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Abstract 

Integral transformations are applied to a fourth order 
nonlinear system with two noolinearities. The stabihzing control 
is developed based on an asympt&ic analysis that d&es the 
appropriatec4mtroller-, one in which all variables remain 
bounded and approach well defined limits. The results are 
generalized to big&r order systems with a similar stmctme, and 
are the basis for the design of a dynamic controller to stabilize a 
related class of nonlinear systems. 

1. Introduction 

This paper considers the problem of stabilizing the 
class of nonlinear systems having the strwture 

4 = q + cp&) 

;2 =x3 +(P&Q) (1) 
x3 =x4 

x4 =u 
This is an open problem because existing iterative methods 
(backstepping [2], forwarding [3], saturation methods [4]) do not 
apply for arbitrary (px~), i = 1,2. Tbe approach developed 
generalizes to similar systems of higher order (the exact &ucture 
of which will be defined at the appropriate time). We make only 
one assumption on both nonlinear&s (in addition to the 
standard assumption that ~(0) = 0, ~(0) = 0). 

De5nltion 1. A nonlinear function of a scalar variable is 
apmentially integmble if 

T$(a(r)dr < a, 

for all expLlly decaying functions of time o(t). 

(2) 

‘Ihis proper@ is shared by many fir&ions including all 
polynomial fimctions of finite order, and all functions bounded by 
a polynomial function of bounded order. 

Assumption 1. The functions cp&), cpz(G) are exponentially 
integrable. 

The feature that distinguishes (1) f?om the class of 4* order 
systems cxmidered in [l], where the integral transformation 
approach was introduced, is that the nonlinear terms occur in 
two state equation. It wiIl be shown that the quential 
application of two integral transformations produces a linear 
system, which is easily stabilized The effect of the integral 

transformations, and specifically the effect contmls desigued for 
the transformed system have on the original system is the main 
issue in the analysis of the problem Because the original system 
contains controller dates that grow unbounded the approach 
concentrates on de&mining the appropriate “controller type” by 
ill-g the nature of the asymptotic behavior (i.e. the steady 
state behavior) of (1) when spe45tic controller strwtures are 
employed. The analysis of the asymptotic behavior when 
additional integral components are added to the controller and 
the development of a iinal tenable controller, in which all 
signals remain bounded, is the main result of this paper. A 
stability analysis is then conducted for the resulting closed-loop 
system and it identilies conditions that d&ermine controller gain 
relationships that produce semi globally asymptotically stable ( 
semi GAS) behavior. Two examples, with one, or both, sign 
definite nonlinear&s are presented to illustrate gain reM.ion&ips 
thatremdtinstableresponseandthenatureoftheresponse~e 
approach is also employed to develop a class of dynamic 
controlIers for a related class of nonlinear systems. 

2. Integral transformation of the nonlinear system 

Consider the approach to the problem of stabilizing (1) by 
reducing it first to a linear system by applying two integml 
transformatons. Suppose the regular integral transform&m 

~1 = x1 - [edxdW~ 

yz = x2 -i WMW 
0 

Y3 =x3 

Y4 =x4 

isappliedto(l).Theresultisthesystem 

;~=Yz +;‘P~(Y~W 

0 

;2 = Y, 

;3 = Y4 

(3) 

(4) 

i4 =u 

which is shwtur&y the same as that treated in @Manic 1998). 
A second regular integral transformation 

z, = y, - jv(z)dT 7 V(T) = ie(yidW~ 
0 0 

22 =Y2 (5) 

=3 =Y3 

z4=y4 



reduces (4) to a chain of four in@Mors: 
. 
Zi = Zi+l, i = 1,2,3 
. 

z4 =u 

(6) 

From this it is easy to deduce that the control 

u = -k,z, - k,z, - k,z, - k,z, , (7) 
with the proper choice of the control gains, produces globally 
asymptotically stable (GAS) closed-loop behavior of (6). 

Defhdlion 2. A collection of gains {k&, . . ., &) associated with 
alinear n-th order system will be referred to as a set of 
stabilizing gains, if t+(s) = d + k,,6’ + . . . + k++kl is a stable 
polynomial (all eigenvalues in the left half of the complex plane). 

Applying (5) to (7) results in the control 

u =-,[,, -~(~~W)dr)+w, -k3Y3 -by, (‘1 

which, in view of the properties of integral transform [l], 
produces a closed-loop system (4) with a bound4 solution where 

asymptotically y2, ys y4 + 0 and y1 + cl, with cl depending 
ou the initial conditions. Finally, applying the transformation (3) 
to (8) results in the control 

-Wz -icpL(x,)drl -kjxj +4x4 

0 
which will produce a bounded solution of (1) for any finite t. 
(These properties hold for any collection of stabilizing gains 
(k&k&}.) Analysis of the closed-loop system defined by (1) 
and (9), however, shows that Ixl(t)l + 00 as t + 00. To see 
tbis mall, tirn (5), that the limiting values of the vectors z, and 
y are z = (O,O,O,O), y = {cl,O,O,O}, and so, asymptotically (recall 

cw? 

;I =cl $p2(x4(r))dr, x1(t) + c1’t -co (10) 

Hence, the kjectories of (1) when the control (9) is applied 
do not conveqe to the origin. l’be initial contmller, defined by 
(9), does not satis@ the specilications for the desired asymptotic 
behavior of the system. Because the system with a single 
nonlinearity, studied in [I], could be made semi GAS by 
in- au integral component in the controller, the same idea 
will be pursued here. 

3. Addition of a single integral state 

Adding an integral state, and a term proportional to the 
iutegral state to the control (lo), results in the closed-loop system 

. 
x0 =x1 

iI = x2 + cpl(X4) 

;2 =x3 +(p2(x4) 

. 

x3 =x4 

. 

x4 =u 

with the control given by (9) replaced by 

It goes witho& saying that the set &,k&,k&) is now chosen 
to be a set of stabilizing gains as defined previously. 

Since for b = 0 there is no finite time blow-up, assume 
based on umtintity that there is no finite time blow-up for 
fcufficieutly small kO. The efEct of the control (12) on (11) is 
then: (i) either a steady state is reached where states {xl,xz,xBq} 
converge to zero steady state values, while the integral state Q 
converges to a linite value, or (ii) the state x1 does converge to a 
finite value, but % continues to increase in magnitude 
proportional to time. 

We claim that (i) cannot satisfy the steady state 
conditim, aad that in fact case (ii) occurs. To show this 
consider an asymptotic analysis of (i). That is, assume that 
asymptotically, for suf&iently large t, x2 = 0, x3 = 0, q= 0 and u 
= 0, while x1 = c, so that asymptotically ~0 = ao+tc. The 
couditiou u = 0 implies 

- k,x, - k,o + k,;q+(x4)dz+ k,;\lrdl + k2;R(x4)dr] = 0 
0 0 0 

where, by Assumption 1, three of the five terms in the above 
expresSon converge to constants, and the integral involving v 
grows unbonuded Ibis couditiou will, therefbre, hold 
asymptotically only if in the limit 

-k,x, +k,jtp&rJO 
0 

which indicatea that x,, CBrmot reach a finite steady state value 
because in the limit y-+ coust, and the integral grows 
unbounded Hence case (ii) above occurs. Furthermore, since u = 
0 asymptotically, the Grst dtivative is also zero asymptotically, 
leading to the condition 

t+,x1-k1[x2-~q@&)dr]-k2x3-k3~-k4~ =:o (13) 

which reduces to 

anddefinescandthesteadystatevalueofxl.Thatis,ast +, 

x,(t)=$jvdh+m 
00 

(14) 

And so, concerning asymptotic behavior, there are two drawbacks 
associated with the control (12). First, x1 does not converge to 
zero and so the system state does not converge to the origin. 
second x0(t) grows unbounded and so the controller is untenable. 

4. Addition of two integrator states 

Consider now the effect of the control 
u= -k,x, - k,x, 

-kdxz -ichOM~l-k3~~ -kix, 
0 



where and additional integral state has been added to the 
controller, resulting in the closed-loop system: 

x00 = x0 
. 
x0 = x1 
. (17) 
x1 = x2 + cpl(X,) 
. 
X2 = X3 + (P2CX4) 

0 

Assme the control (16) can provide a bounded response for 
sticiently small b and consider the asymptotic analysis. It will 
be shown that the asymptotic behavior of this system is 
charaM by & = 0, i =I ,. . .,4, ~0 = const, with the state 
x&t) asymptotically approaching a linear timction of t. So, 
assume,basedcm(17),thatinthesteady~q=0,x3=0,x4= 
0 andu=O.Fromthefactthatasymptoti~lIyu +O, 
du/du + 0, and d%r/dtr + 0 it is possible to determine the 
steady state conditions for xl, Q and &. From u = 0 follows the 
COXlditiOU 

+.,oT,o-~~ -14 
[ 
XI -;w(x4W-i@ +kz;ah)dr=O Us) 

0 1 0 
Since 

b0 1 i=&jq&x, -k x -~q&r,&ir -k2x3-kfi-k& (19) 
0 

;=-k,m --k&2 +~~xdl-k~x3 --k2xq - 3 k xq-k4xq (20) 

the txmditions i = 0, ii = 0 reduce, respectively, to 

-k,x,-kox,+kI[~q2(x4)dr]=0 (21) 

-kooxl = 0 (22) 
Therefore, xl = 0, and ftom (18) and (21), asymptotically 

(23) 

x@)(t) = -zxo ++ 
[ 000 0 I (24) 

kz 
t 

+-f’p2(x,)d.T -+ qt +co 
kOO0 

Hence, the asymptotic behavior iudicates that the first drawback 
has been eliminated since now xi(t) + 0. But, the second 
drawback has not, since them is now the signal x&t) in the 
controller that grows unbounded. This controller is, therefore, 
also an untenable solution. 

5. Modified Controller Structure 

The tinal controller is developed by correcting the 
drawbacks characterizing the previous candidate umtroller. 
Observe from (18) that if the control is to asymptotically 

appmach zero, the two tams that grow with time must balance 
each other out. This raises the possibility that signals in the 
controller that grow unbounded may be edhided by omitting 
the two offensive terms: the term involving the integral state h 

and the term involving VI. 
kddler have the structue 

‘Ihe suggests that the candidate 

u= -k,x, -k, 
i 
x1 - iR(x4)dr 

0 1 (25) 

-k, 
[ 
x2 -;q2(x4)dr - k,x, - k,x, 

0 1 
withthe system given by (ll), and the state ~00 discarded since 
ithasnofunctionintheresultingsystem. 

Consider first the steady state. Obviously if the steady 
state is established (recall cpl(0) = 0, ~(0) = 0), then xi, x2, x3, rr, 
=O,andthefifthcondition red-to 

--k9o+k /%(X4@ +k2~%(x4b-w=o [ I 
and provides a iinite steady state value for Q. Hence, in the steady 
state, both drawbacks of previous umirol stnctures have been 
elimiuati. 

Since (25) is a viable controller in terms of steady state 
behavior consider now the stability issue. ‘Ihe goal is to identify 
subregions of stabilizing gains that should provide semi GAS 
behavior of the nonlinear sym A di&r&ial equation for ~4 is 
obtained by successive di%rentiation: 

(28) 

(29) 

need to be satisfies in order to make the effect of some nonlinear 
terms negligible. These conditions can be stated in the form of a 
single condition: b -C-C ki << kr where the ma@udes of b, ki, 
k2 will depend on q&i) and its derivatives within the region of 
iutem$ X If this umditiou is satisfied expression (28) may then 
be approximated by 

It is clear from (30) that to insure asymptotic stability one must 
iusuretbattheeEe43 oftheterm 

(31) 



over time is smalL If one considas the closed-loop system (26) it 
is obvious, then, that the control must Grst of all drive the 
magnitude of ~4 to zero. This may be achieved by setting b 
large, since then the term &xq will overpower all other terms in 

. 
x4= -k,x, -k, 

[ 
x1 - jq+(x,)dz 

0 I 

- Wz - j~&d~~l- kx3 - k4x4 
0 

the last state equath of (26), and reduce the magnitude of ~4. 
Ouce this is accomplished the stabilizing gains (k&&k&) 
will then insme that the state is driven to the origin. Since this 
canbeachievedforanarbitrary regionXinthestatespaceby 
appropriately choosing b, kl, k2 to sati* (29), then choosing b 

large enough to insure 1x41+ 0, and finally choosing k3 to 
produce a set of stabilizing gains, the control (25) will achieve 
semi GAS behavior (the gains dependiug on the bounds on C&L,) 
and its derivatives within X). 

It is noted that the control (25) cannot be viewed as 
stemming from the application of a particular integral 
transformatiou to (1). The two wqwntial integral transformation 
(3), (5) are equivalent to the single integml transformation 

21 =x1 -;~(X4(r)>dr-;;~(x4(~~ 
0 00 

z2 =x2 -i%(X4W)dT 
0 

z3 =Y3 

=4 =Y4 
Wbile it is tempt@ to simply neglect the last term in the 
expression for z1 to obtain the integral transformation 

ZI =x1 -;cp&&W 
0 

0 

z3 =Y3 

554 =Y4 
which formally leads to the co&ml (25), the application of (32) to 
(1) does not lead to a chain of integrators that would just@ the 
formal development of (25). 

6. Examples 

Two examples will be presented to illustrate the 
perfbrmance, and the characteristics, of the controller (i.e. the s&s 
ofstabiliz@gains)andthenstureoftherespome.The systems 
are characterized by the model of the form 

;, =x2 +4.5x; 

;2 =X3 +(&(X4) (33) 
. 
x3 =x4 

. 

x4 =u 

v&reinthefirsmodel<p2(xq)=~3,andinthesecond model 

*(*)=Xq2. Inthe~caseoneofthenonlinearitiesissign 
d~~,inthesecondbathnonlinearitiesaresigndefinite. 

Iu the iirst example the stabilizing gains {k0,kl,k2,k&} 
= (0.2 2 10 20 481, insure asymptotic stability f?om the box with 

verticesX={f60, fl0, ItlO, f40). Thespectrumofthe 
characteristic polynomial of the linear system is (-37.4734, - 
0.1257 f jO.3845,-0.1376 f jO.1170), and displays a fast 
eige4mlue that may be associated with forcing ~4 to converge to 
zero fast, and the four small eigenvalues associated with insuring 
convergeaceoftheentire~xtotheorigin.Responses~m 
the eight vertices of the box, associated with the initial conditions 
{ f 60, f 10, -10, & 40) are shown in Figure 1. One can 
systematically develop controls &at stabilize the system for larger 
regions by increasing b (and adjusting the other gains if 
necessary to preserve a set of stabilizing gains, as well as good 
performance around the origin) but at the expense of a slower rate 
of convergeace atIer the initial transient 

In tbe second example the stabilizing gains 
{$,kl,k2,k&) = CO.2 2 18 48 801, insure asymptotic stability 
l%om the box {f 10, + 10, f 10, f 10). The spectmm of the 
characteristic polynomial of the linear system is (-79.3983, - 
0.2456 f jO.3093,-0.0552 f jO.1145}, andcleady shows the fast 
eigenvalue associated with forcing ~4 to converge to zero fast, 
and the four small eigenvalues associated with insuring 
convergeuce of the entire state x to the origin. Responses tirn 

the vertices (0, f 10, f 10, -10, -10) are shown in Figure 2. 

Figure 1. Systemwith one sign&finitenonliuearity 
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-200 
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Figure 2. System with two sigu-d&nite mmhnea&es 

The responses from the vertices (0, f 10, + 10, -10, 10) are 
quite similar but are not shown. Here, again, one can 
systematically develop stabilizing contmls for larger regions of 



attmction 8s in the previous example, again at the expense of 8 
slower rate of convergence. It is noted that the gains k,,, kl, kz 
difk by an order of magnitude in accordance with condition 
(30). It is also observed that as the size of the box of initial 
conditions w8s increased, it dema&d 8n increase primarily in 
the gain b, to arrest the growth of the state x1 by decreasing the 
effect of the nonlinear term (32). It is finally noted that the purely 
linear control law, obtained from (26) by omitting the integral 
terms, cmmt stdizethis systemfi~m any initial condition with 
x2(O) > 0. This does not imply that there is no linear control law 
that can stabilize ( 35) from x2(0) > 0. However, there are no 
guidelines how to obtain it, and there are clear indication that 
there will exist a better nonlinear control law of the form (26). 

7. Generalization to higher order systems 

The contmller stmcture developed in Section 5 
generalizes to higher order systems of similar structure. To 
illustrate the point consider the 5s’ order system 

Xl = x2 +cp1(x,) 

. 

x2 = x3 +92(x5) 

k3 = x4 +cp,(x,) 
(34) 

x4 = x5 

x5 = u 

where the (I are exponentdy integrable and a(O) = 0, and 
where the cuntrol analogous to (26) has the form 

with x, defined by (16). Ihe control (35) will secure a semi GAS 
behavior of the closed-loop system for appropriate choice of the 
controller gains. To show this consider both the steady state aad 
the asymptotic stability issues. 

steady state conditions produce x = 0 with the steady 
state value of & given by 

Stability analysis in this case hinges on developing the 
difErentia1 equation that governs the dynamics of x5, which 
oltimatelyproduces 

xy) +k5xr’ +k,xT) +[k3 +%(x5,k)]xj 

Inthiscase,wedemandthatthesetofstabilizinggainssatisfLthe 
additional requirement b << k1 -X k2 << k3 which produces the 
8ppklMltiOll 

x!p’ + k5xi5) +k4x$‘)+k3&+ k2 +2k2&{z}1;5 (36) 

+~~+k~~{~~+k~~{~~]~5+k~x5 =O 

Clearly, ifin addition to satisfying (36) one reduces x5 fast to the 
vicinity of zero (and recall that q(O)= 0 holds for i = 1,2,3) the 
effectoftheremainingnonlineartamswillbesmall,andtheset 
of stabilizing gains will insure that the state goes to the origin. 
Hence k5 should be large, and k4 should then be selected so that 
{b,k1,k2,k&,k5} form a set of stabiliz@ gains. 

8. Dynamic controllers for nonlinear systems 

The basic result in Section 6 allows the sohrtion of the 
stabilization problem for a number of related nonlinear systems. 
Consider the problem of stabSzing the system 

Xl = x2 + cpl(V) 

x3 =v 

where v is a control input. It may be possible, but impractical, to 
employ forwarding techniques to obtain a stabilizing control. 
However, an application of the results tirn Section 5 provides an 
immedittte solution in the form of a dynamic controller. 

Suppose the system is augmented by an additional state 
so that the system becomes 

Xl =x2 + cpl(V> 

X2 =X3 +<p2(V) 

. 
x3 = v 

(38) 

v=u 
where u is considered as the control input. This system is 
c4rudmally identical to (l), and therefore the “c&l” u tied 
by 

(3Q) 

with & an integral state as before, will secure. semi GAS 

behavior. Because u = & it follows after dif%rentiation of (39) 
that the following expression holds: 

. 
;=-bx,-k,x, -k2x3-kg-k4v (40) where 



‘Ihis last expression repme~~ts B sewnd order linear dynamic 
controller with tm intend@ fatores. The controller may be 
represented as v(s) = G(s)u(s) where 

1 
G(s) = 

s2 +k,s+k, 
(41) 

- 

and u=*-kx2-k~. BUS, the contro~er is a yd order 

stable controller driven by the control signal that can be chosen to 
st8bilize the linefu part of (34). 

Ihe results gene to higher order systems. 
Consider the mmlinear system which, when augmented by the 
8uxilialycontro1takesthef0rm 

;1 =x2 +qQ(v) 

i2 =x3 +cp2(v) 

(42) 

L-1 = x, + (p3(v) 

. 

Xn =v 

. 
v=u 

The closed-loop system win become semi GAS using the control 

u=-~-~~[~-~~i(v~]-~~-~v C47) 
0 

for appropriate choice of the stabilizing gains. Expression (47) is 
eqllklent to 

;=-kq+ +dvw --k%-kn+lV 
[ 1 

(48) 

and di&rentiation produces the expression 

;=-n%$Ql -kp-l!&+1; (49) 
i=l 

This is equivalent to the statement v(s)=G(s)u(s) wfiere the 
controller input is 

n-1 

~=-~kixi+l 
i=l 

(50) 

and the controller transfer iimction is 

G(s) = 
1 

s2 + k,++ + k, 
(51) 

And so in the general case the controller is a second order stable 
controller driven by the control signal that can be selected to 
st8biliz.e the linear part of (45). 

9. Example 

Consider the system 

4, = xt + 2sat,(lOv) 

;Z = x3 + 8sat2(4v3) 
. 
x3 = x4 + 4v2 

. 
x4 = v 

with 

- 0.5, v I -0.5 

Sat,(V) = V, - 0.5 < V < 0.5, i = 1,2 

0.5, v 2 0.5 

Shown in Figwe 4 are typical responses tirn the initial 
conditions (+/-5,+/-5,+/-5,2} with c4mtroller . 
{k,,,k1,k2,k&,k~}={0.02,1,6,60,60,120) which correqon~: 
the spedrum (-119.5, -0.2 +/-j0.63, -0.0364 +/-j0.125, -0.022) 

D 

Figure 4. Fomth order system with a dynamic controller 

10. conclusions 

‘Ihe controller structures were analyzed based on the 
steady state prope&s of the closed-loop sy&em and the 
controller assuming that the closed-loop system would be stable. 
While control structures employing one, or two integral states 
were dided because their umt8ined signals that must grow 
unbomded to insure c4mvergence of the system states, the 
analysis of their asymptotic perfwce provided guidelines for 
the final cuntroller structwe. ?be final controllex exhibited 
desid steady-m prujmties and provided clear indications as 
to the sets of stabilizing controller gains that resulted in large 
regions of attraction, and in fact semi GAS behavior. 
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