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Abstract 

We show that for linear systems represented in the 
controllable canonical form there are simple and systematic 
changes in the iuput/output properties of the closed-loop system 
Corn the distnrbance input to the system output when controls 
are applied to prodnce a radial displacement of all the closed- 
loop poles. In particular this is true for the transfer function and 
the impulse response of the systems. This in turn leads to a better 
nnderstaoding of how such changes in the control gains affect the 
induced L2 norm, (the a norm) and the induced L, norm (the 
Li norm) of the system. 

1. Introduction 

The role of the transfer tnru%ion and of the impulse 
response in assessing how a linear system attmnates the energy, 
and the amplitude, of disturbance inputs, respectively, are well 
known (see, e.g., [1],[2]). Thus the prominent role of the ‘H, 
problem”[3,10] and the “Li problem”[4,5] in modem control 
system design. Results are presented here that clarity the effect 
of radial shifts of all eigtmvalues (via feedback control) on the 
inpnt-outpnt properties of the system from a distnrbance input to 
the system ontp* providing new insight into the relationship 
between system eigenvalues and its input-output properties. At 
the core is the analytical relationship describing the effect of a 
radial shift of the spectrum on the transfer fimction for the class 
of so called simple systems . A single input single output (SISO) 
system, with a single distnrbance input 

x=Ax+Bu+Gw, y=Hx (1) 
where x(t) E R”, u(t) E R’, w(t) E R’, and y(t) E R’, is called a 
simple system if (a) the pair {A,&) is in controllable canonical 
form (and withont loss of generality it is assumed that A, = A0 
where A0 has all zeros in the bottom row, and so (1) models a 
chain of integrators); and (b) the disturbance mters the system 
only through the j* state equation, and the output of interest is the 
i* state of the system. Therefore, 

Gj =[O . . . 0 1 0 . . . OF 

Hi =O . 0 1 0 . . . 0 

wheretheoneinGjisnrthej*positionandtheoneinHiisin 
the P position. Such a system will be referred 0 a sim$e system 
of category {ij} . 

In many design methods the e&ctiveness of the 
seld control law is measured by how well it a&mates the 
energy of L2 distnrbances, based on the bound llflh I 
&(s)llJlw$, and how well it attennates the amplitude of L, 
disturbau~, based on the bound llfiloo I Ilg& qlm Here 

llG&s)ll.. is the induced Lr norm, i.e. the H, norm of the transfer 
function Glj(S)[3], and &/Ii is the induced L, norm, i.e. the Lr 
norm of the impulse response g&) [4],[5]. 

Suppose a linear state feedback control u = - Rx is used 
multing in a closed-loop system with the spectrum A = {Xi, &, 
. . ., A,,}, with the traudkr fimction Gg(s), and the impulse 
response g&) from w to y. Suppose next, that the control is 
modified so that as a result all closed-loop eigenvalues are 
shifted radially along their nominal directions (connecting the 
eigauhea to the origin of the complex plane), resulting in the 

shifted spectmm h={hl,hz ,..., h,)= {rai, rh, . . . . r&}. 

We will show that there is a sinqle relationship b&veen the shifl 
ratio r and the transfer function, and that this relationship 
depends only on r and the pair {ii}, and is independent of the 
nominal locations of the eigenalues (i.e., independent of the 
nominal gain vector IQ. 

This r7datiouship allows the asses~t of the effect of 
the radial shift on the & norm, and on the impulse response, 
and thus, on the induced Li norm. This clarifies how, in simple 
systems, the strudud location of the disturbance input and of 
the system outpuf captured in the pair { ij} , affect the ability of 
liuear controls to reduce the relevant system norms. 

2. Problem Formulation 

Consider the system (1) and choose a stabilizing linear 

c0ntroller u = -Kx =klxl -k2x2 -.,.-k,x, so that 

the resulting closed-loop system has the poles 

(eigenvalues) (hi,&,, . ,&,), and the transfer function 

nij (S) 
G(s)=H~(SI-A,)-~G~ =- 

Ns) 
(3) 

where A, = A - BK, and H(s) is the chamcteristic polynomial, 

~s)=~+k,$-l+...+kj+k,=fi(s-~) (4) 
i=l 

Let a radial shift be applied resulting in new, desired, closed-loop 

poles Ar = {xl, hz ,. . ?;11} related to the initial poles by 

h, = l-h,, q = 42 ,..., n (5) 

where r is called the shii mfio. The shifl cao be either to lower 
magoitudes of the poles, by using r < 1, or to larger magnitndes, 
by using r > 1. By poleplacemmt the controller gains, that will 
iusure the closed-loop system has poles defmed by (S), are 

ci = p+l-i ki, i = 1,2 ,..., II (6) 
The issue of interest is to describe the effects of such spectral 
shills (and use of the appropriate control that achieves it) on the 



inpllt/output characteristics of the system, for 0 < r < co and for 
all pairs (ij}. 

3. Preliminaries 

Recall the analytical expression for the resolvent of the 
closed-loop linear system when the feedback control is applied 
to (1). To that end introduce the n&&ion 

dnts) = +(s> (7) 

the characteristic polynomial of A, and 

dn-$s)=sn-j+k,$-j-l +..~“2s+kj+l, j=l,...p (8) 

ej-l(s)=k&+ . . . . k2s+k1, J j=l,...,n (9) 

fj(s)=kjs”-’ +kj-~8-2+...+k~~+ j=l,2, . . . . n (10) 

Lemma l.l%e resolvent R(s)= [sI - A,]-’ 

where the ekmmts of W( s) are giva by 

w;j(a) = s’-‘dn-j(s), j 2 i, i,i= L...,n 

wij(s)=s i+lej-l(s), j < i, i, j = l,..., n 

This determines the tram&r function of a simple system 
for any control gain vector K and any pair (ij}. From (12), 

Gj (s) = - 
si+lej-r(s) , j<i 

w 
and,fkom(ll), 

G!(s) = ’ i-ldn+l-j (s) , j 2 i 

44s) 

4. Effect of Spectral Shifts on the H,,, norm 

(13) 

(14) 

LeZGij (s) be the transfer fhctian associated with the 

nominal eigenvalues, let G$(S) be the transfer fonction 

associated with the shit&l eigenvalues (and so with the shifted 

cmtroller gains (ko,k*,.. ,kn} ) for a given pair (ij}. Also, 

let s = rs define a frequency shift defined by the shift ratio r. 
The efkct of the radial shift of all eigenvalues on the magnitude 
of the tran&r function may then be summa&& as follows: 

Theorem 1. Suppose a radial shift of all closed-loop 
eigenvalues is achieved by the appropriate choice of new control 
gains. The tram&r function after the shift is given by 

Gij (s) = r i-j-l Gij (5) (15) 

CofoUaryl.TheY,norms,p=2,co, ofthesystemaftera 
fieqnency shift determined by r are given by 

- 
(9 IIG~(s)Ih=r i-j-1&II Gij(s)l12 (16) 

(ii) I( Gi(s)/I,=ri-j-l 11 Gi(s)lla, (17) 

Theorem 2. The H, norm of a simple system can be made 
arbitrarily small, by an appropriate radial shift for all pairs {ij) 
except when the pair (ij} satisfies the condition i-j-1 = 0. In 

thiscasetheH,normisbounded by IlG~(s)ll, t 1. 

It is possible to also determine the e&ct of the radial shift 
on the transfer fimctiou fium the dishzbance to the control. Let 
a(s) be the transfer timction from the disturbance input to the 
control output. The following results hold: 

Theorem 3. (a) The transfer fin&ion G*<s) of a simple system 
is given by 

(18) 

(b) The trausfii fonction G,j(s) atIer a radial shift of all 

eigenvalues with a shifl factor r is given by 

Gnj (s) = P-jGuj (s>, j = 1,2 ,... ,n (19) 

From l’heorem 1 and Corollary 1 it follows &at to reduce 
the&norm, aradialshiftwithr~lahouldbeusedwhenever 
i-j-l<O,andaradialsh.iftwithr<lshouldbeused 
wheneveri-j-l>O. Wheni-j-l=OtheH,normis 
invariaut to radial shifts. It is of intereat to note that when i - j - 
1=OtheH2normisincreasedforr>1,anddeczasedforr<0, 
Finally, it is of interest to note from Theorem 3 that the effect of 
radial shitt on G(s) is independent of the system output (the 
index i). F-ore, the application of a radial shift with r < 
l,fori-j- 1 >O,reducestheH,normOfGij(s)aswellasthe 

l&,, norm of G&s). However, the application of a radial shifl 
with r > 1, for j > i-l, reduces the & norm of Gij(s) but 
increases the H, norm of G,(s). 

5. Effect of Spectral Shifts on the Impulse 
Response and the induced L1 norm 

Consider now the e&ct of the radial shifl on the induced 
L, norm Recall that the induced L, norm of the linm system, 
denoted by Lg, with impulse response g(t) is 

where Ig(t) daotes the L1 norm of g(t). 
For completeness we also state the efl&t on the norms 

Il&t)llz and li&t)l~~ The first will not have a direct application 
here, but the second plays a role in the bound 

II Y llco4l g llcoll w Ill (21) 
and has a role in considering the bound on Ilyll.. for linear 
systemswith n- initial umditions. 

To determine how a radial shift a&&s the L1, b and 

L, nOrm Of s(t) KC4lll that Gij (S) = FIG(i) for simple 

systems, and define iti (t) = 9 -‘fGi (s)) to be the impulse 

respome of the simple system after the radial shift. Finally, 

defme a time scaling by t = rt . 

Theorem 4. Ihe impulse response of a simple system atIer a 
radial shift of all eigenvalues by a ti ratio r is given by 

ii(t)= 2-j& (lt) (22) 

where &j(t) is the impulse response of the system before the 
shift. 

Cordlary 2. The Lp, p = 1,2,03, norms of the impulse response 
afteramdialshiftwithshiftratior are: 



(9 

(3 II& 112= r’+JT II gi II2 

(iii) II iij IL= 2-j II &j IL 

Example 2 Consider the linear system 

r 0100-0 0100-0 
1 r1 

0010 0 0010 0 
x= x= I II x+ x+ + + 

0001 0 0001 0 

0000 1 0000 1 
L J 

1 
L-l 

y=[o 0 0 ljx 

(23) 

(24) 

(25) 

'1 

0 

I 

OW 

0 

Therefore, i = 4, j = 1, and place the poles at (-0.5 f j, -1 i j4) 
by choosing the linear wntrol u = -21.25~~ - 19.5x, - 20.25x3 - 
3%. Suppose now a radial shill is applied and the control is 
modified to be ii = -1.3281~~ - 2.4375~~ - 5.0625~~ - 1.5~4 
which insures that the new closed-loop system has eigenvalues 
(-0.25 f j0.5, -0.5 f j2 implying r = 0.5. Magnitude of the 
transfer function of the system before and after the shill are 
shown in Figure 1.a. , and show a four-fold reduction of the 
peak magnitude (which also shifts to a lower frequency). The 
impulse respouse of the system before and a&r the radial shift 

/ 

- 

Figure 1. EB&t of shift on the transfer function 
and the impulse response 

are shown in Figure 1.b. The impulse response before the radial 
shit? has a peak value. llg&&=2.9795, while the impulse 
response alter the radial shift has a peak value of 0.3724, the 
ratio of the two peaks being 0.3724/2.9795 = 1/8=(0.5p = P, as 

predicted. Observe also that the peak for the original 
design occurs at t = l.OOS[sec], while the peak for the modified 
design occurs at t = 2.01 [set], a@ as predicted. 

6. Application to general SISO systems - 
Bounds on the EL norm 

Consider now the general case of a controllable SISO system 
with a single dishrrbance input. La the original system model be 
of the form 

z=&+gu+~w 
(26) 

Y-B 

where G, u may have the form as Gj, I+ in (2). This system 
may be reduced to the form (1) using a similarity 
trausformation to phase variable canonical form (e.g. [13]) 
where G and H will then have no particular form, and a 
mnpmsatiug contml can be applied to make A, = &, a chain of 
integrators form. The question of interest is the same as before: 
Given a nominal set of eiganvalues 12, = (L&,. . .,&f and the 
corresponding controller gains {kl,k2,..,k,,), let the transfer 
limction of the system be 

G(s) =H(sI-A,)-‘G (27) 
Determine the system trader fimctiou after a radial spectral 
shitl is applied resulting in the new closed-loop poles related to 

theinitialpoles by h, = rh,, q = 1,2 ,..., ll. 
Le& as befog G&s) be the transfer function of the 

simple system associated with the pair (ij), for which the 
expression was derived in section 4. It is a simple consequence 

of Theoremlthat thetransf&rfimctionG(S),aBeraradial 

shitt, is a linear combination of shifted transfer fimctions of 
simple systems, and so 

G(S) =H(sT-AC)-‘G = 5 ;r’-j-*higjGi(s) (28) 
i=* j=* 

‘Ihe expression provides insight into the Bependence of 

G(S), on the shift ratio r, and in particular of the behavior of 

G(S) when r -+ 0, or r -+ 03. Expression (28) is also 

instmme&d inapplyingaone&nensionalsearchoverO<r~ 
mtoimproveanexistingdesiguwithmpectto theindused~ 
norm. 

Ina the stmctuml distance d = i - j -1 
expression (30) cau be written in the form 

G(s)=d~zi'~~~$~)+dsb~j'~4~~j~) (29) 

and the following then becomes evident: 

Tkorem5.If bothdoublesumsin(29) arenotemptythezeis 

a&iter~(O,oo)atwbichG(s) hasaglobalminimurnIf 

there is no factor in the second sum for which d = 0, and the 
tirstsumisempty,theH,normcanberedocedaslowas 
desired by allowing r +O. ?Vhen the second sum is empty, the 
~normcanbereducedaslowasdesiredbyallowingr+m. 

Expression (29) also leads to a us&l bound on the induced 
L2 norm. Let Il~j(S)ll* ij, = 1,2,...a be the H, norms 
associated with all simple system before application of the 
shitl r. From (33) and mmu properties: 



11 C(s) 111 B(r) = 5 5 rl-‘-l 
i=l j=l Ihil~~jIIIG~(s)llm 

Thisboondisausefbltoolinnarrowingthesearchforthe 
optimal shift using simple computational al@lhms. This is 
basedonthefactthattheboundcanalsowrittenin~form 

B(r) = c z ri+ 
d<O 

/hi Ilgj IIlG~(~)llm+ 

C C ri-jwl I hi I I gj Ill Gi (~1 IL 
(31) 

d.20 

tirn which easily follows: 

Theorem 6. The fimction B(r) is a strictly convex fimction of r 
overO<r<oo. 

7. Applications to general SISO system - Bounds 
on the Induced L1 norm 

Consider now the impulse response of (3), and the 
consequences of a radial shitl on the L1 norm of the impulse 
responses. Let ai(t) be the impulse response of the simple 
system associated with the pair {ij} before the application of 
the spectral shitl. 

Theorem 7. The impulse response i(t the system (3) after 

the application of a spectral shift with the shift ratio r is given by 

g(t)= ~ ~higjg~(t)= ~ ~r’-‘higjgij(rt) (32) 
i=lj=l i=l j=l 

‘Ibis expression (32) can be used to perform a one 
dimeashmal search over 0 < r < CO and improve an existing 
nominal design with respect to the L1 norm of the impulse 
response (induced L, norm). It also leads to a useful bound on 
the L1 norm of the impulse response. Let Ilgij(t>lll is the L1 norm 
associated with the pair {ij} before the shift. Thm from the 
above expression and standard bounding arguments: 

II &> Ill 5 N(r) (33) 

N(r) = 5 5 ,i-jml 
i=l j=l 

I hi II gj I II gijCt) Ill (34) 

In complete analogy with (29) we cau write (34) as a sum of two 
terms and show that the bound N(r) is also a strictly convex 
fimctionofrinO<r<oo. Andso,if both sumsin(35)are 
notemptythereisauaiquer ~(0,00)atwhichN(r)hasaglobal 
minimumIfthefirstsumisempty,associatedwithtermswhere 
d~O,theL1normcanbereducedtoaconstantbyallowingr 
~O,andtoanarbitrarilysmallvallleiftherearenotermswithd 
=O.If theseumdsum,associatedwithtermswhered>O,is 
empty, the L1 norm can be reduced as low as desired by 
allowing r -+ 00. 

Example 3. For 3” order systems the s&o&& distance+ d = i-j- 
1cantakeonanyin@~value&om-3to1,andsothisclassof 
systems can illustrate a diverse s& of possibilities Cunsidering 

hesystem 

and selecting, arbitrarily, the nominal controller gains to 
be 4 = 2, kl= 1.5, k2 = 2, results in the closed-loop eigenvalues 
It=- 0.1065 + l.O526i, &=- 0.1065 - 1.0524, AS= -1.7869. 

I 

-------l----- 

I 

------ J----- 
I 

--r- 
I 

--L- 
I 

51 1 
Il.5 i 1.5 2 2.5 

Figure2H,andL1normsinfimcitonof r 

‘Ihe results in Figure 2, show that in this case the 
minimaareachiev~forbothnorms,forr=l.l5,theminimal 
vale of the H, norm being Jx * =7.76!35 and the minimal 
value of the L1 norm being J1* = 10.3263. 

To demonstrate the effect of the radial shift, the 
rrqomes y(t) for a typical persistent distm&mcq shown in 
Figure 3 (a combination of a component with a uniform 
distribution and a component with a gaussian distribution), anz 
shown in Figures 4, 5 and 6 for shift ratios r = 2, 1 and 0.5, 
respectively. While this is not the worst disturbance the results 
showthebettera~~~boundingoftheresponsewithr= 1, 
which is close to the optimal value, than with the o&r ~MKI 
values. Also shown is the common input *t) used in all three 
tilJlatiOllS. 

For the considered 3” order system, with the defined 
control gains, the minimitigrremainsclosetor=1forboth 
the H, norm and the L1 norm as long as both sums, containing 
termsd>Oandd<O,arenotempty.Thisisbynomeans 
typical.Whenthenominalgainsarelc,,= 1,kl=3,kz=2 with 
G=[l 1 l],H=[l lOl],lhedependenceoftheHoonormand 
the L1 norm on r are displayed in Figure 4, and show that Js* = 
8.4%2, and occius for r = 1.775 while J1* = 10.7916 and 
OccuTs for r = 9.51. The effect on the shape of the impulse 
response is shown in Figure 5 which displays the impulse 
responses for r = 1, 1.75 and 9.51 (nominal, & norm optimal 
and L1 norm optimal shifts, respectively). 

ca 
:, 

.2t)U-L I 
20 40 60 8(1 120 140 lL?n 180 2c 

Figure 3. but disturbsnce 



Figure4. Shiftr=2(greaterthanoptimal) 

Figure5. ShiBr=l(closetooplimal) 

Figure5. Shiftr=0.5(smallerthauoptimal) 

Remark. Observe that the above results are independent of the 
nominal control vector K That is *ether the H, norm of the 
system, and the L1 norm of the imp&e response, can be reduced 
to an arbitrary low value is a str&uml prop&y of linear 
systems, and depends only on the pair (ij] in case of simple 
linear systems, and on the set S = {ij: high f 0, i&=1,2,. . .,n} of 
all the pairs of active indices for systems of the form (3). As 
captured in Theorem 5, if for all active pairs in S it holds that i-j- 
1 > 0 then both norms can be reduced to an arbitraxily low value 
by using a shift r+O, and if for all pairs i-j-1 < 0 then the same 
effect can be achieved using a shift r -+ 00. If both types of pairs 
exist the minimal value of the norms is achieved for a finite r. 
Similarly, in view of the results in Corollary 1, expression (25), 
ifforallactivepairsinSithddsthati-j>OthentheL,norm 

canbereducedtoanarb&rilylowvaluebyusingashift 
r-,O,andifforallpairsi-j<Othentheseme~~csnbe 
achievedUsingashifir+co. 

Figure7. H,,,andL1normsinfuncitonof theshi&ratior 

S 
hnpllJse respnse for r = 1,1.75 & 9 .Sl 

I 

0 
time(sec) 

0 2 I 6 8 10 

Figure8. Impl~reqmsefor= 1,1.75 and9.51 

Remark. In [q the author considered the conditions under 
which thereqmseofthesystemwillexhibitagrowthinpeak 
amplitude asthe eigenalues of the system recede f%om the origin 
toward in6nity in fimction of the initial condition. Since the 
Laplace transform of the zero input nqwnse of the system is 
given by 

Y~~W=W-J%&I (36) 
The elpession for ys(s) may be considered as the tranbfer 
fimction of a fictitious linear system defined by the triple ( &,Q 
H). The results obtained above hold heae verbatim, and so 
whenever H = IJi, where fi is d&ed by (2), and ~0 has 
nonzero components only for indices j < i, then i-j > 0 for all 
terms in the sum in (36). The L, norm of the response 
yziWHeA3r, (a e peak amplitude) will approach iufinity as r 

+m, i.e. as the eigenvalues recede towards infinity. In [6] this 
isillustratedonasecondordersystemwherey=[Ol]xandsoi 
= 2, while the initial condition is Q = t-1, 0}, and so j = 1. The 
results presented here encompass this result, and also enable us 
to treat Cmultaneously the effect of the radial shifts on both the 
zero input response, and the zero state response to disturbance 
inputs. 



Remak One application of the obtained results and 
insight is in the domain of finding improved state feedback 
control laws to reduce the induced L, norm of linear system. 
It is well known &at the H, norm is a lower bound on the L1 
norm[l], and it has been shown here that for all simple systems 
aradialshiftthatreducesfiuther theH,nonnofthesystem 
will also reduce the L1 norm in same proportion. Hence, the 
nominal gain K be obtained by solving the H, problem, that is 
byreduciq theH,norm,i%omthedisturbanceinputtothe 
system output, as much as feasible. ‘Ihe standard solution to the 
H, problem will also reduce the &norm from the disturbance 
input to the system output, and this may serve as a procedure to 
d&ermine a nominal design. Equipped with a nominal design 
there are two possible ways to proceed: (a) Compute the oppimar 
radial shl@ For the nominal set of controller parameters 
determine all trausfer fimctions of all active simple systems 
Glj(S), ij, = 1,2,. . .,n, and then do a one dimensional search ova 
rtodetenninethe minimal value of the Ll norm (34). This 
involves computing for each considered value of r the impulse 
response g(t) and its L1 norm , or (b) Compute the radial shiJ4 
which minimizes the norm bound: Compute for all active simple 
systems the L1 norms ll&jlll ~ ij, = 1,2 ,... 4 for the nominal 
coddler parameters and mmmize the L1 norm bound (34), a 
convex minimization problem. Once the optimal shift is 
determined the funal gains are obtained f%om (6). 

Remark. The results are uselid in minir&ng, or bounding 
the La-norm of the output when both the zero input compon& 
and a zero state component are present for two cases: (a) the 
system has a known non-zero initial conditions, and (b) the 
non-zero initial condition belongs to a delined set. Considering 

justthefirstcase,onecanderiveaboundllyll,lY where Y 

takes the form 

y $1 go IL + II Q Ill II w II, 

Hence atIer an initial design, linding the optimal shit% ratio 
reduces to min&iz&g a sum of an L, norm of the fictive system 
delined by the triples {H&,x0), and the Ll norm of the system 
defined by the triplet {H,Ac,G} 

Remark The results may also be of interest in considered 
stability problems in certain classes of nonlinear systems, which 
is currently under investigation. A class of typical systems to 
which the approach directly applies was defined in [8] where the 
role of the H, norm was highlight&. However, it is the L1 
norm that is relevant for most unbouaded nonlinear&&, and the 
results reported here are expected to contribute to the better 
understanding of the stability issues in these nonlinear 
problems, and the ability to expand the region of attraction of a 
nominal design. 

8. concltions 

The efkcts of radial shifts on the system transfer function and 
impulse response provide simple ways of designing state 
feedback controls that provide improved response to persistent 
L, dishubances, by reducing the induced L, norm of the 
system. It is noted that the L1 problem has W solved for 
linear systems [4],[5]. However, the controller is infinite 
dimensional and the associated computational bur& is quite 
considaable. For that reason, the discrete version has received 

much more attentian, and has been studied, paxticularly 
as part of a multi-objective problem formulations[7],[8],[9]. ‘Ihe 
controllers proposed here are suboptimal but have the advantage 
that they have the simple static state feedback structure, and are 
easy to compute. Specifically, given a nominal control law one 
seeks the conditionally optimal design that umeqwnds to the 
optimal radial shift of the nominal eigenalues obtained by a 
nominal state feedback design. Onedimensional search 
algorithms are proposed for this cond.iti& optimization. It is 
believed that the approach will eEliciently generate Ll-nonn 
s&optimal state feedback designs by using the H, suboptimal 
designs [12] to generate the nominal control law. This is based 
on the simple relationship between the H, norm and the L1 
norm under radial shifts developed in Section 4. 
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