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Abstract

In this paper, a solution for the existence of a fixed
order stabilizing controller for any SISO plant (continuous
domain or discrete domain) is proposed. Also the ques-
tion of the existence of a constant output feedback to sta-
bilize a SIMO or a MISO plant is addressed. These appli-
cations are based on the algorithm for determining the
existence of a stable polynomial in a poiytope, which has
recently been proposed by the author. Three numerical
examples are included to illustrate various applications.

Introduction

Among the issues related to the synthesis of control-
lers, it is always desirable to work with a controller of as
low order as possible to stabilize a plant. In this paper,
necessary and sufficient conditions for the existence of a
fixed order stabilizing controlier for any single-input single-
output plant (both continuous and discrete) are proposed.
The proposed algorithm yields infinitely many stabilizing
controilers of a fixed order, if one such controlier exists. If
possible, from this family of stabilizing controllers, the de-
signer could pick a controller which meets the specifica-
tions. This aspect, however, is not covered in this paper.
In the same way, the question of the existence of a con-
stant output feedback to stabilize a SIMO or MISO plant is
also addressed.

It turns out that the issue of the existence of a fixed
order stabilizing controller for SISO plants and the ques-
tion of the existence of a constant output feedback to sta-
bilize a SIMO or a MISO plant is very closely related to the
well known Polytope Problem. More precisely, once the
designer has determined the order of a fixed order con-
troller, the next important decision is to assign bounds to
the parameters involved in the controller. These will be
called the design parameters. Guided by trial and error,
an insight into pole-zero structure of the plant and any
implementation issues, the designer fixes the bounds of
the controller parameters. With these fixed, the closed
loop characteristic polynomial generates a polytope. From
here on, it becomes a Polytope Problem. Using the recent

solution of the Polytope Problem [10] proposed by the
author, it is checked whether the resulting polytope con-
tains a stable polynomial. If it does, then the algorithm
always yields infinitely many stabilizing controllers of the
same fixed order. A numerical example to illustrate the
procedure is given.

Similar comments apply in the case of the existence
of a stabilizing constant output feedback for a SIMO or a
MISO plant. An illustrative numerical example is in-
cluded.

As regards the discrete version of the fixed order
controlier problem, it is handled by converting a given
discrete plant into the continuous domain by applying a
stability preserving bilinear transformation. A controller of
a fixed order is synthesized in the s-domain. Then, by
applying the inverse bilinear transformation, a fixed order
stabilizing controller for the given discrete plant is deter-
mined. An illustrative numerical example, is given.

Since these applications very heavily depend on the
solution of the Polytope Problem proposed by the author
[10], for the sake of completeness, some important rele-
vant results from the Polytope Problem algorithm are
included [10].

Some Results from the Polytope Problem [10]

Definition 1. A polynomial of the type
f(s,) = ao(q) 8" + as(@)s™ + - + an1(Q)s + an(@) (1)
is called an affine coefficient polynomial where ¢ is the
vector of uncertainties and each ai(g) is an affine function
of g. Suppose the uncertainty vector g has m-compon-
ents and lies in an m-dimensional hyperrectangle Q char-
acterized by
@' <gsg’, 1<ism

where qs,...,qm are components of a generic g in Q, and,

m

ai@) = Y o,q, +¢;, 0<isn
r=1

where each o;r and each ¢; is a real number. Without loss
of generality, we assume that

afg)>0 .
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for each i, 0 <i<nand each g in Q.

Note 1. In this paper, the words ‘stable’ and ‘Hurwitz’ will
be interchangeably used. For n = 2| + 1, the family of
polynomials given by (1) is written as
1(5.9) = (821 1(q) + @z 1(Q)S® +-+ zah(g)s2 "
+5(az (@) + 821 2(Q)s + - + a2(Q)s” * + ao(@)s®')  (2)
We write
°(s,Q) = az +1(Q) + a2 1(q)s +--+ as(g)s®’ 3)
and
1°(s,Q) = az (Q) + 8z 2 (q)s ++ a2(q)s® " + as(@)s®’ ()

Notation 1: The polytope generated by (2) will be denoted
by P2 .1. The ‘subpolytope’ generated by (3) will be de-
noted by P:° and the one generated by (4) by P°.
For any positive integer r, define
l={1.2,...,1}
Iro = {the subset of odd integers in I}
Ire = {the subset of even integers in I}
As usual, if A and B are any two sets, A-B denotes the
difference set; i.e., those elements of A which are not in B.
In order to be able to state and prove the main theo-
rem, we introduce a very important concept of ‘frequency
set’. Suppose Vi(s) Va(s),...., Vp(s) are the vertices of the
polytope P° generated by the polynomial (4).

Definition 2. A subset W, of the positive real axis de-
fined as
Wo = {o: ® > 0, Vi(jw) Vjw) < 0; for some k, r, 1<k, r<p}
is called a frequency set for P°.

The following simple theorem justifies the name ‘fre-
quency set'.

Theorem 1[10] A number w, is in W, if and only if there
exists a polynomial g°(s) in P° such that
g°(j) = 0.
Suppose, 01, 02,...,0 are distinct points in the frequency
set Wo. We can assume
0<01<02<03<...<0O
A set of |-points in W, satisfying the above condition will be
called an I-string in Wo.

Theorem 2 [10] Suppose the polytope P is generated
by even degree polynomial of degree 2.
Suppose Oy, O2,...,01 form an |-string in
W,. Suppose

I [4
°(s%) = [1(s? + 0?) = 8% + ¥ by s ™ (5)
i=1 i=1
Then
It P°is a subpolytope generated by (5), then there
exists b, > O such that bf(s?) is in P° if and only if

bo= 'zn)aoiq +¢, , for some qs, Qa,...,Gm in Q satisfying

i=1
bibo= Foq +c . i=24,6,..2l
r=1

For a general uncertainty vector g in Q and the corre-
sponding even polynomial °(s,q) in P°, define
Bi(q) = °(Oi, @), 1si<l
Since the coefficients of each polynomial in (3) are affine
in g, it follows that
B{@)=0, 1<i<l
represents a hyperplane in the parameter space Q. De-
fine
S={ge Q:Bi(@) <0 ifiel, and Bi(q)>0 ifie lie}

It is clear that each element of S generates a stable poly-
nomial in the polytope P2 1.1 such that its even part is
f°(s.q) and the odd part is
bos(s’+ 0+2) (s°+ O2°)... (sz+ O|2)
for some suitable b, > 0.
It is easy to verify that S is a convex subset of Q. Denote
by S the topological closure of S in the hyperrectangle Q
endowed with the Euclidean metric. Since S is convex,
closed and bounded, it has extreme points. Let g:°,
g2°..g,° be the set of extreme points of S . Write
E={a°g". %1 cQ
In view of the definition of S given above, the following
theorem provides a computational technique to compute
the extreme points of S . Since each extreme point in E
has m-components, m linearly independent equations are
needed to uniquely determine the m-components. The
foliowing theorem provides such equations.

Theorem 3[10] A member g° of Q is an extreme point
of S ;i.e., is an element of E if and

only if
B.(q°)<0, forevery re ko (8)
B(q°)20, forevery ke le 7

and
Q=00 0rGu KEM Clm: & =(@Qn..qn) (8)

where |’ is a suitable subset of Im such that the number
of linearly independent equations resuiting from (6), (7)
and (8) is m. (For example, for m = 5, one possible set of
five linearly independent equations may be Bi(g) = 0,
B2(q) =0, B4(Q) =0,42=q2 andqs = gs".)

Theorem 4[10] A polytope Pa.1 generated by an odd
degree polynomial (2) contains a Hur-
witz polynomial if and only if there exist
Oy, Oz,..., O (in the frequency set W, of
P|°, 0 <041 <02 <... < Q) such that

i) fs)= bof[(sz +07) belongs to the family (4) for a

i=1

suitable b,.
ii) There exist uncertainty vectors 31,32,....3, in Q
such that
a) Foreachrelo, thereexists q ,1<r<I| such
r
that
Br((_:,.r) <0

B“(Ss,) <0, foreach pe |, -{r}
BV(S. ) 20, foreach ve I
{4

and
b) Foreachke Iy, there exists q,: 1<k<i

such that
Bu(g,) >0

B,.(gik) 20, foreach pe Iy -{k}
Bv(qik) <0, foreach ve I,

Similar to the B (g) functions, Di (q) functions for P° are
defined. Define



Dig) =f°Ge, q@ 1<i<lI
where e,....,er is an I-string in the frequency set for P°.

Theorem 5 [10] The polytope Pa generated by an even
degree polynomial contains a stable
polynomial if and only if there exist
(e)i=1, 0 < &1 < @2 < ... & in the fre-
quency set W, of P° such that

[
) f(s)=b,[](s® +e?) for some suitable b, >0, is a
i=1
member of the even part of the polytope.
ii) There exist uncertainty vectors 9.9, 9, inQ
= - =l

such that
a) For each fixed r € li, there exists q , Such that
=i

Dr(sir ) > 0,
D”(Si,- )20, pe lio—{r}

DV(S")SO, Ve 'le

and
b) For each fixed k € l, there exists q. , such that
_lk

Dk(g‘k)<0.
D,‘(gik)so, KneE ho—{k}
D\,(g_ik)zo, VE ko

Having proved Theorem 4 and Theorem 5 where the
existence question of a Hurwitz polynomial is addressed, it
is now proposed to give a very straightforward algorithm to
search for a stable polynomial in a polytope. We will dis-
cuss the algorithm only for an odd degree polynomial fam-
ily and a similar algorithm for an even degree polynomial
can be similarly discussed.

An Algorithm for the Polytope Problem
for an Odd Degree Polynomial

Suppose a polynomial of odd degree with affine coeffi-
cients in the uncertainty vector g is given by (2). Denote
this subpolytope by P°. Find the vertices Vi(s), Vz(s),... of
the odd part of the polytope generated by the given poly-
nomial.

1. Find the positive roots of each vertex polynomial Vi(jo).
Suppose w1, 02, 03,..., ®p are the distinct positive roots
of all the vertices. We can assume

O<on <wz<... 0p.

It is easy to see that a subinterval [ux, o] is a part of

the frequency set W, if and only if there exists vertices

V,(s) and V,(s) of P° such that

Vu(i(%;fwz))vv(j(ah;wz))so_

The union of all such subintervals which satisfy the
above condition is the frequency set W, of P°.

2. Pick a gridding factor and do a gridding of the fre-
quency set W, and generate A = {04, Oz,...,O«} where
04, Oz,... are the grid points. Assume

0<01<02<03<..< O

3. | different members of A are defined to form a string if

they are arranged in increasing magnitude. Pick a

string 0,,,0,,,...,0;, from A.

[1
4. Form the polynomial °(s) = ]'[(32 +0ir2)
r=1
By using Theorem 2, check if the polynomial b, f°(s)
for a suitable b, is a member of the odd part of the
subpolytope P° for a suitable bo. If b, f°(s) is not a
member of the odd part of P°, then go to a next string
of | members of A and repeat step 4. Otherwise go to
the next step.
5. If bo f°(s) is a member of the odd part, then by using
the technique of Theorem 4, find the extreme point

(-] © (-] . . et -
vectors q , 94,9 . which satisfy the conditions (ii)
of Theorem 4.
6. If gf1 .q

ists and can be constructed as expiained in Theorem
4.

7. If such | vectors in Q don’t exist, then keep going until
all strings of I-components of A are exhausted.

Some Applications of the Polytope Problem

With the preliminaries out of the way, we are now
ready to present some applications of the Polytope
Problem.

The Fixed Order Controller Problem for SISO Plants

The fixed order controller problem for SISO plants
can be stated as follows, “What are the necessary and
sufficient conditions for the existence of a fixed order
controller to stabilize a SISO plant?”

We will show that the above problem is equivalent to
a certain Polytope Problem. Consider a SISO feedback
control system in the standard block diagram given be-
low.

fz,...,qi‘ exist, then a stable polynomial ex-
-1

Controller Plant

1 C(s) P(s) —T y(s)

Figure 1. Feedback Control system
Suppose the plant P(s) is given by

P(s) = -'-—?9-—

Y bs'
i=0

Suppose it is desired to synthesize a fixed order control-
ler of order | o stabilize P(s). Suppose

Ko
Y

C(s) = —=2— (10)

1 .
s‘+Y ds
i=0
Clearly, the characteristic polynomial of the closed loop
system is given by

n -1 k m
[Eb.si)[s‘+Zdis']+{2c|s’](2a,si) (11)
i=0 i=0 i=0 i=0
It the parameter bounds are assigned, then (11) gener-
ates a polytope of real polynomials. Thus, the existence
of a stabilizing controller C(s) is equivalent to the exis-
tence of a stable polynomial in the polytope generated by
(11).

R(s)

, n=m. 9)



Following is the proposed aigorithm for the synthesis
of a fixed order controller for the stabilization of a given
SISO plant.

a) Check if the transfer function P(s) of the plant satisfies
the parity interlacing (Pip) property [11]. If P(s) satis-
fies Pip, this would imply that a stable stabilizing con-
troller exists [11]. This information has significant im-
plication in terms of implementation of the controller as
also in the choice of parameter bounds, i.e., no pa-
rameter in the denominator of the controller need be
negative.

b) Now the important question of selecting the bounds of
the parameters, is addressed. These bounds will be
classified as design parameters. In this context, sev-
eral aspects are worth mentioning which should be
taken into consideration. For example, the bounds
suggested by the implementation aspects of the con-
troller, the nature of poles and zeros of P(s) and a lot of
trial and error are involved in deciding the bounds of
the controller parameters.

c) Once the bounds for the controller parameters have
been fixed, the closed loop characteristic polynomial
generates a polytope. Thus, there exists a stabilizing
controller C(s) (of the prescribed order) if and only if
the resulting polytope contains a stable polynomial.
Thus, the algorithm for solving the Polytope Problem
can be directly applied for this situation.

d) It should be pointed out that the algorithm for the
Polytope Problem [10] yields infinitely many stabilizing
controllers of a fixed order if one such controiler exists.

e) If the polytope generated by (11) does not contain any
stable polynomial, then this would imply that a stabiliz-
ing controller of the fixed order under consideration
does not exist for the selected parameter bounds. In
this case, the designer has to pick either another set of
parameter bounds or pick a controller of a higher order
and start all over again.

Next, an illustrative numerical example is presented.

Example 1.

Consider a SISO plant whose transfer function is
given by

3s+1

P(s) =
(®) s*+s%+2s% +55+3
Note that the plant is unstable with poles at -1, -1 and
0.5 £1.68j. Also it has a zero at ~1/3 and three zeros at
infinity. It is desired to design a stabilizing controller of as
low order as possible. First, it is noticed that a stable sta-
bilizing controller exists as the plant P(s) satisfies the Pip
property. We investigate the existence of a second order
stabilizing controller. Suppose

Cle) = Qaiz +Q.8+0Qs

$" +qy8+Qz

Next, one has to pick the bounds for the controller pa-
rameters, i.e., the design parameters.
By taking into consideration the pole-zero configuration of
P(s) and, by trial and error, the following bounds were
selected:

10091516, 40<q2<50, 30<q3<40,

30<q4<40, 40<qs5<50 (14)
The closed loop characteristic polynomial turns out to be
s® + (@1+1)8® + (Q1+Q2+2)s* + (2q1+G2+5)s®
+ (5Q1+2+3q3+3)s” + (3q1+502+03+3q4)s + (302+ Q) (15)

(12)

(13)

By using the Polytope Problem algorithm [10}, the fre-
quency set for the even part of (15) subject to the restric-
tions (14) was determined to be

W=hulauls (16)
where

i =[0.7409, 0.9609];

I2 =[1.9443, 2.3934],

I3 =[6.7572, 7.9536] (17)
In order to form strings of three elements from W, the
frequency interval |1 was gridded into five equally spaced
points; in the same way, |2 and |3 were gridded into ten
points each. The Polytope Problem [10] program yielded
the following output:
For a string of three grid points from W consisting of

e1=0.8281, e2=2.12398, e3=7.3554,

The following output was obtained.

qQ qz2 g Qe 95
15.2986 42.0019 30.847 30 41.694
D1 D2 Ds
301.8 -24.9 38912.7
(18)

Thus, the corresponding 2" order stabilizing controller
C(s) is given

Q38”2 +Q,8+Q5

Cls)= =5——"2 or
$" +q48+Q;
30.847s® + 30s + 41.694
C(s)= 5 (19)
s® +15.2986s + 42.0019
which is stable.

The corresponding closed loop characteristics poly-
nomial is given b)é
s® + 16.2986s° + 59.3s" + 170.14s” + 284.3438s% +
410.9872s + 167.6997

which is stable.
Thus, a second order stable stabilizing controller

exists and is known.

The Output Feedback Problem for
SIMO or MISO Plants

The Output Feedback Problem for SIMO or MISO
Plants can be stated as follows: “What are the necessary
and sufficient conditions for the existence of a constant
output feedback to stabilize a SIMO or MISO plant?” We
will show that the above problem is equivalent to a certain
Polytope Problem. We will discuss the case of a SIMO
plant as the case of a MISO plant is similar. Consider a
SIMO constant output feedback control system in the
standard block diagram.

Plant
R(s) Ps) [ T e
+ ‘_ijzs
ya(8) X
Ky \ 4
K2
Ko

Figure 2. SIMO Closed Loop System.



Suppose the transfer function matrix of the plant is given
by

(m(s) ny(s)  My(s))
| de) " dls) " ds) |
It can be easily checked that the characteristic polynomial
of the closed loop system given by Figure 2 is

d(s) + $Kinits) @1)

i=t

~

(s)= (20

It is quite clear that the polynomial represented by (21) is
an affine coefficient polynomial. Thus, the problem is to
find Ky, Ka,...,Kp so that (21) yields a stable polynomial. As
in the case of previous application, by using the pole-zero
information of the plant and trial and error, a set of bounds
for the ‘design parameters’ Kj,...Kp are assigned. Once

this is done, then the characteristic polynomial (21) repre-

sents a polytope. Thus, the question of the existence of
K1, Kz,...,Kp such that (21) is stable is equivalent to the
question whether the polytope represented by (21) con-
tains a stable polynomial. Thus, the algorithm for solving

the Dnl\ltnnn Problem can be used to answer this ques-

roblem used to answer ques
tion. It is worth pointing out if one set of values of (Ki)?,

- U1 T T (R

Next, an illustrative example is presented.

oyiste than thara are ;nfmltnlu many such solutions,

Examnle 2,
SXamp:e

Consider a SIMO plant whose transfer matrix is
given by
15.5s8%2 +17.1s -12.4
s +s%°+2s+4

13.9s% +14.2s-6.5
P +s2+2s+4

(22)
-7.58% +34.6s+25
s? +82 +1

20.7s% + 30.55 + 4.4
s®+8?+1

It can be checked that, with feedback vector (Ki, Kz, Ks,
Ka4) as shown in Figure 2 (for p = 4), the closed loop char-

acteristics polynomial turns out to be

% + (15.5k; + 13,9k - 7.5ks + kg + 2)8°

+(32.6kq + 28.1k2 + 27.1k3 + 3. 429k4 + 3)s

+ (4.67kq +77k2+446k3+65k4+7)s

+(3.1k4 +74k2+642k3+94k4+5)s

+(17.1k1 + 14.2k2 + 188.4k3 + 6.6k + 2)s

+ (12.42k, — 6.5k2 + 100kz + 0.85ks + 4) (23)
Now the bounds of the ‘design parameters ki, kz, k3, ks
are to be selected. By ‘trial and error’, the bounds are
seiecied as

0.1<K<1, i=123

5<Kys<20
With the bounds (Ki) fixed, (23) represents a polytope. B
using the Polytope Problem algorithm [10], the frequency
set for the even part of (23) comes out to be

W=hul (25)
where

I = [0.2446, 1.5548]; 1> =[5.1693, 12.5573] (26)
Each of the frequency subintervals {; and |, were gridded
into ten equaily spaced points. With all possible strings of
three points from the grid points of W, the Polytope Prob-

24)

—
(&)

lem algorithm was applied. For a string of grid points
given by

=0.5067; e2=1.4238; e3=6.647 (27)
the algorithm yielded the following information:
Ki K2 Ka K¢
0.1065 0.1745 0.1367 9.1524
Dy D, D3
74.29 -.0487 24531.44
(28)

The above data shows that the K-values obtained above
vield a stable polynomial in the polytope (23). In fact, the
stable golynomlal is given by
s® + 14.20425° + 46.4661s* + 74.4303s®
+ 101.4327s° + 92.4652s + 22.9947 (29)
Thus, we have determined a constant output feedback for

the given SIMO plant which will stabilize it.

The Discrete Version of the Fixed Order
Controlier Problem

Next, we discuss the discrete version of the fixed order
controller problem. More precisely, “What are the neces-
sary and sufficient conditions for the existence of a fixed
order controller in the discrete domain which will stabilize
a given SISO discrete plant?”

We will show that this is equivalent to the existence
of a stable polynomial in a certain polytope in the con-
tinuous domain. This is accomplished by applying a sta-
bilizing bilinear transformation between the s-domain and

tha =_rdrrnnin Th; almarda meosn sl iva il rabomboansd 1a
Ui Louauniani. llll§ Qllllplv plwvuurv |a muauatvu Wllll
the help of a numerical example.

Example 3.

Consider a typical feedback control system for a SISO
system given by the following block diagram:

Controller Plant
R
_(ZL)/:\_% Cizy L_wl Py L ﬂ
—VY—V T [ P =7 —VT
L I
Elrmiva 2 Nieoavata Nandval Cueabans
1] l'“lv we WMIBWIGIE WWIIUIVI YDLIDII
Suppose
P (Z) _ "L + l (30)

z(z-1.5){(z +0.5)
Nlaba Oh + D\ in 1inatablda It ia Adacivad ¢a Sindd & -.. Avelaw
WIS u ﬂl- r\L’ l° ul aunms. I Ia WVTDIITOU WV 11U ﬂ nat U

US|

ontroller C(z) such that the closed loop system is stable.

We transform this synthesis problem into s-domain by
applying the stability preserving transformation given by

2= 18 31)

-8
Under this transformation, P(z) is transformed into P(s)
and is given by

4 — |+1 2
P(s) = \ +8 ) __ _(3s+5)(s-1) 15
f He ]” 4s T hs 3 (s+1)(582+148-3)
+s )il +8 Hs 4
(N AN ]

Since a first order controller in a z-domain corresponds to

a first order gontrollar in an s-domain we find a first order
Tl WD WV TLI W B8 CUTT WAV IGARI T, VYW I IS KA THT O VTGOS

controller C(s) of the type



C(s) = 32819 (33)
$+q

which will stabilize P(s) under the standard unity feedback

configuration. Next, the bounds on the ‘design parame-

ters’ qi, gz, qs are to be selected. Once again, by trial and

error and also guided by he pole-zero configuration of
P(s), the bounds are selected as follows:

05<q1£081<q<25 05<qgs<t (34)

The closed loop characteristic poly;nomial turns out to be
(3q2+5)s* + (6G1-q2+3q3+19)s® + (19q1-7G2-qa+11)s°
+(1191+5q2-7q3-3)s + (-3q1+5q3) (35)

With the bounds of q1, g2, qs fixed, the characteristic poly-

nomial (35) represents a polytope and the Polytope Prob-

lem algorithm [10] is applied to check if (35) contains a

stable polynomial. By applying the algorithm, the fre-

quency set for the even part was found to be
W =[0.0732, 1.5271] (36)

The frequency set W was gridded into ten equally spaced

grid points. For the following string of points from the fre-

quency set,
e1=0.364, e2=0.8002 (37)
The Polytope algorithm yielded the following data
q 92 93 D1 D
0.6692 | 2.0668 | 0.5916 | 7.6325 | -3.5660
(38)

The above information shows that for the above parameter
values, (27) will contain a stable polynomial given by
11.2005s* + 22.0538s” + 8.6554s” + 10.5545s + 0.9502 (39)
Thus, the controller C(s) is
2.0668s +0.5916

Cls) = s +0.6692 (40)
Then the corresponding controller in the z-domain is given
by

20668[2—:) +05916 e
z —
C(z) = = - (41)
Ry 1.6692z - 0.3308

z+1

Thus, the existence of a first-order stabilizing controlier in
the z-domain is established.

Summary

In this paper, the solution to three well-known open
problems is proposed. These three problems are: (1) the
question of the existence of a fixed order controller to sta-
bilize a SISO plant, (2) the question of the existence of a
constant output feedback to stabilize a SIMO or a MISO
plant and (3) the question of the existence of a fixed order
controller to stabilize a SISO plant in the discrete domain.
Three numerical examples are given to illustrate each
problem.

10.
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