Robust Pole Placement with Widely Adjustable Parameter
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Abstract

This paper develops robust pole placement that satisfies
mixed sensitivity specification and places pole of the
closed-loop system in pre-assigned half plane
simultaneously. The feature of the proposed method is that
the pre-assigned half plane is broad in comparison with that

of affine transformation of standard H ® control and

. o0 - .
multipurpose  H synthesis in LML Theoretical
background and illustrative numerical example are

presented
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1. Introduction

In design of the control systems, low sensitivity and
low complementary one are required for good control
performances under the model error and the perturbations
of the plalllb Since there is trade-off between t lllCIll, the
weighting functions are introduced to be low sensitivity for
low frequency and low complementary one for high
frequency. The mixed sensitivity problem is to find a
controller that satisfies the specification, and it is solved

LIy ™
Oy 11 >

via the generalized plant ntrol [1]{2] and LMI
[3104].

However, If the plant and/or the weighting function for
the sensitivity has any poles on the imaginary axis, then the
generalized plant has to be modified such that the transfer
function from the external <|0n,i| to the measured output
consists of all poles on the imaginary axis. The solution
without such a modification for the weighting functions
with poles on the imaginary and right half plane is
proposed as extended H “ control by Mita et.al.[8]. If the

nlant has poles near the imaginary axis. then the responses
piant nas poies near 1€ maginary axis, ien ne résponses

to the input disturbances is sluggish. Kimura [S}and
Saeki[6] proposed the robust stability degree assignment
which was based on affine transfomation [7]. In its
application to mixed sensitivity problem and multipurpose

Ir® o Lot T RAT the adiusiable resi
11 bylllllelb m1 rivil, uie dUJubldUlC ICg ()WCVC[ lb
too narrow to improve the responses.

The purpose of this paper is to break through these

problems. It is clarified that the problems cause to the

structure of the H * control for mixed sensitivity problems.

The restrict structural defect is removed by combination of

modification of the second Riccati equation and affine
transformation. The proposed method can deal with plants
with poles on the imaginary axis and the weighting

functions without any modification of the generalized plant.
The poles can be shifted widely within the mixed
sensitivity specification.

2. H® Control for Mixed Sensitivity
Problem

Consider the controlled system
G ,(s) =[1 + AG)IG(s) 6
where G(s)=C(sI -A)"'BER™™(s) is the nominal
plant, AER™ ,BER" ,CER™" (A,B) is controllable
and (C,A) is observable. It is assumed that the number of
unstable poles of G, (s) is equal to that of G(s), G(s)
has no zeroes on the imaginary axis. The A(s) is the model

error satisfying

0[|A( ju))|] < [WT ( j(l))l Vwz0 ()]
G denotes the maximum singular value
and Wr (s)ER™™ (s) .

The feedback control system is shown in Fig.1, where
G, (s) is the controller.

r N q

ORI ¥
—e(— b - >

“T

Fig.1 Feedback System
The sensitivity S(s) and the complementary one

T(s) at the output are given by
5(s)={ +G()G, ()" 3)
T(s)={I +G(5)G, ()] ' G(5)G. (5)

For unnd control nprfnrmannp

W (s)ER(s) with poles on the imaginary axis is

the weighting fun
(=3 o

introduced. The 1 disk mixed sensitivity problem is to
design the control system satisfying

"W/T (S)T(S)" Y

This is equivalent to that the #u ~

<1 (5)

norm of the transfer
e g . . d T T 7
matrix from the disturbance d tothe output |z, =z | in

Fig.2 is less than 1 .



Fig.2  generalized plant

The generalized plant is represented by
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where
Ws -WeG
M=0 WG
I -G
Denote WrG and Wg(s) by

™

WrG(s)
e

where A, ER"*"'s | B, ER"™™ | C,ER™™ , the

generalized plant is represented by

A|B | B,
M=|C, | 0 | Dy
Cy Dy | O

0 A |0|B

c. 0 010

= )]
0 ¢y |0]|Dp
0 -Cr, |10

The state equation of the generalized plant is denoted by
x(1) = Ax(t) + Byw(t) + Bou(t)
2(r) = Cyx(1) + Dypu(t) ®)
y(t) = Cax(t) + Dyym(r)
Theorem 1[1][2]: It is assumed that
(1) (A.B,)is stabilizable

2) rankD, = m
A-jol B,

¢ Dy,
()  (C,,A)is detectable
(5) rankD,; =r

3 rank ] =n+mVw=z=0

A-jol B,
C; Dy
The necessary and sufficient condition for the controller
satisfying (3) is that there exist the stabilizing solution
X =XT 20 of the Riccatti equation
X(A-B,Dj5C)) +(A-ByDiC)T X
+X (BBl -B,E}BI )X (10)

(6) rank[ } =n+r¥Yoz0

+C{ € -C{ DpDHC =0
T T Ap T
Ey, =D;3Dyy,  Diy =(Di3Dy3)" Dpp

and the stabilizing solution ¥ =Y7 =0 of the Riccati

equation
Y(A-BD3C,) +(A-B\D3C,)Y
+Y(C{ €y -CIEZ{Cy)Y (11)

+B] B, -B{D}D, B =0

Eyp=DyD3, D3 =Dy’ (DyD})™!
and they satisfy the inequality
p(XY)y<1. (12)
If the condition is met, then a controller satisfying (3) is

given by
G.(s) = | 2o AR (13)
-F |0

A, =A+BBl X - B,F —-K(C, +D,,B[ X)
F=D}C, +EBI X
K =(I -YX)"\(B\D3) +YC3 E3))

or equivalently

-1
6.(5) = [(1 =YX)4.( - YX) |z —YX)K}
- F(I -YX) | o
_ o _ (14
A |k
|-Flo

A, =A+YCIC, -(B, +YCI D,)F -KC,
F =(DHC, + ER BE Xy -YX)™!
K =B,D3, +YCIE5}

3. Structural Problems

The conventional H % control approach to the mixed
sensitivity problem suffers from three serious problems in
mixed sensitivity problem. One of them is the assumption
(4). Tt requires that the weighting function W (s) is

asymptotically stable, because of
(€24 =(0 -Cra] [’tf ij”]) :

The second problem is the assumption (6), which requires
that C,(s/ —A)_lB1 + D5, does not contains of any zeroes
on the imaginary axis. This is equivalent to that
A- B,D3,Cy

imaginary axis. It follows from (8) that

does not have any eigenvalues on the



Dy =1, Epp =DyDy =1,
D3, =Dy (DD} =1

and we have

0 A
If the weighting functionW_(s) and/or the plant G(s)

A, O
A-B,D},C, =[ g ] (15)

contains of poles on the imaginary axis, then the
assumption (6) is not satisfied. In order to satisfy the
condition, some modifications are required for the
generalized plant and it complicates the design of the
multi-input and multi-output plants.

The other problem is fatal for the plant with stable
poles near the imaginary axis. Suppose that G(s)and

W, (s) do not contain any poles on the imaginary axis.
Since Dy =1, D3 =1, wehave
B, Bl -B, D3}\D, B =0 (16)
and (11) becomes
Y(A-BD3Cy +Y(C{ €y ~CTE5(Cy))!

a7
+ (A —BID-Z‘-lCZ)Y = O
This yields
T — AMA) Rel(4)<O
MA+YC{C| -KC,) = (18)
- -MA) ReMA)>0

where A(A) denotes eigenvalue of A . The controller is
denoted by

avycle, -Kc, | By +vcID, K

-F l 0

It should be noted that the controller contains the same
stable poles of the plant, which are connected by parallel
to the input as shown in Fig.3. Therefore, there exist
uncontrollable modes. If they are derived by input
disturbances, then they affect the output. If the plant
contains poles near the imaginary axis, then the responses
to input disturbances is very sluggish or oscillate for long
time.

&

G, = (19)

A 32] y

G =

<

A+YC] ¢y -KC, | By +¥CT Dy,
_F | 0

Fig.3 Control system

For example, consider the plant
ﬁ
G(s) = O (20)
(5+0.14+ j)s+01-j)s-1)

and the weighting functions

1 (s +1)?
W (s) = . Wes) =212
SO =001 7)="00

(o2

The standard H* control can yield the solution as shown

in Fig.4. The response to a step disturbance, however,
oscillates for long time as shown in Fig. 5.

O[T (jw)]

SIS (jo)]

Fig.5 Disturbance response

In order to improve the disturbance response, the

standard  H * control is modified by affine transformation
such that

X(A+od - ByD},C )+ (A+ad - ByDHCHT X
+X(B,B] - B,E;}BI\xb
+clc -cIDLDhLC, =0

and
Y(A+aol -BD3Cy)! +(A+al -BD}C,)Y
+y(Clc, -CTEsIC,)Y =0

In this approarch, however, adjustable parameter @ is too

(22)

small to improve the response. For above example, we have

solution from a =0.0 to a =0.009 . Multi-purpose H*
synthesis hinfmix in LMI yields the solution to ¢ = 0.009.
The response to disturbance is not improved. These are
caused from the assumption (4) and (6).

4. Robust Pole Placement

In order to overcome above problems, we consider the
robust pole placement problem to find a controller such that
(3) is satistied and poles of the closed-loop systems are
located in pre-assigned half plane (real parts of poles are less
than -a (a z0)).



The key of the break-through is that the eigenvalues of
A, must be reserved in G_(s) to satisfy the sensitivity

specification. It follows from (13) that

A, =A+BBf X - B,F -K(C, + D,,B{ X)
A, 07"
1o Ar
-K(C, + Bl X)
In order tokeep A, K should be

—

23)

0 B, T
F + (Cr +Bi X)
B, 0

K=

B ] (24)
*
It follows from (24) and
K =(I -YX)"'(B,D3, +YCI E3;)
that Y hastobe of the form

0 0
Yo Yy

(25)

The Riccati equation (22) becomes
Y, (Af +ad) +(Ar +ad)Y, 26
+Y, (CHCr "CTTZCTZ)YP =0
and
Y (Al +ad) +(Ar +al)Y, @
+Y, (CHCry - CTT2CT2)Yq =0
If the Yq is not zero, then it is restrictive rather than the
case of Y, =0. Therefore, the case of ¥, =0 is general.

This implies that the condition that the restrictive
assumption(4) is replaced by general condition
that (Cp,, Ar) is detectable, and that the assumption(6)

can be removed. They allow the solution for lager a=0.

Theorem2: Suppose that the assumptions (1)~(3) and
(5) in Theorem 1 and the assumption that
(Cyy,Ar) is delectable are met. If there exists the

stabilizing solution X = XT 20 of the Riccati equation
X(A+al -B,yD5C ) +(A+od -B,DHLC)T X

+X(BBI -B,E; B )X (28)
+C{ €y -C{ DDHC =0

and there exists the stabilizing solution Y, =YPT =0 of

the Riccati equation
Y,(Af +al)+(Ar +ad)Y,

. r (29)
+Y,(C1iCr —~C12Cr2)Y, =0
and the inequality
PXY) <1 . (30)
0 0 31)
0Y,

is satisfied, then there exists a solution satistying (3). The
controller are given by (13) or (14).
The poles of the closed-loop system are located in the

half plane with real part less than —ct.
(Proof) Egs. (16),(29) and (31) yield
Y(A+al - BD3C,) +(A+al -BD3,Co)Y
+Y(C] € -CIERCy)Y (32)
+B{B, -B[D}D, B, =0
Y is the stabilizing solution of Riccati equation (32)
except eigenvalues of A, +af .

Define
A+al | B, | B,
Mw=| 0 | Dp 33)

. A +od |K
G.(v)= [T{T} (34

then we have

M@E-a)=M), M(s)=M(s+a) (35)
G (v-a)=G.(v), G.(s)=G.(s+a).
Let
= [Mue M)
Mw=|U . 36
K [Mn(") Mzz(")} o

and define LFT transform as
LFT{(M(),G. ()} = My (v) + M2 (v) @
(I =G, (M5 () G (M 3 (v)

In the similar manner to standard H ™ control, we have
LFT{M(%),G,(v)} =

LFT{M *(v),LFT{M*(+),G.(v)}} o
where
A+ol —-B,F | B, B.ER"?
Me()=| C;-DF | 0 DpER"? (39)
-BITX I 0
is inner and»
A+l +BBIX | B, B,
who-| EFF | 0 EY (40)
C,+DyBIX |Dy O
Transformir.lg
LFT{M*(),G,.(v)} =
A+aol + BBl X -ByF B
ro. A+al+BB{X -B,F
K(C, + D5 BT X) 21

-K(C, + Dy Bl X)
_EY2F | o

EY*F

11
0171
yields

LFT {M* (v),G . (v)} =

by



A+od + BB X -K(C, +DyBIX) | B, - KD,ll

1/2
| EL°F i 0
(41)
It follows that
o [LFT{M b (jw),G, (jw)}] <1 (42)
Ywz=0
in the same manner to standard H ® control.
Furthermore, we have
T T rA‘s 0]
A+(11+B1B1X-K(C2+DZIBIX)=I* *J
(43)
and
KD [01 -
K= . | (44)

These imply that the eigenvalues of A are not controllable

in (41) and they are eliminated in the transfer function.
Then (41) is stable and

"LFT{A:Ib(v),éc (v)}“ <1 (45)
Denote
Ma(v)={ﬁ?lal(v) A?I‘IZ(V)} (46)
(M3 () M35 ()]

=<1. From the small

Since M%(v) is inner, “Mgz ™).
gain theorem, it follows that
LFT{M *(v),LFT {M " (v),G, (%)}
=M{E) + M - LFT (MP(9),G. (M . (v) ™!
LFT{M " (v),G ("M 5,(v)

47
is stable. Furthermore, we have
Omax LFT{M * (j0), LFT{M? (jw),G(jw)}} <1
Yoz0
(48)
It follows from (47) and (48) that
lerrpr )6y <1 (49)

This and the definition of infinity norm on Hardy space
imply that
ILFT{M(s5),G. ()},

s HLFT{M(S +a),G,(s + a)}!! (50)

<1

s"LFT{M(v),éc (v)}l
LFT{M (5),G(s)} has poles, real parts of which are less
than - .

let F=[F, Fl,
denoted by

then the controller is

A, 0 | 0 ' B 1

Ar +Y,(CHCry

T T
BT + YPCTIDT _YPCTZ

f‘T ~ AY
—Ltratr2) | ]
l_Fl -F, | 0 | 0 J
1)
The control system is shown in Fig.5. The weighting
unction W (s) is introduced as internal model and thus

"WS (s)S(s)"w <1 is satisfied broadly. Compared with the

proposed method, conventional H*  control loses this
structure and thus « is restricted to be small.

u
+
+

v

|
o Fro

y y

A‘
I__ Ar +Y,(C7,Cn ~C1aCry) | By +Y,C{\Dp ‘ Y,Ch,
-F, | 0 )

-F [

Fig.6 propose control system

W)=~ 52)

s
The proposed method yields the solution from a =0 to
a=1.08. Bode diagrams of ‘S(jw)l and |T(j(u)|
responses to step reference input and step disturbances
for o =0 are similar to those of the standard H * control.
Bode diagrams of IS(jm)‘ and |T(j(u)| for a=1.08. are

shown in Fig.7. Responses to a step reference input and
step disturbance are shown in Fig.8 and9 respectively. It

should be noted that responses to disturbance is ““proved

considerably.

5. Conclusions

This paper proposed the broad robust pole placement
that the mixed sensitivity specification is satisfied and
poles are located in pre-assigned half plane. The restrict
assumption of the conventional H * control is removed
and the second Riccati equation is modified. The
weighting function to sensitivity is directly introduced as
inner model and the sensitivity specification is met
broadly.

The proposed method is directly applied to the piants
and the weighting function with poles on the imaginary
axis. The response to disturbance can be easily adjusted.
This makes the design of control system more practical.



[1}J.C.Doule,K.Glover,PP.Khaonekar and
B.A Francis,IEEE AC-34-8,831-847,1989

[2]K.Glover and J.C.Doyle, Systems & Control Letters,
11-2, 167-172,1988

[3]P.Gahinet and P.Apkarian, A linear matrix inequality
approach to  H ™ control ,Int. J. Robust Nonlin.
Contr., 4, 421-448,1994

[4]T.Iwasaki and R.E.Skelton, All controller for the
general H " control problem: IMI existence
conditions and state space approach, Automatica,30-
8,1307-13127,1994

[5]H.Kimura,Robust stability ~assignment and its
application to flexible arm, Systems, Control and
Information(Japanese),34-1, 44-49,1990

[6]M.Saeki and K.Aoishi, On the pole assignment by the
design method of robust stability degree assignment,
Trands of SICE(Japanese) , 32-12,1596-1600,1996

[7]N.Kawasaki and E.Shimemura,int.J.Control, 48-
1,225-240,1988

[8]T-Mita, X.Xim and D.O.Amderson, Automatica, 36,
735-741,2000

40
2CF

o

1
e 1 Ti’
W]

Lok
» ofS( jwl oIT( jo)]
-80 ‘

107 107 10” 10” 10" 10°

Fig.7 Bode diagrams of ]S(ju))|
and |T(j(u)|

18
16+ ]
14r Standard [I* control 1
12} <

o
08} i

Modifeied H” contgrol

06 i
04 4
024 —

0 { 1 L

0 1 2 3 s 5 6 7 8 s 10

Fig.8 Step reference

05

-5

Standard H™ contgrol

Modifeied H™ control

Fig.9 Step disturbance



