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Abstract 

A new class of adaptive nonlinear ‘H, control systems for 

processes with bounded variations of time-varying parame- 

ters, is proposed in this manuscript. Those control schemes 
are derived as solutions of particular nonlinear 7-1, control 

problems, where unknown system parameters are regarded 

as exogenous disturbances to the processes, and thus, in the 
resulting control systems, the Lc2 gains from system param- 

eters to generalized outputs are made less than */ (> 0). 

The control schemes are shown to be sub-optimal to some 
Y-l, cost functionals (or certain differential games), when 
the high-frequency gains are time-invariant. 

constant). The proposed control strategy can be applied 

to any time-varying (or time-invariant) systems, and the re- 
sulting control systems are bounded for arbitrarily large but 

bounded variations of time-varying parameters. Also, the 

control schemes are shown to be sub-optimal to some ‘Ft, 

cost functionals (or certain differential games), when the 
high-frequency gains are time-invariant. The former ver- 

sion of the present research [6] considered the case where 
relative degrees are 1 only. The present manuscript extends 

it to general relative degree cases by applying backstepping 

procedures [3]. 

2 Problem Statement 

1 Introduction A single-input single-output nonlinear system is introduced 

In the study of adaptive control, the main topics have been 

an asymptotic stability of adaptive control systems. So 
much attention has not been paid on the control perfor- 

mances such as transient performance and other perfor- 
mances [l], [2]. On the contrary, the recent researches on 

nonlinear ‘H, control and inverse optimality, could derive 
adaptive or nonlinear control systems which are optimal to 

certain meaningful cost functionals [4], [5]. 

ie(tJ = L(e(t)) + L(f(e,t)) + bOufn*-l(t) + @f-a(t), (1) 

Uf*(Q = l -u(t), (A > 01, (s + X)i 
where e(t) is a control variable, u(t) is a control input, and 
f(e, t) is an unknown nonlinear term. wi(t) is a vector com- 
posed of measurable signals, be and @ are unknown system 
parameters which can be time-varying, and Cc(.) is an un- 
structured element defined by 

Additionally, in the study of adaptive control, the stabil- 

ity analysis of adaptive systems have been focused on time- 

invariant processes mainly; no enough discussion for the case 
of time-varying systems has been made. Although several 

approaches have been examined for time-varying processes 

in the robust adaptive control schemes [2], those results 

could be applied to limited classes of time-varying systems, 

that is: only sufficiently small variations of time-varying pa- 

rameters are accepted in those robust adaptive schemes. 

L(u(t)) = Go(s)v(t), (Go E %S’P). (3) 

X (> 0) is a design parameter which is known, and n* is 

a relative degree of the controlled process. The following 

assumptions are introduced. 

Assumption 1 l-l. The relative degree n* is known. l- 
2. Although bo can be time-varying, the sign of it remains 
unchanged (bo > 0 or bo < 0), and is known a priori. It is 
assumed that bo > 0 without loss of generality. l-3. The 
unknown nonlinear term f (e, t) is evaluated by 

The purpose of the present paper is to provide a new class of 

adaptive nonlinear ‘H, control systems for processes with 

bounded variations of parameters, where the control per- 

formances are discussed explicitly, and the stability anal- 

ysis for time-varying systems are carried out successfully. 

Those control schemes are derived as solutions of partic- 

ular nonlinear NH, control problems: where unknown sys- 

tem parameters are regarded as exogenous disturbances to 

the processes, and thus, in the resulting control systems, 

the L’ gains from system parameters to generalized out- 
puts are made less than y (> 0) (the prescribed positive 

f(e,t)’ 5 fo .4(e) e2: 440) = 0, (4) 

where fo is an unknown positive constant, and $(e)(> 0) is 
a known function of e which is n* - 1 times differentiable 
with respect to e. 1-4. The magnitude of ml(t) is evaluated 
as follows: 

llw(t)ll L Mlsuple(~)l+ MP, (hfl,hf2 > 0). (5) 
t>r 

l-5. The upper bound on the norm of parameter vector 

@a, which will be introduced later, is known. Also, the upper 
bound bo and lower bound boon the high-frequency gain bo 
are known such that 

(6) 



and the upper bound ji and lower bound p on the parameter - 
p are known, too. 

(7) 

The control problem is to determine a control input u(t) 
adaptively such that the overall system is stabilized for arbi- 

trary but bounded time-varying system parameters, and ad- 

ditionally, the control variable e(t) converges to zero asymp- 

totically in the ideal case (stability condition), while the re- 

sulting control system becomes optimal or sub-optimal to 

some meaningful cost functionals (optimality condition). 

3 Adaptive Nonlinear B, Control Scheme 

The design of control systems are based on backstepping 
procedures [3] composed of step 1 - step n*, and in each 

steps, the control signals u%(t) are determined by applying 

nonlinear 7-L, control scheme. In the last step (step n*), 

the actual control input u(t) is obtained. 

Step 1) Define 21(t), z*(t) by 

a(t) F e(t), (8) 
q(t) E Uf,*-l(t) -al(t). (9) 

The virtual control al(t) is determined to stabilize zl(t). 

m(t) = -p(t) [l&(t) + h1)z1(t) + Bz(tM(zl(t))zl(t) 

+i(ty-Wl (t) + Vl @)I 

= -$(t)[Co(t)Two(t) + k11z1(t) + v(t)] = -P(t)vo(t), (10) 

&o(t) = [k(t), b(t), +(qTIT, (11) 
TT we(t) = [a(t), 4(Zl(t)bl(t), 4(t) 1 > (12) 

vo(t) = io(tjTwo(t) + hm(t) + w(t), (13) 

where kll is a positive constant, and w(t) is to be deter- 
mined later based on nonlinear ‘l-t, control strategy. In this 
manuscript, the projection type adaptive laws, where tun- 

ing parameters 6’ are constrained to certain closed regions 
S, are defined by 

B = Pr(rc#x) E 
{ 

r+ Case I 

~C#X - r*r+ Case II ’ (14) 

(r = rT > 01, 

where Case I : 6 E S”, or 8 E dS & (r4c)rVg < 0: Case 

II : otherwise, S = (6 : g(6) < 0}, S” = interior of 
S, dS = boundary of S. By utilizing those descriptions, 

t&(t), t&(t), j?(t) are tuned in the following ways: 

k(t) = Pr{glla(t)2), Bz(t) = Pr{912~(~l(t))~l(t)2}, 

j(t) = Pr{913~0(t)Zl(t)]> (15) 

where gii> 912, gis > 0, and each constraints are given by 

go, (Sl) = 4; - M2, gs,(&) = 8; - M2, 

!JP(P) = ( ?i - 6+M)‘_ (AM)’ 
(1’3) 

M and 6 are properly selected positive constants based on 
Assumption l-5. Hereafter. we are to obtain the input 
signal ~1 (t) by applying nonlinear tiFI, control strategy. For 
this purpose, define K(t) by 

2 

15(t) = $(t)” + ; C{&(t) - ey}“/g,, + ${$(t) - p}2/g13 

*=I 

+;{i(t) - +*}TG;;{6(t) - a’}, (GIN = G1bT > 0), (17) 

where @* is a nominal value (time-invariant) of the parame- 
ter @ (time-varying), and 0: are also nominal values (time- 
invariant) of the parameters 0; (time-varying) determined 
later. We take the time derivative of it. 

i;(t) = zl(t){qzl(t)) + W(a,t)) + @w(t)1 

-@gTWo(t)Z1(t) - kllzl(q2 

+(&, - bo)$(t){io(t)Two(t) + knzl(t)} 

-{l+boP(t)-~oP(t)}vl(t)zl(t)+bozl(t)za(t) 

-t{+(t) - +*}TG;;{i(t) -Tel(t)), (18) 
Tdl(t) = G14Wl(t)Zl(t)r (19) 
q = py, e;, a*T]T. (20) 

Since L(.) is defined by (3), there exist bounded 6’11, 812 
(positive) satisfying the next inequality. 

I 

t 

z1(7)1qzl(~)) + xfh,~))Iw~ 

0 

J’ 

t 

< - {s11(T)rl(~)2 + s12(7)~(Z1(7))~1(T)2)d7. (21) 

0 

Then, the following relation is obtained by integrating i/,(t). 

+ 
J’ 
t(b(~) - @-}TG;;{i(~) - T+,~(T)}~T 

~ill/lzl.T)~dT+~li:r:T)dT 

J 

t 
- (1 + bo(T)}w(T)Zl(T)dT + 

0 s 

t 

boR(T)Q(T)dT 
0 

s t + ^ {*(T) - +*>TG;41{+(7) - T,l(T)}dT, (22) 
0 

TT 
a01 = [Qll, 012, + 1 1 (23) 

61 E [(a.01 - @;)T, b. - bolT, (24) 

60 = (bo - b,Mt) (L Oh (25) 

w(t) = [WO(#-, ~(t){~o(t)TWo(t) + hlzl(t))lT. (26) 

From that evaluation of VI(~), we introduce the following 
virtual process 

il = -kllzl + 261 - (1+ bo)tJ* 

= fl(Zl) +glldl +912wr (27) 

fl(Zl) = -h1z1, 911 =bJ T, dl = 6, 912 = -(l + go), (28) 

and stabilize this system via ~1 by applying nonlinear ?-& 

control strategies, where the unknown system parameter 01 
is regarded as an exogenous disturbance to the process. For 
this purpose, consider the Hamilton-Jacobi-Isaacs equation 

gh+j(y-*) (~)2+hlz;~o, (29) 
1 

where the solution vi is given by the next equation 

r/l(t) = +tq2. (30) 



hl and ~1 are positive functions to be determined from the 
inequality (29) based on inverse optimality for the given 

solution cl (30) and the positive constant 7;. The substi- 
tution of (30) into (29) yields 

Since the unknown element bo(> 0) is included in the above 
inequality, we obtain hl and ~1 satisfying the next relation, 
which is a sufficient condition for (31). 

In order that the inequality holds, we choose ~1 such that 
1 h2 + h3114 

2 

-ZZ (33) 
Tl TO1 * r1 = k12 +rk0:3/,u,,2’ 

where Ic12, Ic13, TO~(> 0) are design parameters. For that ~1, 

the corresponding hl is obtained as follows: 

hlZ,2 5 kllz: + 

1 

h2Y;2 +(h3Y;2 - r01)llwl12 

4rolY;2 I 
4, 

(k13-g2 - TO1 > 0). (34) 

From these hl and ~1, the control ~1 is derived such that 

* 1 ati 
v1 = -g712~ = 

h2 + ~13ll4 2 _ 

27.01 
(1 + bO)Zl. (35) 

Since the unknown element bo is included in the above equa- 
tion, the actual input signal is replaced by 

o* = 5 = h2 + ~13/1~(~)112 
1 

‘Jr1 2ro1 
21. (36) 

Then, we obtain the following relation for the original pro- 
cess (l), (2), r/l(t) (17), and the input signal vi(t) which is 
not necessarily equal to v;(t) (36). 

.i’ 

t 

r/l(t) -K(O) 5 [-Jam(T) + OTU(T) 

0 

s t -{l-t bO(r)}Vl(~)121(T)dT + boz1 (T)Z2(7)d7 

0 

+ 
.i 
t{+(7) - Q*}TG;;{&) - T~~(T)}~T 

0 t 
I Ii 

114~)112 
0 

-T+;}qdT-I’,121(T,2d7 
71 

.I 

t 

+ zl(T,{ayw(T) - (1-t bO)W(T)}dT 

0 

+ 

.i’ 

t 

bozl (T)a(r)dT 

0 

+ 

J’ 

‘{&CT) - @*}TG;;{&) - T~~(T)}~T 

0 

t 2 
1 

- J /I r;2 &(T) - Tw(~)a(~) dT 

0 271 II 
J 

t 
+-(T2 1,61(7)l/2dT 

0 

.I 

t 

- bo(7)ul(.rh(T)dT + 
0 J 

t 

boa (7)Zz(T)dT 
0 

(37) 

Step i) (2 5 i 5 n*) Take the time derivative of z;(t). 

G(t) = Uf%*-i+l(t) - &l(t), (38) 

ii(t) = -Xujn*-;+l(t) + urn*-*(t) - &l(t) 

-Y%--l(t){L(a (t)) + W(Q, t)) + boujn* -l(t) + @Tw(t)> 

-YKi-l(t)Pr{Gl~l(t)zl(t)} - rm,-l(t)&) - ~bi-dt$o(t), 

i-l 

L1 (t) = $+(t) + c %I-Xuj,*-,+,(t) 

j=2 
3 

SUfn* -3 (t) -&1(t)}, (i 2 3)> 
i-l 

ah1 
%1(t) = x -c +%-l(t), (i 2 3)) 

3=2 
3 

i-l 

ytK;-l(t) = % 
1 -c a;z; 

AYKj-l(t)> (i L 3), 

3x2 

i-l 

yqiml(t) E !y - c % Y&-l(t)> (i > 3)> 
3=2 

.J 

2-l aaim 
%-l(t) = ai, 0 - c ~,b,-dl> (i 13), 

,=2 

( 

/A(t) = ZGl(t): w(t) = 2, YKl(t) = 2, 
1 

aal 
Ygl(t) = ^> Ybl(t) = 0 > a* > 

kl(t) = [k(t); 82(t), P(t)lT, 

T 
Cl(t) = [a(t), 4(Zl(t))tl(t), vo(t)l , 
G1 = diadgll, 912, m), 
wt-l(t) E [vector signals composed of the elements 

{urn* ~ 1 (t) - ujn* --i+2r w,-2(t), kZ(t)Il, (i > 3) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 

(49) 

For Zi(t), we introduce zi+l(t) and determine the virtual 
control a,(t) so as to stabilize z,(t). 

2,+1(t) = urn*-*(t) -a(t), (3 < i 5 n* - l), (50) 

w(t) = X?ljn*++l (t) +/J-l(t) - ca(t)z*-l(t) 

+-/*-l(t)i(t)TWl(t) + for;-l(t)ur-*-l(t) 

-k1z,(t) - k;2Yi-l(t)2&(t) - k3YK*-l(t)ll~l(t)l12~~(t) 

+u*(t) +&t(t), (ktl, k2, ki3 > 01, (51) 

q(t) = ho(t) (i = 2), 1 (i 2 3), (52) 

where &(t) is an auxiliary signal to be determined later, 
and the input signal v*(t) is to be obtained by applying 
nonlinear 7-1, control strategy in Step 1. Define K(t) by 

b(t) = &t(t)’ + ;{6o(t) - b;}2/gz, (53) 

K(t) = &tq2, (i > 3), (54) 

where b?J (time-invariant) is a nominal value of bo (time- 
varying), and take the time derivative of it. Then, we get 
the following inequality. 

J 

t 

~2~1(7)~(7)d7 

0 

J’ 

t 

+ I+(T) - @*}TG;;{&) - Td;ml(T)}dT 
0 

+ 
J’ 

‘@O(T) - b;}{bo(T) - %--1(T)}dT + 
J’ 

t 

+;(T)dT 
0 0 

t 

< - 
J 

G(T)G+I(~)~~ 
0 



+&llGd2 
s 

t 

q(T)‘dT 
0 

+ 
J’ 

‘{i(r) - @*}TG;;{i(~) - TOt(T)}dT 
0 

+ 
J’ 

t{6~(~) - bG}{bo(T) - Tbi(T)}dT 
0 

t t 
- 

s 
~4i-l(&(+j(7)d~ - 

J’ 
%-l(T)bo(T)&(T)dT 

0 0 

J’ 

t 

+ G(T)(~),(T) + &(T)}dT. (55) 
0 

52(t) = [a(t) - rl(t)Zlf**-l(t), -n(oJl(~~TIT> (56) 

G;(t) = [-rl-l(t)Uf**-l(t), --,z-l(t)Wl(t)TIT, (i L 3), (57) 

T@;(t) = ~ot-l(t) - G14~,-1(t)~l(t)z;(t), (58) 

Tb2(t) = gP{Zl(t) - ‘?l(t)ujn*-l(t)}, (59) 

Tbt(t) = %-l(t) - g2r*-l(t)Ur-*-l(t)Z*(t). ci > 3), (60) 
ct2 = bo (i = 2); 1 (i > 3), (61) 

where Qzl, 022, are positive functions satisfying the following 
inequalities, and Ici2, ,&3 are arbitrary positive constants. 

.I’ 

t 
- Y,-I(THL(~(T) + W(a:T))J2t(T)dT 

0 

t 

I kt2 
.I’ 

rt-l(T)24T)2dT 
0 

1 t 

+c2 o J 
{021(~)a(7)~ + s,,(T)2~(z1(T))z1(T)2}dT, (62) 

s 

t 

rKi-l(~)Pr(Gla,(7)tl(7))Z,(7)d~ 

0 

< - 

s 

t 

Il~~~--1~~~lIll~1Illl~~~~~ll/~~~~~ll~~~~~l~~ 
0 

s 

t 
I k3 11~~~--1~~~11211~~~~~112~~~~~2~~ 

0 

+&Gll12 
.I’ 

t 

tl (T)2d7. 
0 

(63) 

From that relation (55), we introduce the virtual process 

ii = -kilZi + LJTG~ + z’, G fi(~t) + gild, + gi2tJt: (64) 

fT(zt) = -ha, gzl = w, -T, d; = G2, g,2 = 1, (65) 

and stabilize this system via u1 by applying nonlinear ?tFI, 

control strategies, where the unknown parameter 02 is re- 
garded as an exogenous disturbance to the process. We set 
the corresponding Hamilton-Jacobi-Isaacs equation 

f$+a (y-y (?s)2+h.r:~o. (66) 

where the solution R is given by the next equation 

V,(t) = +t,? (67) 

Positive functions h, and T; are determined from the in- 
equality (66) based on inverse optimality for the given solu- 

tion c, (67) and the positive constant 7;. The substitution 
of (67) into (66) yields 

-k,,i:+{~-~}~+il.l:~O. (68) 

In order that the above inequality holds for any z1 and W;, 
T; should be 

1 ki4 + ks,Iljz,l” Toi 
-= 

u Ti = ki4 + k;s1,Gt/,2 ’ 
(69) 

T, TOi 

where Ic,q, Ic;s, rol(> 0) are design parameters. For that T;, 

the corresponding hi and the control input w;(t) are ob- 
tained as follows: 

(ksy:2 - Tot 2 01, (70) 

w; 1 --gi2--.- aQ 1 kid + kis,,Gi,,2 = -5 = - z 
2ro; z 2T, a& 2Tt 

(71) 

Then, we derive the following relation for the original pro- 
cess (11, (2), K(t) - l<(t) ((17), (53), (54)) and the in- 
put signals ~1 (t) N w,(t) which are not necessarily equal to 
w;(t) - w: (t) ((36)> (71)). 

c {I;(t) - v,(o)) 5 

3x1 

21(T) 
2 

-2r + W(T) d7 
1 > 

.I’ 
t - {~IzI(T)~ + T1w(T)2}d7 

0 

t t +yT2 J’ l161i(7)l12dT - s bo(T)wl(T)Zl(T)dT 

0 0 

23 CT) 

2 

-2r + wj(~) d7 
3 

- 

s 

t{h,Zj(T)2 fTjU,(T)2}dT 

0 t s I/ 1 
- 

0 

7;’ &(T) - ----#(T)z~(T) 
3 

+rT2 .i’ lP%,,,l12d~] 

I 

t 
+ G(T)z;+I(T)~T 

0 

J’ 

t 
+ {+(T) - @*}TG;;{&~) - T4;(T)}dT 

0 

+ 
s 

$o(T) - b;}{6o(d - %(T)}/Wd’J 
0 

t 

%--l (&o(+, (T)dT + 2 /’ 6, (T)Zj(T)dT, (72) 
3=2 0 

hi = [(@oi - +;)T, b, - /,o]T; (73) 

Qoz= ~11+~(~+~),~~2+~2~“11;/4~ 

In Step n’)) the actual control input is obtained as 

u(t) = a,*(t), (75) 



and uUn* is derived in the same way as (71). From (74), 
~91, 02 are defined by 

07, 0; in (17), are nominal values (time-invariant) of 01, 02 

in (76). 

Step n’ + 1) The tuning laws of 6(t), &o(t) and the aux- 

iliary signals c&(t) are determined such that 

i(t) = Pr{T+* (t)}, a,(t) = Pr{Tbn* (t)}, (77) 

G;(t) = -ki~llrm*-~(~)l1211~l(~)l12~i(~) 

-(n’ - ~)~i,ll~,;-~(~)ll”ll~l(~)l12~~(~) 

- 5 !J$.+(t)‘zi(t) 
3=2 

-hSYbz-l(t)*&(t) - (n* - l)~iSYb*--l(t)‘1Lf,*-l(t)*Z,(t) 

-&&~l(t)*21(t). (2<i<r+l), (78) 

353 

where the constraints are defined by 

g&i) = lpi112 - M2, g&O) = 11~0112 - M2. (79) 

M(> 0) is determined similarly to (16). Then, the following 
inequality is derived by utilizing the property of projection 
type adaptive laws. 

{i(t) - @*}TG-l{i(t) - 14 Ten* (G> 

+(60(t) - b;}{hO(t) - Tbn*(t)}/g2dT 

= {i(t) - @*}TG;;{Pr(T,+.(t)) - ~~,r(t)} 

+(60(t) - b;){Pr(TbTb,* (t)) - Tbn* (t)}/g?dT 5 0. (80) 

Also, from the evaluation of Pr(.), it follows that 

/IWTdn* (t))ll 

n* 

= I/Pr{Glwl(t)zl(t) - ~Gl4^1j-l(t)~1(t)~~(t)}~I 

3=2 

* 

)=2 

iiPr(Tbn*(t))ll = IlPr{g2Zl(t) - ~~2~j-~(t)u:,*-l(tj,(t)il, 

j=2 

n* 

5 g*lZl(t)l + ~921~~--l(t)ll~ln*-l(t)ll~l(t)l~ (82) 
j=2 

and the next relation is obtained. 

3=2 3=3 3=2 

(83) 

Finally, we derive the following evaluation of K(t) ((17), 
(53), (54)) by utilizing (80), (81), (82), (83), where vz(t) are 
not necessarily equal to v:(t)((36), (71)). 

2 s t {K(t) K(O)} 5 { Zl(‘) 2 - 7-l 
-7 1 

+ “l(T) 

0 > 
d7 

i=l 

- s t{hlzl(T)2 + rlw1(T)2}dT 
0 t 

- s II- 2 

7;” 
1 

- 01,. (T) -pa (7) d7 

0 2% 

s 

t t 

+S2 ll~1n*(~)l12d~ - s 

bo(T)w(T)zl(T)dT 

0 0 

&CT) 2 

-2r + W(T) dT 

’ 

t 
- J’ I/ 7% 

0 

*2 &(T) - -+tiJ+&) 
1 

(84) 

Then, we have the following main theorems. 

Theorem 1 The adaptive control system described above 

(where v;(t) - v,?,* (t) ((36), (71)) are included) is uniformly 
bounded for arbitrary bounded variation of system param- 
eters bo, p, @o. Additionally, the control errors zl(t) - 
z,-(t) can be made arbitrarily small by proper design pa- 
rameters LIZ, kls, kt4, kz5, roj (2 < i < n’, 1 < j 5 n*). 

Proof: By introducing state variables v(t) of the sta- 
ble systems (state-space representation (F, G))? the unstruc- 
tured C(zl(t)) and L(f (zr, t)) are written in the following: 

W=Wt)+G[ f;:jt)t) ] > (85) 

ll.ch (t))l12 + IlWh > t))ll 
2 

I M111w(t)l12 + M2a(tj2 + M3dZl(t))Zl(t)*, (86) 
PF+FP=-I (P=F>O). (87) 

Adding v(t), V(t) is defined by * 
v(t) = f 2 &(t)* + w(t)TPw(t). 

2=1 

(88) 

Then, we have 
* 

t(t) I MIl4t)ll Iz1(t)l + 2 ~l/~j(t)ll Iz;(t)l 

2=2 

+h2 + h3114t)l12 

2ro1 
Zl (t)” - c 

n* ki4 + k~ll~z(t)l12 z,ctj” 
2ro; z 

2=2 

n- 

5 -&V(t) + r01M2 + c 2$M2, 
‘&,6h (89) 

2=2 25 
where 0 < S: &, M < co. Hence, we show that the adaptive 
system remains bounded for any bounded variations of sys- 

tem parameters. Additionally, we can make g(t) and then 



ZI (t) N z,* (t) arbitrarily small by choosing sufficiently large 

klz, kn, k,q, k;s and sufficiently small rot. n 

Theorem 2 For that adaptive control systems (includ- 
ing 211 y z’,*), we assume that bo is time-invariant. Then, 

* 
VI - 7J,* ((36), (71)) are sub-optimal control inputs which 
minimize the upper bound on the following cost functional. 

J(t) = 
B,n*s~EL* Iit 2 [ J 

t 
{h;z,(~)’ + rzvz(r)*}dr 

izl 0 

n- 2 

+; c 2;(Q2 + f C{&(t) - s:}“/gli 

i=l *=l 

+%{pl(t) -p}*/g2 + i{+(t) - +*}TG;d{i(t) - a*} 

+$0(t) - b;}2/g2 

* 
-r;’ J t I@,,*(T)l1*dr - 2 -,:* /+ ll&(T)112dT 1 (90) 

0 1=2 0 

Also we have the next inequality for those v; N vz*. 
n- t 

CJ 

77’ 

+;{+(t) - +*}TG;;{i(t) -a*} 

+;@o(t) - b;;}*/gz 

i=l 2=1 

+%fi(o) -P}2/gz + i{+(O) - @*}TG;;{+(t) -a*} 2 

‘@o(O) - b;}“/gz 

* 
SYT2 J t (91) 

0 

ll&,*(~)l12d~ + c-z2 1’ l@2(7)112dr. 

2=2 0 

Especially, if ol,*, 62 E L2, then z1 (t) N z,*(t) + 0. 

Theorem 3 For that adaptive system (including v; N 
vz* ((36), (71))), we assume that bo is not time-invariant. 
Then, the following inequality is derived. 

n’ 

CJ’ 

t n* 

*=l O 

{hiz1(~)2 + r,v:(r)“}d7 + ; c q(t)* 

2=1 

+;{&(t) - @*}TG;;{&(t) - a*} 

+$o(t) - b;}'/gz + 
J 

t &O(T) 

0 

Ka(T)2d7 

n* 
c z;(O)2 + 1 22 I&(O) - e:>“/glt 
1=1 t=l 

+${P(o) -F}*/gz + i{+(O) - @*}TG;;{i(t) -a*} 

+;{bo(O) ~ b;}2/g2 + r;” 
J 

t 
II&n* (T)ll*d7 

0 

* 
+ 2 r:* 

J 

t 
ll&(T)l12dT, (92) 

t=2 0 

where *z,(t)’ > 0. Especially, if bin*, 02 E C2, then, 

it holds that zl(t) N zn*(t) + 0, and the adaptive system 

converges to the sub-optimal control system in Theorem 2. 

Proof: From the evaluation of c:z, K(t) (84), Theorem 

2 and 3 are easily derived. n 

Remark : The sub-optimality in Theorem 2 comes from 

inequalities (21), (22), (32), (34), (37), (55), (62), (63), (68)) 

(70)) (72), (801, (81), (82), (83)> (84). 

Theorem 4 Assume that (a~-@;), (bo-bz), (p-p*) E L2 

and bo + bg, p + p’ for certain constant @G, b;, p’ (b$p* = 

1). Then, we have zl(t) N zn* (t) -+ 0 (as t + 03). 

Proof: The positive function VI(~) is newly re-defined by 

2 

VI(t) = $(t)’ + f C{&(t) - s:}‘/glt + z{fi(1) - p*}*/g13 

,=l 

I;{+(t) - @*}TG;;{i(t) - @*}. (93) 

Then, we have the similar evaluation of ~~~, K((t), where 

oar* and ho(t) are differently defined by 
&,*(t) c [(aone - @;)T, b; - bolT, 

ho(t) E (bo -b;)@(t). (94) 

Contrary to the previous &o(t) (25), for this new ho(t), it 

does not hold that &o(t) > 0. However, since ho(t) converges 
to zero asymptotically, it holds that 

60(t) 
hlzl(t)* + ---zl(t)* > 6z1(t)2, 

277 
W 2 T), (95) 

for sufficiently large T > 0. Then, rewriting (92) with the 
initial time T, we show that ~1 (t) N zn* (t) + 0, where the 

boundedness of the adaptive system is also considered. H 

4 Concluding Remarks 

The proposed nonlinear control schemes can be seen as the 
specified form of n-term compensation in integrator back- 

stepping procedures [3], but the difference is that those are 
derived as solutions of particular ‘Pi, control problems, and 

that the C* gains from unknown system parameters to the 

generalized outputs are prescribed explicitly. 
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