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Abstract

We show that for linear systems represented in the
controllable canonical form there are simple and systematic
changes in the input/output properties of the closed-loop system
from the disturbance input to the system output when controls
are applied to produce a radial displacement of all the closed-
ioop poies. In particuiar this is frue for the transfer function and
the impulse response of the systems. This in tumn leads to a better
understanding of how such changes in the control gains affect the
induced L, norm, (the H,, norm) and the induced L,, norm (the
L;norm) of the system.

1. Introduction

The role of the transfer function and of the impulse
response in assessing how a linear system attenuates the energy,
and the amplitude, of disturbance inputs, respectively, are well
known (see, e.g., [1],[2]). Thus the prominent role of the “H,,
probiem”[3,10] and the “L, problem”[4,5] in modem control
system design. Results are presented here that clarify the effect
of radial chifts of all eigenvalnes (via feedback control) on the
input-output properties of the system from a disturbance mput to
the system output, providing new insight into the relationship
between system eigenvalues and its input-output properties. At
the core is the analytical relationship describing the effect of a
radial chift of the an{'h“m on the trancfer finction for the clags

of so called srmple systems . A single input single output (SISO)
system, with a single disturbance input

x =Ax+Bu+Gw, y=Hx 1)
where x(t) € R”, u(t) € R', w(t) € R', and y(t) € R', is calied a
simple system if: (a) the pair {A.,B,} is in controllable canonical
form (and without loss of generality it is assumed that A, = A,
where Ay has all zeros in the bottom row, and so (1) models a
chain of mtegmtors) and (b) the disturbance enters the system
omy through the j% state equation, and the output of interest is the
i® state of the syaem Therefore,

oIf
Gi=[o ... 010 .. 0]

H;=0 .. 010 .0

wheretheonemG is in the j® position and the one in H; is in
the i position. Such a system will be referred o a simple system
of category {i,j}.

In many design methods the effectiveness of the
selected control law is measured by how well it attenuates the
energy of L, disturbances, based on the bound lly}, <
1G;(S)lloel!Wil2, and how well it attenuates the amplitude of L,
disturbances, based on the bound |lylleo < [|g5lli Wleo Here

@

[IGii(S)lloo is the induced L, norm, i.e. the H,, norm of the transfer
function Gy(s)[3], and }|gyll is the induced L,, norm, i.e. the L,
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Suppose a linear state feedback control u = - Kx is used
resulting in a closed-loop system with the spectrum A = {A;, A,,
... Ag}, with the tramsfer function Gy(s), and the impulse
response g;(t) from w to y. Suppose next, that the control is
modified so that as a resuit all closed-loop eigenvalues are
shifted radially along their nominal directions (connecting the
eigenalues to the origin of the complex plane), resulting in the

shifted spectrum X_{Xl Xz, Xn}= {thy, 1, ..., Tha}.
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ratio r and the transfer function, and that this relationship
depends only on r and the pair {i,j}, and is independent of the
nominal locations of the eigenalues (i.e., independent of the
nominal gain vector K).

This fi‘:laﬁﬁﬁﬁ‘up allows the assessment of the effect of
the radial shift on the H,, norm, and on the impulse response,
and thus, on the induced L, norm. This clarifies how, in simple
systems, the structural location of the disturbance input and of
the system output, captured in the pair {ij}, affect the ability of
unw Wﬂm’lb to reuuu-: me relevam bysu-:m normis.

2. Problem Formulation

Consider the system (1) and choose a stabilizing linear
controller u = ~Kx =k;x; -kyx, —...—k,x, so that
the resulting closed-loop system has the poles
(eigenvalues) {A;,A,,..., A}, and the transfer function
ny;(s)
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i=1

Let a radial shift be applied resulting in new, desired, closed-loop
poies Ar ={Ay,A,... A, } related to the initiai poles by

Aq=1A,, q=12,.,n ®)
where r is called the shift ratio. The shift can be either to lower
magnitudes of the poles, by using r < 1, or to larger magnitudes,
by using r > 1. By pole-placement the controller gains, that will
insure the closed-loop system has poles defined by (5), are

ki =r"""k;,i=12,...,n ©)
The issue of interest is to describe the effects of such spectral
shifts (and use of the appropriate control that achieves it) on the

G(s)=H;(I-A,) G, =



mput/output characteristics of the system, for 0 <r < oo and for
all pairs {i j}.

3. Preliminaries

Recall the analytical expression for the resolvent of the
closed-loop linear system when the feedback control is applied
to (1). To that end introduce the notation

d"(s) = ¢(s) )
the characteristic polynomial of A, and
d" i) =T ks T 4 kI 4 iy, j=L..n ®)

ej_l(s) = kjsj'1 +..kys+k, j=1...n )
fi)=ks" " +k; 2+ Kysy, j=12..0 (10)
Lemma 1.The resolvent R(s)= [sI — AC]_1 = ¢—(183 W(s)

where the elements of W(s) are given by
wi(®=s"1d"Gs), j2i, i,j=L..n )

wi® ==l @), j<i, Lj=l..n (12

This determines the transfer function of a simple system
for any control gain vector K and any pair {i,j}. From (12),

s lei gy

Giej(s)=—-————, <i 13)
W
and, from (11),
i~1 jn+-j
. + LY ) T
Gl(s)= s§ 4 %) L jzi 14
) ) ] 14

4. Effect of Spectral Shifts on the H,, norm

LetGij (s) be the transfer function associated with the

nominal eigenvalues, let Gjj(s) be the transfer function
associated with the shifted eigenvalues (and so with the shified
controller gains {I(—o,l_(l,.‘,in} ) for a given pair {ij}. Also,
let S= 18 define a frequency shift defined by the shift ratio 1.

The effect of the radial shift of all eigenvalues on the magnitude
of the transfer function may then be summarized as follows:

Theorem 1. Suppose a radial shift of all closed-loop
eigenvalues is achieved by the appropriate choice of new control
gains. The transfer function after the shift is given by

G(®)=r"716;® as)
Corollary 1. The H; norms, p = 2, o, of the system after a
frequency shift determined by r are given by

. = i—j-1
@ 1G5 lz=rTVr |GGl (16)

.. = i—i~1

(i@ GG llo=1"""11G(®) |l an
Theorem 2. The H,, norm of a simple system can be made
arbitrarily small, by an appropriate radial shift for all pairs {ij}
except when the pair {ij} satisfies the condition i-j-1=0.In

this case the H,, norm is bounded by [|GI(s)||,, > 1.

It is possible to also determine the effect of the radial shift
on the transfer function from the disturbance to the control. Let
Gy(s) be the transfer function from the disturbance input to the
control output. The following results hold:

Theorem 3. (a) The transfer function Gy(s) of a simple system
is given by
flgs)
&(s)
(b) The transfer finction G;(s) after a radial shift of all
eigenvalues with a shift factor ris given by
Guj(®)=1"71G (s), j=12,...,n (19)

Guj ) =- (18)

From Theorem 1 and Corollary 1 it follows that to reduce
the H,, norm, a radial shift with r > 1 should be used whenever
i—j—1<0, and a radial shift with r < 1 should be used
wheneveri —j~1>0. Wheni~j- 1= 0 the H,, norm is
invariant to radial shifts. It is of interest to note that wheni—j—
1 = 0 the H, norm is increased for r > 1, and decreased for r < 0,
Finally, it is of interest to note from Theorem 3 that the effect of
radial shift on Gyy(s) is independent of the system output (the
index i). Furthermore, the application of a radial shift with r <
1, for i~ j — 1 > 0, reduces the H,, norm of G;(s) as well as the
H,, norm of Gy(s). However, the application of a radial shift
with r > 1, for j 2 i-1, reduces the H,, norm of Gy(s) but
increases the H,, norm of Gy(s).

5. Effect of Spectral Shifts on the Impulse
Response and the induced L, norm

Consider now the effect of the radial shift on the induced
L,, norm. Recall that the induced L, norm of the linear system,
denoted by L, with impulse response g(t) is
[+ e]
ILg lo=supy, 1= = ilg0|dtogOl @0
© 0

where |g(t)]; denotes the L; norm of g(t).

For completeness we also state the effect on the norms
lg)ll» and [|g(t)leo. The first will not have a direct application
here, but the second plays a role in the bound

1Y oo S & llooll W lly @D
and has a role in considering the bound on ||yll,, for linear
systems with nonzero initial conditions.

To determine how a radial shift affects the L,, L, and
Lo norm of g(t) recall that Gij(s) = "7 1G(s) for simple
systems, and define g;;(t) = % "{Gj(s)} to be the impulse
response of the simple system after the radial shift. Finally,
define a time scalingby t =1t .

Theorem 4. The impulse response of a simple system after a
radial shift of all eigenvalues by a shift ratio r is given by

g;(t)=1"g;(1t) 22)
where gi(t) is the impulse response of the system before the
shift.

Corollary 2. The L, p = 1, 2, c, norms of the impulse response
after a radial shift with shift ratior are:



i-j-1

@ g lh=1""llgglh (23)
@ || g ll=1"7"Vr || g Il %
i 1 83 o= 11 85 o 5

Example 2. Consider the linear system

re 1 0 G'I rt‘}'l rl'l

0010 0[ 0
X= X+ [+ W

000 1| |o 0‘

|10 0 0 0f (1] |0O]
v=l0o 0 0 1k

Therefore, i = 4, j = 1, and place the poles at {-0.5 j, -1 + j4}
by choosing the linear control u = -21.25x, — 19.5x, — 20.25x3 —
3x4. Suppose now a radial shift is applied and the control is
modified to be U = -1.3281x; — 2.4375x, — 5.0625x; — 1.5x,
which insures that the new closed-loop system has eigenvaiues

{-0.25 £ j0.5, -0.5 £ j2 implying r = 0.5. Magnitude of the
transfer fimction of the gvstem before and after the chift are

(B Li oo R LU LY SYSieill DGIOIc &G st o st &

shown in Figure 1.a. , and show a four-fold reduction of the
peak magnitude (which also shifts to a lower frequency). The
impulse response of the system before and after the radial shift
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Figure 1. Effect of shift on the transfer function
and the impulse response

are shown in Figure 1.b. The impulse response before the radial
shift has a neak value llo..M =2 070< while the immulse

nas Ve v 1541 /|jo0” &7 vviaas e

response after the radial shift has a peak value of 0. 3724 the
ratio of the two peaks being 0.3724/2.9795 = 1/8=(0.5)* =

predicted. Observe also that the peak for the original

degion occurs att = 1.0051cacl. while the neak for the modifiad
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design occurs att = 2.01 [sec], again as predicted.

6. Application to general SISO systems -
Bounds on the H,, norm

Consider now the general case of a controllable SISO system

with a sinole disturbance innut, 1 of the original sustem maodsl be
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of the form
=Az+Bu+Gw (26)

y=Hz
where G, H may have the form as G;, H; in (2). This system
may be reduced to the form (1) using a similarity
transformation to phase variable canonical form (e.g. [13])
where G and H will then have no particular form, and a
compensating control can be applied to make A = A, a chain of

integrators form The question of interest is the same as before:
Given a nominal set of eigenvalues Ao = {Ay,4,,...,A,} and the
corresponding controller gains {k;k;,...k,}, let the transfer
function of the system be

G(s)=H(sI-A.)'G @)
Determine the system transfer function after a radial spectral
shift is appiied resulting in the new closed-ioop poles related to
the initial polesby Aq =TA,, q=12,...,n

Let, as before, Gj(s) be the transfer function of the
simple system associated with the pair {ij}, for which the
expression was derived in Section 4. It is a simple consequence
of Theorem 1 that the transfer function G(S), after a radial
shift, is a linear combination of shifted transfer functions of
simple systems, and so

G(s)=H(I-Ac)'G=3 Zr‘_"lhngGu(s) (28)
i=1j=1
The expression provides insight into the dependence of
G(s), on the shift ratio 1, and in particular of the behavior of

a(s) when r — 0, or r - . Expression (28) is also

ser cdeurennmantal e Terioor o
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o to improve an existing design with respect to the induced L,
norm .
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Introducing the structwral distance d = 1 - j -1
expression (30) can be written in the form

Go= = 2 hgGie+ = 2 g G @9
d0 &0
and the foliowing then becomes evident:

Theorem 5 If both double

S
= aaRURTNR O Swdiis

a finite r € (0,00) at which G(s) has a global minimum. If

PRy, aed L.
u1=a= lb o I.HDWI 111 u.lt: Mu Sufmi 10[ Wll.lbﬂ u = U, and the

first sum is empty, the H,, norm can be reduced as low as
desired by allowing r —0. When the second sum is empty, the
H,, norm can be reduced as low as desired by allowing r — c.

°.‘ﬂ(2,) not enmntv there ic

are not TINPLy waeas 1S

Expression (29) also leads to a useful bound on the induced
L, norm. Let |IGy(S)llos 1> = L,2,...n, be the H,, norms
associated with  all simple system hefore application of the

shift r. From (33) and norm properties:



— nn —i1 -
16® I<B® = 2 =0 hig;[I S5 @)l
1=1j=
This bound is a useful tool in narrowing the search for the
optimal shift using simple computational algorithms. This is
based on the fact that the bound can also written in the form
B =2 277 by 1|g; 1 G5Ol +
d<0
i1 E2))]
Z 20777 | hi |18 111G o
d=0

from which easily follows:

Theorem 6. The function B(r) is a strictly convex function of r
over 0 <r<oo.

7. Applications to general SISO system - Bounds
on the Induced L; norm

Consider now the impulse response of (3), and the
consequences of a radial shift on the L; norm of the impulse
responses. Let gy(t) be the impulse response of the simple
system associated with the pair {i,j} before the application of
the spectral shift.

Theorem 7. The impulse response g(t)of the system (3) after
the application of a spectral shift with the shift ratio r is given by
nn — nn . .
g(t)== lhig i&;(t) = 21 _erl ‘h;g;g;(t) (32
i=lj=

1=1 =]

This expression (32) can be used to perform a one-
dimensional search over 0 < r < « and improve an existing
nominal design with respect to the L; norm of the impulse
response (induced L,, norm). It also leads to a useful bound on
the L, norm of the impulse response. Let || g;(t)||; is the L, norm
associated with the pair {i,j} before the shift. Then, from the
above expression and standard bounding arguments:

| gD 1< N(D) 33)
where

nn . .
NO =22 r 7 b g | gz ®h (34)
1=1]=
In complete analogy with (29) we can write (34) as a sum of two
terms and show that the bound N(r) is also a strictly convex
function of rin 0 < r < 00. And so, if both sums in (35) are
not empty there is a unique r € (0,00) at which N(r) has a global
minimum_ If the first sum is empty, associated with terms where
d < 0, the L; norm can be reduced to a constant by allowing r
—0, and to an arbitrarily small value if there are no terms with d
= (0. If the second sum, associated with terms where d > 0, is
empty, the L, norm can be reduced as low as desired by
allowing r — oo

Example 3. For 3" order systems the structural distance, d = i-j-
1 can take on any integer value from —3 to 1, and so this class of
systems can illustrate a diverse set of possibilities. Considering
the system
010 0 1
Xx={0 0 Ix+{Omu+ljw,

000 1 1

y=f 1 1k

and selecting, arbitrarily, the nominal controller gains to
be ky=2,k; = 1.5, k; = 2, results in the closed-loop eigenvalues
Ay=-0.1065 + 1.0526i, A, =- 0.1065 - 1.0526i,A; = -1.7869.

Figure 2. H,, and L, norms in funciton of r

The results in Figure 2, show that in this case the
minima are achieved, for both norms, for r = 1.15 , the minimal
value of the H,, norm being J,r * =7.7685 and the minimal
value of the L, norm being J;* = 10.3263.

To demonstrate the effect of the radial shift, the
responses y(t) for a typical persistent disturbance, shown in
Figure 3 (a combination of a component with a uniform
distribution and a component with a gaussian distribution), are
shown in Figures 4, 5 and 6 for shift ratios r =2, 1 and 0.5,
respectively. While this is not the worst disturbance the results
show the better amplitude bounding of the response with r = 1,
which is close to the optimal value, than with the other two
values. Also shown is the common input w(t) used in all three
simulations.

For the considered 3™ order system, with the defined
control gains, the minimizing r remains close to r = 1 for both
the H,, norm and the L, norm as long as both sums, containing
terms d > 0 and d < 0, are not empty. This is by no means
typical. When the nominal gains are ks =1, k; =3, k, =2 with
G=[111], H=[1 10 1}, the dependence of the Hoo norm and
the L, normonr are displayed in Figure 4, and show that J,¢* =
8.4962, and occurs for r = 1.775 while J* = 10.7916 and
occurs for r = 9.51. The effect on the shape of the impulse
response is shown in Figure 5 which displays the impulse
responses for r = 1, 1.75 and 9.51 (nominal, H,, norm optimal
and L, norm optimal shifts, respectively).

2 " L L L L "
0 20 40 60 8 100 120 140 160 180 200

Figure 3. Input disturbance
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Figure 5. Shift r= 1 (close to optimal)

Response ¥ (0}

= (.5

1751

. H ' | /‘

Figure 5. Shift r= 0.5 (smaller than optimal)

Remark. Observe that the above results are independent of the
nominal control vector K. That is, whether the H,, norm of the
system, and the L, norm of the impulse response, can be reduced
to an arbitrary low value is a structural property of linear
systems, and depends only on the pair {i,j} in case of simple
linear systems, and on the set S= {ij: hjg; # 0, ij,=1,2,....n} of
all the pairs of active indices for systems of the form (3). As
captured in Theorem 5, if for all active pairs in S it holds that i-j-
1 > 0 then both norms can be reduced to an arbitrarily low value
by using a shift r—0, and if for all pairs i-j-1 < 0 then the same
effect can be achieved using a shift r — . If both types of pairs
exist the minimal value of the norms is achieved for a finite r.
Similarly, in view of the results in Corollary 1, expression (25),
if for all active pairs in S it holds that i-j > 0 then the L,, norm

can be reduced to an arbitrarily low value by using a shift
r — 0, and if for all pairs i-j < 0 then the same effect can be
achieved using a shift r — o.
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Figure 7. H,, and L, norms in funciton of the shift ratio r

Irpulse respnse forr=1,1.75 & 951

r=1

.time(sec)

Figure 8. Impluse response for = 1, 1.75 and 9.51

Remark. In [6] the author considered the conditions under
which the response of the system will exhibit a growth in peak
amplitude as the eigenalues of the system recede from the origin
toward infinity in function of the initial condition. Since the
Laplace transform of the zero input response of the system is
given by
Ya(sy-H(sl-Ao) %o (36)

The expression for y,(s) may be considered as the transfer
function of a fictitious linear system defined by the triple { A.x,
H}. The results obtained above hold here verbatim, and so
whenever H = H;, where H; is defined by (2), and x, has
nonzero components only for indices j <i, then i-j > 0 for all
terms in the sum in (36). The L,, norm of the response
y,i(t=He %, (the peak amplitude) will approach infinity as r
—w, L.e. as the eigenvalues recede towards infinity. In [6] this
is illustrated on a second order system where y=[ 0 1]x and so i
= 2, while the initial condition is x, = {-1, 0}, and so j = 1. The
results presented here encompass this result, and also enable us
to treat simuitaneously the effect of the radial shifts on both the
Zero input response , and the zero state response to disturbance

inputs.



Remark. One application of the obtained results and
Inmnht is in the domain of findino imnroved state feedback
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control laws to reduce the induced L,, norm of linear system.
It is well known that the H,, norm is a lower bound on the L,
norm[1], and it has been shown here that for all simple systems
a radial shift that reduces further the H,, norm of the system

will also rnﬂnrn the 1. narm in cama nranartian unnnn the
€ L,; DO I Same proporucn.

nominal gain K be obtained by solving the H,, problem, that is
by reducing the H,, norm, from the disturbance input to the
system output, as much as feasible. The standard solution to the
H,, problem will also reduce the H,, norm from the disturbance

sk tn tha ocuctan antnart and thio oy aarra na a nencaadizes ¢
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determine a nominal design. Equipped with a nominal design
there are two possible ways to proceed: (a) Compute the optimal
radial shift: For the nominal set of controller parameters
determine all transfer functions of all active simple systems

el dlania A n s wannae ot mam nl onmanle

Glj(S), i,j, = 1,2, .41, &l Uisik QO a oiic dimensional search over
1 to determine the minimal value of the L, norm (34). This
involves computing for each considered value of r the impulse
response g(t) and its L; norm , or (b) Compute the radial shift
which minimizes the norm bound Compute for all active sunple
systems the L, norms jjgf; , ij, = 1,2,...n for the nominal
controller parameters and minimize the L; norm bound (34), a
convex minimization problem. Once the optimal shift is
determined the final gains are obtained from (6).

Remark. The resuiis are useful in  minimizing, or bounding
the L.-norm of the output when both the zero input component
and a zero state component are present for two cases: (a) the
system has a known non-zero initial conditions, and (b) the
non-zero injtial condition belongs to a defined set. Considering
just the first case, one can derive a bound || y ||, <Y where Y

takes the form

Y 2o llo Il Wil
with

A
1 €0 lloo = max ;g0 ooy {| He ' x [}
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reduces to minimizing a sum of an L, norm of the fictive system
defined by the triples {H,Ac,x0}, and the L1 norm of the system
defined by the triplet {H,Ac,G}.

Remark. The resulis may aiso be of inferesi in considered
stability problems in certain classes of nonlinear systems, which
is currently under investigation. A class of typical systems to
which the approach directly applies was defined in [8] where the
role of the H,, norm was highlighted However, it is the L,
norm that is relevant for most unbounded noniinearities, and the
results reported here are expected to contribute to the better

understanding of the stability issues in these nonlinear

problems, and the ability to expand the region of attraction of a
nominal design.

8. Conclusions

The effects of radial shifts on the system transfer function and
impulse response provide simple ways of designing state
feedback controls that provide improved response to persistent
Lo disturbances, by reducing the induced L,, norm of the
system. It is noted that the L, problem has been solved for
linear systems [4].[51 However, the controller is infinite
dimensional and the associated computational burden is quite
considerable. For that reason, the discrete version has received

much more attention, and has been studied, particularly

ac nart of a muolti-ohiective nroblem farmulations’71 121 101 The
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controllers proposed here are suboptimal but have the advantage
that they have the simple static state feedback structure, and are
easy to compute. Specifically, given a nominal control law one
secks the conditionally optimal design that corresponds to the
optimal radial shift of the nominal eigenalues obtained by a
nominal state feedback design. One-dimensional search
algorithms are proposed for this conditional optimization. It is
believed that the approach will eﬂicxently generate L;-norm
suboptima] state feedback designs by using the H,, suboptlmal

dactione 171 ¢4 canavata tha naminal camteal oy Thin ia haand
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on the simple relationship between the H,, norm and the L,
norm under radial shifts developed in Section 4.
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