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Abstract 

The paper presents a methodological procedum for 
systematically exploiting the information on the dynamics of the 
response as observed through simulations to expand the region 
of attraction of a nominal design. A particular novelty is that an 
integral state is added to state feedback in each mgion of the 
partition to provide a me4hanism so that the state is driven 
towards the desired equilibrium point at the origin. 

I. Introduction 

Recent development of logic control systems, represent an 
attempt to fill the need of providing off-theshelf nonlinear 
controls for nonlinear systems Although practical applications 
has for long time resisted proposals for introducing nonlinear 
controls, the acceptance of fuzzy logic controls by industry 
clearly implies that such a need exists. Problems typically 
arising in practice rarely required to attain more that 
convergence to the origin from a preqre&ied operating 
region (and additional design goals within this region such as 
tracking, regulation disturbance rejection). Thus the Practical 
Asymptotic Stabihty (PAS) problem is: Given a botmded 
regions of initial conditions, S, develop a control u(x) that will 
ensure that S belong to the region of attraction &(4x)) of the 
equilibiium point at the origin. The available analytical tools 
are not welI suited to solve stability problems under such 
constraints. Ye& it is reasonable to assume that the PAS problem 
should be solvable for a wider class of systems than the Global 
Asymptotic Stability (GAS) problem The PAS problem is 
typicalIy tackled by e&mating the region of attraction of a 
candidate control obtaiued by applying some version of energy 
timction approach (Lyapunov, iteantive Lyapunov etc.) [3] or by 
lhmizing the system about the origin to find a candidate linear 
control (see e.g. Khalil [2], or by attempting to insure a semi 
GAS solution. But, if for auy such candidate control S Q M 
there is no systematic procedure for modifying the control to 
enlarge 4 and achieve the design goal. 

The development of fuzzy logic controllers has intmdu@ 
or re-enforced, a munber of fees into the design of 
nonlinear control for nonlinear systems: it and broadened the 
classes of controllers now incorporated into analytical design 
procedures, it introduced the use of overlapping partition (thus 
providing smooth controllers), it promoted the idea of adding 
rules to existing controller shuctureto improve system behavior 
in specific regions of the state space, it has promulgated the use 
of off-theshelf controllers with a given stru&ure and t&s 
parameters, and, by its appeal, it has expanded the class of 
systems for which nonlinear controls are now actively pursued 
in practice. Clearly the positive features of logic controllers 
should be incorporated in future developments, and combined 
with advances that allow the dynamic characteristics of the 

considered system to influence the shuctum of the logic 
WlltIOllCX. 

A peculiar, aspect of current developments in fuzzy logic 
cmdrols, however, is the somewhat myopic focus on the 
conbol poorly detlned plants. Thus, even when the system is 
fully described by a reliable nonlinear model there is no 
attempt, and no obvious procedure, to exploit the dynamic 
features of the system in developing the stmctme of the logic 
controller. Commercially available fttzxy logic controllers 
partition the input space and the output space into overlapping 
hypercubes and detlne the control by using simple 
membership functions. More involved pa&ions, and more 
complex membership functions could be used, but under the 
‘poorly modeled plant” assumption that justifies the use of 
fbzxy logic contmls, this would be self-contradictory. And so it 
appears reasonable to stay with a standard partition and a few 
types of member&p fimctions. Ihe consequence is that the 
overlapping partition and the imbedded membership fbuctions 
and free parameters are um&ted to the dynamic characteristics 
of the system 

These underlying assmnptions do not hold when the system 
dynamics is fulIy known and the difficulty is to d&ermine a 
control that will stabilize the system. To the present, this 
important distinction has not influenced the -of@=m 
logic cc&rollers. The fact that siguilicant i&ormation exists for 
well defined nonlinear systems, therefore, offers no particular 
advantage in the use of logic controllers, since the information 
is not utilized in deli&g controller stnu%mq nor is it obvious 
that the presently used structures are appropriate in this case 

Iterative redesigu based or results of simulations is an 
o&n overlooked, altemative. Simulation results, with an 
existing controller, and correction of the control action only in 
ceztain regions of the state space may be a necessBly and 
valuable tool in solving specific nonlinear control design 
problems. Fmthermore, this altemative is well suited to the 
development of logic controllers, and if anything, it is 
simulation that should replaces the omniscient “expert” implied, 
but never ident&& in the synthesis of logic controllers. lhis is 
particularly appropriate in tackling new applications. 

In this paper we propose the rudiments of a methodological 
approach to the de&t of logic controls that attempts to adapt 
the controller strudme to the dynamic characteris& of the 
system using simulation results to guide the development of the 
controller - and its parameters. In the simplest 
reabzation this partition divides the state space into K+l 
overlapping regions %, Ri, . . .,Rx, where Ib is a spherical region 
abouttheorigin,andtheRi,..., Rs are polar regions defined via 
scalar products as will be exPlained in the sequel. A nominal 
point G, i = l,..,K is selected in each polar region, aud the 
originisusedin~,toliuearizethesystem anddetermmean 
appropriate control to use within the region . The novelty is that 
in regions R, i = l,...,K an integml state is added to the 



linearized model, and a control is de&mined to guide the 
state towards the origin, and not to the point of linear&ion. 

2. Problem formulation 

Consider the nonlinear system 

x = F(x, u) = f(x) + B(x)u (1) 
where x(t) E R”, u(t) E R”‘, and Rx), B(x) are continuous 
fimctionofx,with$O)=OandrankB(x)=mfor x eMcR” 
; the set M is s.&ciently large, aml in particular large enough 
sothatScM, withsis theadmissibleregionofinitial 
condition of (1). The goal, in the PAS problem is: D&ermine a 
control stmtegy u = u(x) defined over M so that for the closed 
loop system S c &where .2% the region of attraction of the 
equilibrium point at the origin of Furthermore, it is required that 
x(t) E Mfor alit. 

We concentmte here on single input systems although the 
approach extends directly to multi input systems. The standard 
approach is to solve the GAS, or semi GAS problem (and thus 
by default the PAS problem). Instead, we directly consider 
how to d&ermine au(x)to guaranteethatSc~byapplying 
the following approach: We start by linearizing the system 
about the origin (or by applying some other local approach) to 
obtain a stabilizing control us(x) with an initial region of 
attradion d&i = d&b(x)). Subsequently, we systematically 
modify the control to expand the region of attraction, obtaining 
insequmcedoc~lc~2 . . ..c &xfquntil S c dqis 
SatiSfid 

3. Approach 

The initial control for (1) is obtained by linearizing 
the system about the origin, resulting in 

x=AOx+BOu (2) 
and finding a control designed to achieve desired behavior 
about the origin. For the purpose here, the control will be 
obtained by poleplacement, to guarantee a certain speed of 
response in the vicinity of the origin. Given a desired closed- 
loopspe&um&,let u=-Ksxbetheassociatedstatefeedback 
control. Furthermore, let -c9,, be em estimate of the region of 
attraction. Suppose S Q do. To expand the region of attraction 
we propose the following mechanism. 

Suppose, based on simulation, that lrajedories of the closed- 
loop system system with control diverge towards infinity by 
approaching well wed asyn@tic escape directions. This is 
often the case, and the direction will be easily d&rmined by 
simulation. Moreover; this is the more diflicult case then if 
trajectories spiral off to infmity. Let these and additional 
selected directicms, form a totality of n+l directions 
characteri& by direction vectors xl, R,. . .,x,,, x,,+~, and let the 
tips of these direction vectors. For simplicity, form the vertices 
of a equidistant simplex [1],[4] (see Section 5). Define the 
region R to be the polar region 

T 

Ri = x:-{z-m,O} 

1 
, i=1,2, . . . . n+l (3) 

It has been shown that if the parameter o, &erred to here as 
the apertnfe of the region &, satis&zs the condition 0 <l/n, the 
sets F$, i = l,...ptl form an overlapping partition that covers 
R”. We refer to this as a polar pa&ion of R” (See Section 5). 

Ne~ineachRichooseapoird~14ithatliesontherayinthe 
dimtim q, aad outside d,, but within S and linearize the 
system about G resulting in the collection of linearized models 

SXi =Ai6xi +Bi~ui +fd, i= l,...++l (4) 
where k = F(&,u,,J is the zero& order term in the linearization 
of (1) since the point {Q ,I@ will not necessarily be an 
equilibrium point of (I). Now, the model will certainly be valid 
inasubregionof&aboutx+ 

We now determine for each R a control that will make the 
systemlocallystableineach~andsteerthesystem,while in 
this region, not to approach G, the point of linearization, but to 
approach the origin of the state space. To this end we introduce 
anintegralstate, sotbatthemodelofthesystembecomes 

&Xi0 =CiX 

&Xi =AisXi +Bi6Ui +fG 
ti~ethesigdyi=C&kll bedetaminedtoachievethisgoal 
(seeSection5).Thelin&zed modelin&re&cesto 

A pole plaCement control 6U = -KiOXiO - Ki6xi is then 
debminedthat guanmteesadesiredspeed ofthelineatiaed 
system in R via a desired closed-loop spectmm h, 

As long as x(t) E R, but x(t) P Rj, for j ti, the control 
applied to the system is the linear control with a bias term 

u(x)=lli(x)=u&+&l=-&&) -Is& +u, (7) 
When x(t) belongs to a subregion where two or more sets Ri, i = 
I,...pcl,overlap, thecontrolbecomes 

CPi(xhi(x) 

u(x) = id 
ZPiCx> 
id 

(8) 

where I is the subset of (1,2, ..,n+l} defining the active regions 
that overlap at state x, and 

2X 
Pi(x)=fnax 

i i 

&-@T” 9 iE1 (9) 

are continuous membership functions. This insures a smooth 
transition l%om one region to another and a continuous control. 
Expression (8) may then be n@ced by 

n+l 

Z Iri (Ix& Cx) 

u(x) = i=ln+l (10) 

ZPiCx) 
i=l 

where I+(X) designates a con&mow control deiined over a 
polar partition of the state space 

Theintmtinpropokg thiswntrol istodrive thestate 
towards the origin of the state space from the vicinity of any of 
the selected points w In reality, and sufficient for our 
purposes, the ezqedatim is that the contml up(X) will drive the 
date towards a neighborhood of the origin, and the&%e into 
the region of attraction established by the linear control, which 
will drive the state to the origin. To achieve the combine effect 
the actual umlrol applied to the system is proposed to have the 
form 



where 11x&N is a fixed bound that depends on the region of 
at&action achieved by the linear control. The first term will 
dominate in the vicinity of the origin, while the second term will 
dominate for x E S but away from the origin. 

3. Polar partitions of the State Space 

Considez an m-dimensional space associated with the x 

E R? Ihe equidistant simplex of Rn, the polar region and polar 

partition of Rn are de&& as follows [ 11, [4]: 

Definition 1. A collection of n+l unit vectors in R” is called an 
equidistant simpkx ifthe vectors {xl, 3, . . . . xn+l ) satisfy 

the follotig conditions: 

(a)2.iTzti= l,i= l,...ptl (unitlength) 

(b) TTXj = q, for all i #j (equal angles) 

CC) 115 - “j II = 4 i *j (qull distanw) 

(d)q+z2+....+zm+l=0 (symmetric) 

For the proper& of the simplex partition and simplex is minimid which, without loss of generality, produces 
controls the reader is r&&red to [5,6]. the condition 

Dellnition 2. The set Ri CR” is called a polar region in the 
direction x, llnllz = 1, with apeature 0 if 

C = (P-lB)T = BTF-T (19) 
AfixedpointitemtionisusedtodetermineaseparateC for 
each region. An initial CO is selected and l&s is de&m&d 
using pole plscement, which will be dumted as I&J = 
P{&,B,&} (A+ Bj are defined MOW). ‘Ihe neti iterate, C&, 
is de&mined f?om the following sequence of steps: 

(13) 

Deiinition 3. Given the equidistant partition vectors {xl, ~2, . . . . 

~11 the sets RI,..., &I form 811 overlapping pdar 

partition of Rn if 
T 

Ri=( . ,,x,, - 3 X.~>KI OScoS~} i=1,2, ,,, n 7 ,n+l (14) 

Polar controls, directly associated with the overlapping polar 
partition were proposed in [l] and applied to the two-link [4] 
and threeJink[5] excavator control problem The reason for 
initially basing the structure of the logic controller proposed 
here with an overlapping polar partition is that it is the simplest 
partition that covers the entire state space when w < l/n. 

In this application we accept polar regions as the regions 
more nature for the partition of the state space in cons&ring 
stability problems, but the orientation and number of regions 
will be dictated by problem features, as discussed subsequently. 

5. Design of linear controls for Regions within the 
partition 

Consider the nonlinear system (1) linearized about a nominal 
point x,, and suppose a controller has been developed as 
described in Section 3, and given by expressions (6) to (8). 
Dropping the index i, the state of the closed-loop system will 
reach the steady state 

@hs= l mn+c*1 
CF%$ 

ks= ’ F#%c% +&(cF’B-F’BcJ+QI 
CF’BI$, 

(1% 

tiere F = A-BK Ideally, one would like 6x, = - h since then, 
if the system remains linear throughout, this muld bring the 
system into the origin But in general, point regulation is not 
possible even for linear systems. Instead, the idea is to steer the 
state towards the origin. To that end define the error 
e, =6x,, -6x d where 6% = - x,, and consider the problem of 

choosing C to minimize this error. Since en =6x, -Sxd= 

Sx, +x,itfollowstkom(15)that 

1 
e, =(I-- 

CF-‘B 
F-‘BCXx, -F-‘f,) 

llms, it is reasonable to choose C so that lldll is minimk& 
However, minimeg lIelIz with respect to C under the 
constraint that the closed-loop system has a prescribed spectmm 
is currently an open-problem, and so we propose an alternative 
aiterion based on the following rationale. From (16) 

II en 112 -‘II (I- &~4ml1211(% -F’fJl2 (17) 

ThesecondtennintheinequalitydoesdepeadonCviaK,but 
WepmposetochooseCsothat 

J=jII-- ’ F-‘BC112 
CF-‘B 

Kti =~%j,B,,h}, Kej =kq Kjj 

Fj =A-BKj 
(20) 

cj+l = (@)T 

The procedure terminates in a small number of iterations (three 
or less). Once C is determked the distance from the origin is 

bouuded by 11 e, iI2 * 511 (xn - F-‘f,) II2 and the steady 

state point to which the trajectory is driven is 

6x, = -F-‘f,, - - wT(X 
UTU n 

- F-‘f,,), U = F-‘B (21) 

6. Examples of Design of nonlinear controls 

Example 1. Consider the system 

Xl =x,(l+xS)+x, 

x2 =-x, -(1+x:)x, (22) 

x3 =-x3 +u 

This system can be stabilized by backstepping, and so can be 
made GAS. A pa&&r stabilizing control is 

~2 2 
u--q[d+ 2x4 + xl -2x2 x3] 

- x,[x3 - 2q2] - x3(2 +x2> 



Thns,aLyapnnovtypec4mtrolc.anbecomparedwithalogic 
control. l’he control (23) guam&es GAS behavior, and in this 
case has a relatively simple form of &ate f&back with st& - 
depmdmt gains. Its tmnsi& amplitodes are, however, 
si&cant, and in f&t mnch greater then obtained with a logic 
wntroller. Thq if it suBices to solve the Practical stability 
problem so that the region S = {x: Ildl.. I 20) belong to the 
region of attraction of the origin, a polar partition-based logic 
c4mtroller can de developed that exhibits better tranaimt 
performance. 

choosing points of lineaiizxtionto form an 
equidistaut simplex with results in 

xcI=~],xc+.8~-.~ x~=~]x~-[~~~] 

The desired spectmm was {-0.5,-2,-234) for all polar 
regions,with~~lstateaddedtothecontrollerandthe 
vectorCdeliningtheinpmtotheintegmlobta&dbyiterative 
solution of (19X as described by (20). In all cases C was 
detxmined by the iterative pmcednm described by (20), and 
converged in at most 2 iterations (a third iteration being carried 
out to coniirm the fixed point was found). The linear control 
thatstabilizesthesy&emabo~theoriginwasobtainedinthe 
samewayexceptanintegral~inthiscaseisnotappendedto 
thecontrolandthedesiredsp&mmwasshitled to {-l&-3}. 

‘lhemsnltsinFigore1showthatanarbitnuilyselected 
Lyapnnov fimction based control need not have better 
pedormance thau the Logic wntroL The polar control, however, 
has a tin&e region of attraction. The control applied to the 
system has the form 

Ptat 
P =-up(x)+ 

pd 

p++d 

--I,(s) (24) 
p+pd 

where 

P-lb IIKs i&l -IIxd II” (25) 

Trajectories shown am &om the initial condition {5,-5,5} 
nsingthemmbnearcontrol(23)andthelogicpolar w&K= 1, 
Il~l= 50. Similar nxults were found to hold for an entire region 
of initial conditions. Fmtherrnore, the results hold for a wide 
range of the weighting factor b. Figure 2, displays trajectories 
when p,,=20,40,60,80 andlOO. 

Example 2~Considerthenonlinear system 

Xl =(l+xz2)x1 +x2x3 +u 

x2 =-(1+x32)x1 +x2 

x3 =-x3 +u 

The goal is to design a control and ensue that S, = (x : [lx/l.. I 
4) belong to the region of attraction to the origin. lhe problem 
is difftcnlt dne to the fact that the system linearized abont any 
point in state space is locally unstable, most often having two 
unstable eigmvalues. For example, the optn-1oq.t trajectory 
from the point ~0 = {4,4,4} exhibit a finite-time blow-up at T = 
0.1353 sec. L-on aboa the origin results in the linear 
model 

Typical response, xl(t), with a Lyapunov 

200 
type and Polar type control 
I I 0 I I 
I I I 4 I 

-10 0 10 20 30 40 so 

I 

Figure 1. Comparison of typical trajectories 

Figure 2. Effect of b 

Table 1. Gains and output matrices 

Kel=[- 0.0423 24.2 101.23 10.6851 
Cl =[-3.3859 0.9149 -0.99911 

Ke2 =[-0.0145 43.11 -4.24 4.531 

C2 =[0.27 6.03 2.341 

ICal =[-0.0034 35.24 14.85 6.91 

C, -[3.09 - 0.79 -12.431 

Kel -[-0.0097 108.46 -228.6 -51.841 

1 Cl =[6.988 3.156 0.73661 

which is locally umtrollable about the origin. A s&lizing 
control that places the poles at (-1, -1.5,-2) is %=5.5x1- 7x2, 
and was used throughout the analysis. (As will be seen, 
simulation results indicate that a “faster” spectrum would 



probably be a better choice for this system, but this was 
IlOtpursued.) 

This design did not meet the design goal and could not 
achieve more that S1 E M(R), where S1 = {x : 1141.. I 2.5). Of 
courseonemayumsiderifth~isab&&xlinearcontml,butwe 
vdl at this point imagine that such an analysis might have been 
atkmpted and that the current candidate is the best alternative. 
l’hepmposeistoilh&atehowonewouldproceedifabest 
linearaltemativehasbeenfound,andthedesigngoalsarestiu 
not met To Compaq with the open-loop behavior consider the 
same initial point {-4,-4,4} E&. Trajeckny ti exhibits a fini& 
time blowup for at T = 0.1322 (worse than opef&op). 

To proceed with the development of the logic control, 
theGustdirectionvectcwqWBSdeterminedhsedasoneofthe 
escapedirections ofthestatevectorwbenthelinearcontrol is 
usedTheother~vectors~,~~~~4Weredeterminedtof~ 
an equidistant simplex resulting in the following for points of 

~~~~~~~~~~=[~I 

with llx,J12 = lO.The magnitude of G was chosen based on the 
extend of the set S. 

In each case linekzation V,BS made aboti the point {&,u,J 
with~sektedsothatthezero-tfiorderterminthethirdstate 
equation was zero (k = x3), and controller gains were 
determinedto achievethe desired m 4 = {-2,-3,-434). 

Table 2. Data for additiaaal regions 

Kel = [- 0.005 -7.98 17.5 35.981 

C, ==[-7.91 5.583 -4.3761 

Kel = [- 0.0037 -596.45 635 624.451 

C, = [lo.2832 4.4122 5.3251] 

Shown in Table 1 are the gain matrix and the output matrix C 
amjwted as described. It is noted that iu each case the open- 
loop linearized systems were unstable, Ftiermore, to 
illustrate the poiat, in each case C was o&ined in essentially 2 
iterations, as before. For example, starting with Co = [ 10 l] 
(used as a starting point in all regions), in R1 pmduced the 
sequence Cl = [-3.3293 0.8996 -0.98241, and C2 = [-3.3859 
0.9149 -0.9991]. If for example one chooses another initial 
guess, such as Co = [lo -5 41, the iteration produce the 
seqnence Cl = [ -3.3766 0.9124 -0.9931 and c, = [-3.3859 
0.9149 -0.9991. 

Simulations show that s the region of attraction with 
the use of the resulting logic controller now includes S, = ( x : 
llxll~ I 3.251, and that fin&r itmease of the region of 
attmction is hampered by trajectories now escaping in two 
directions charatized by direction vectors x5 = [4 4 A]’ and 
x6 = [4 -4 A]‘. Furthermore, it was found that region & was 
not crucial , and that it was in turn covered by the other regions 
and by the two new regions R5 and & formed around the 
identitied escape directions, and so & was dropped. The 
controls iu these TV new regions were characterized by the 
control gains and output matrices shown in Table 2. 

I . Respanse from x0 = { 4,-4,4] 

Figure 3a. Typical response 

10.0 
Response. form x0 = { -4,4,4} 

-4 .Y 

-4 -3 -2 -1 0 1 2 3 4 

X2. X3 vs Xl 

Figure 3. Typical trajectories in state space 

Finally, it WBS real&d that the desired spectra were slow for 
effective control of (1) due to its siguiticant open loop rate of 
exponential growth. However, instead of re+computing umtrols 
for each @on based on new desired spectra, the overall gain of 
the control in the regions RI,. & was modified (from a 
nominal value of 1) to higher values to achieve a similar effect. 
Thus the controls in all the regions were of the form 

Ug (X) = Kiui (X) where U(X) Stjll @‘ell by (8) With gak 

speded above. This fiuthff increased the region of attraction 
whichnowincluded $= { x: llxlloa I 3.6). 

Further progress was hampered by the inability to improve 
thezsponsewhenthestateentersregion&becauseahighgain 
was demanded when x2 > 0, while a low gain was demanded 
when x2 < 0. With this insight, the linear control in region & 
was modified to a nonlinear control, by having the gain be a 
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function Of the date X2: I(6 = 5(l+l.o%i&X,)).wdh this 
modification the region of attraction now contained S3 = ( x : 
Ilxllo. s 41. Figure 3 show the trajectories in the {x1,x2} 
{x1,x3]space for the initial conditions al = (4, -4,4f and x(rr = 
(-4, 4, 4}, respectively. Figure 4 shows the membe&ip 
fin&ions for the trajectory ioitiating at xlo. Figure 5 shown the 
time responses hrn two additional initial conditions, x03 = (4, 
0,4} and ~04 = (4,4,0}. 

The results not only confirm the viability of the approach, 
but in particular the wealth of information that can be obtained 
from simulations and used to expand the region of attraction by 
expanding the structure of the polar controller, and modifying 
the control in specific regions of the state space. In the process, 

-- Time response from {4,4,O) 
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Figure 5. Selected time responses 

the use of membership fimction plots, as shown in Figures 4 and 
6 provided the information needed to focus on the regions of 
statespacewhenztheadjustm&ofthecontrolwasquired. 

Tbetntm of membership fuuctions with the Gnal controUer 
doconfirmthatapolarpartitionisoftenanaturalpartitioninthe 
mtrol of dynamic systems because the terminal portions of all 
the responses approached the origin tknn distinctly defined 
dimtiona, as cau be seen by the f&rly m vale of 
membership functions. 

7. conclusions 

The development presented here must be conside& as 
preliminary bd it does provide encouraging results. The idea of 
multiple point lineariz&n with the introduction of an integml 
state to direct the trajectory towards the origin appears 
promisii l%e resultsalsoconfinnthatapolarpa&ionmay 
beamoreviable pariitiononwhi&tobasethelogicaWroller 
stmctme than a partition based on overlapping hypercubes. 
Ibid, f&back &om resolts of simulation is a valuaMe tool and 
systematic ways of concisely repre4eoting and using this 
information should be developed. While the basic procedure, 
and its obvious generalizations, are fairly well defined proofs of 
stabilityareyettobedeveloped 
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