thnx (I = |IPrigez1(t) — D g2vj—1(t)tusne—1(L)2; (E) }]]

7=2
<92|z1(t)|+292|%1 TSRO (82)

3=2

and the next relation is obtained

—Z%] L(8)B(t)25 (1) — Z%H Yoo(£)z; t)+za] )z; (¢

TL* TL*
Gia|® ; 95 ;
<3 B ) fenor )
S~  Anr;e — aR{8
j=2 i=3

Finally, we derive the following evaluation of V;(t) ((17),
(533), (54)) by utilizing (80), (81), (82), (83), where v;(t) are
not necessarily equal to v; (¢)((36), (71)).

S V) - Vi) < /Ln (20w} e
i=1 0

/{hlzl(T) +T‘11)1(T) }d’r

w(‘r)Z1(‘r)H dr

‘ e (T) = —0
| i

+."—‘Fft ( zl(f)+ ") 2d
T — T T
%;UO U !

—/ {hiZi(T)2+T1"Ui(T)2}dT
Ot
d/ %*2
+v7 /H@?(T)H d‘f]

Then, we have the following main theorems.

2

9 (r) — dr

@i(T)z: (1)

29> *2

1

(84)

Theorem 1  The adaptive control system described above
(where v] () ~ vy« (t) ((36), (71)) are included) is uniformliy
bounded for arbitrary bounded variation of system param-
eters bg &

Aﬂ/]qhnfnn”fu the control errors z:(1) ~
eters bg, p, Po. / )

uuuuuuuuuuuuu the contr zi(t
zn=(t) can be made arbztmrzly small by proper design pa-
rameters klz, k’137 k’m7 k,‘5, Toj (2 S 7 S n*, 1 S] S n*).

Proof: By introducing state variables v(t) of the sta-
ble systems (state-space representation (F, G)), the unstruc-
tured £(21(t)) and L(f(z1,t)) are written in the following:

(t) = F c| 2] 8
i) = Py + G| 0 | (85)
LG O + £, D)2

< Milo(t)]|? + Maz1(t)? + Mag(21(t)z1(t)%,  (86)

PF+FTP=—1 (P=PT >0). (87)
Adding v(t), V() is defined by
Sy L . 12 T
V(t)= 5 Y w1y + o) Pu(s). (88)
1=1

Then, we have

*
n

V() < MOl [0+ Y M@0 - jz(0)]
=2

k12 + k1allw(t)]? 5 N ki + kis|las(0)])? )
b5t 13flw(t)]] 21(t)2-2 4 + ks ||@ (t)]] 2 (1)?

2101 2704
=2
—6llu(®)1?
1 Cr 71*
0g0K12 . k p
< -T2 - ) () - @)
21"01 27‘
i=2
701 2 T0i 2
+ M M
2by6k13 25
- 1=2
.
P S v 0 SINLLES Ve TR NS Vo (89)
= 2b,6k13 VAT
i=2

where 0 < &, §;, M < co. Hence, we show that the adaptive
system remains bounded for any bounded variations of sys-
tem parameters. Additionally, we can make V(¢) and then



21(t) ~ zn~(t) arbitrarily small by choosing sufficiently large
k12, k13, kis, kis and sufficiently small ro,. ™

Theorem 2  For that adaptive control systems (includ-

ing v1 ~ U= ), we assume that by is time-invariant. Then,

Vi ~ vns ((36), (71)) are sub-optimal control inputs which

manimize the upper bound on the following cost functional.
J(t) = sup

n t
su Z/ {Rizi(7)? + rivi(r)*}dr
@1n*,@2652 =170

2
% Z )% + Z{éi(t) - 07/ g1

P00~ 7Y g2 + L (80 - 97} 76T {B(0) ~ #°)

+5 {bo(t) ~ 5512 /2

_7;2/ ”éln*("')usz' % /Hez(f)ll dT] (90)
0

Also we have the next mequalzty for those vl ~ s

Z/ {hizi(7)? + il (1) }dr + = z:zi(t)2

Y0 o)
i=1

F B0 - 9T G (B() - 0°)

150 - 7)o

+{o(t) ~ 5 /g2

n* 2
<33 H0P 4 3 100) - ) o
=1 i=1
+R450) = 51 /02 + 3 (8(0) - 71T GTHO() - 2°)

+50(0) = 45)2/02

t n* ¢
+7I2/ uéw(Tm?dev:?/ |62(r)l1%dr.  (91)
0 i=2 0

Especially, if © 1,0, ©, € L2, then z1(t) ~ zn- () — 0.
Theorem 3  For that adaptive system (including vi ~

v+ ((86), (71))), we assume that by ts not time-invariant.
Then the following inequality is derwed

n*

/ {hizi(7)? +riv) (T V2Ydr + 5Zzi(t)2
i=1
1 N
LY
i=1

580 - @) TG b0) - @)

)= 012 oni + 20(0) ~ 52

‘-
+%{I3o(t) — 512 /92 +/ b;(T)zl(T)sz
o N
I 1<
32504y > 180 =071 /ons
1=1

Ié? i

2 (5(0) 7 /g2 + 5 19(0) — &7} G {b() - @)

t
1. . . . .
+§{b0(0)*bo}2/92+712/ 161, (1) 2ar
0

n* t
+2732/ 10:(7))1%dr, (92)

where bg(t)z ()2 > 0. Especially, if O1n~, ©2 € L7, then,
it holds that 21(t) ~ zn«(t) — 0, and the adaptive system
converges to the sub-optimal control system in Theorem 2.

Proof: From the evaluation of Z Vi(t) (84), Theorem
2 and 3 are easily derived. [ ]

Remark : The sub-optimality in Theorem 2 comes from
inequalities (21), (22), (32), (34), (37), (55), (62), (63), (68),
(70), (72), (80), (81), (82), (83), (84).

Theorem 4 Assume that (&o—®3), (bo—bg), (p—p*) € £?
and by — by, p — p* for certain constant ®f, b, p* (bip™ =
1). Then, we have z1(t) ~ zn+{t) — 0 (ast — o0).

Proof: The positive function Vi (¢) is newly re-defined by

2
F 2SR~ 01 0 + L U5(0) 7Y Vo1

i=1
+2{8(0 - @Y GL B() - 0}, (99)

Vi(t), where

Vi() = 3a1(0)?

Then, we have the similar evaluation of anl

O1,+ (t) and bo(t) are differently defined by
O1n+ (t) = [(Pon~ — @5)7, b5 — bo]”,
bo(t) = (bo — b5)p(t). (94)

Contrary to the previous bo(t) (25), for this new bo(t), i

does not hold that by(t) > 0. However, since bo{t) converges
to zero asymptotically, it holds that

huzi(8)? + %ﬁ—)zl(t)z > 62 (0)2, (V> T), (95)

for sufficiently large 7' > 0. Then, rewriting (92) with the
initial time T, we show that z1(t) ~ z,~(t) — 0, where the
boundedness of the adaptive system is also considered. m

4 Concluding Remarks

The proposed nonlinear control schemes can be seen as the
specified form of k-term compensation in integrator back-
stepping procedures [3], but the difference is that those are
derived as solutions of particular H control problems, and
that the £ gains from unknown system parameters to the
generalized outputs are prescribed explicitly.
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