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ABSTRACT 

This paper examines the problem of stablising a class of 
nonlinear time delay systems using fuzzy models. The 
class of nonlinear time delay systems under investiga- 
tion is described by the Takagi-Sugeno (T-S) or Takagi- 
Sugeno-Kang (TSK) fuzzy model. Based on a predictor- 
based controller and a well-known Lyupunov fmctionml 

approach, we develop a technique for designing a fuzzy 
state feedback control law which globally stabilises this 
class of nonlinear time delay systems. A mlmerical sim- 
ulation example is presented to illustrate the theory de- 
velopment . 

1. INTRODUCTION 

Before designing a model-based controller for a given 
process, a mathematical model which captures all the 
relevant characteristics of the process has to be derived. 
However, in many practical suitations a “good” mathe- 
matical model that describes the dynamics of processes is 
very difficult, if not impossible to obtain. Recently, fuzzy 
systems have attracted considerable amount of atten- 
tions from both the academic and industrial communities 
[l]-[ll]. It has been shown that the qualitative knowl- 
edge of a system can also be represented in a nonlinear 
functional form. Based on this fact, fuzzy models based 
fuzzy control system design methods have appeared in 
the literatures. These design methods are conceptually 
simple and straightforward. An example of fuzzy mod- 
els is the Takagi -Sugeno or Takagi-Sugeno-Kang type 
fuzzy model. The continuous-time Takagi-Sugeno fuzzy 
dynamic model is described by fuzzy IF-THEN rules, 
which locally represent linear input-output relations of 
nonlinear systems. The i,th rule of the fuzzy model is of 
the following form: 

*Author to whom correspondence should be addressed. 

Plant Rule 1;: 
IF .%1(t) is Fil and . . and xn(t) is Fi, 
THEN k(t) = A,z(t) + &u(t), i = 1,2,. . , T 
where Fij(j = 1,2, . , n,) are fuzzy sets, z(t) E !J?m is the 
state vector, u(t) E ?I?” is the input, the matrices Ai and 
Bi are of appropriate dimensions and T is the number of 
IF-THEN rules. 

Given a pair [z(t) u,(t)], by using a singleton fuzzifer , 
product fuzzy inference and weighted average defuzzificr, 
the final state of the fuzzy system is inferred as follows: 

i(t) = 
CL, w,(~(t))[Aiz(t)+B,11,(t)] 

T 
i=l wi(x:(t)) (L.1) 

= C;=‘=, p&A&t) + &u,(t)] 

where 

Fi3 (Xi(t)) is the grade of membership of x,?(t) in Fii. It 
is assumed in this paper that 

wi(z(t)) 2 0, i = 1,2,. . . ,n; 2 wi.(z(t)) > 0 
i=l 

for all t. Therefore 

for all t. For the convenience of notations, let, llli = 
~i(.7:(t)) and iii = pi(z(t)); then the final state of the 



fuzzy system can bc represented as 

k(t) = 2 piAq(t) + 2 piBiu(t) (L.2) 
i=l i=l 

Recently, robust stabilization of systems with time de- 
lays has been of a challenging problem. As we know, in 
general, the existence of time delays degrades the control 
performance and sometime makes the closed-loop stabi- 
lization difficult, especially for nonlinear systems. The 
motivation of the paper stems from the fact that all the 
aforementioned results assumed that the systems are free 
of time-delays. What we intend to do in this paper, is 
to propose a procedure for designing a fuzzy stabilizing 
controller for a class of time-delay nonlinear system de- 
scribed by the Takagi-Sugeno (T-S) or Takagi-Sugeno- 
Kang (TSK) fuzzy model. Our approach is based on 

the predictor based controller and the constructive use 
of appropriate Lyapunou functionals, see [12, 131. The 
predictor-based controller includes a predictor to com- 
pensate for the time delay. Under the predictor-based 
controller, a time-delay system can be transformed into 
a delay free system. 

2. SYSTEM DESCRIPTION AND 
DEFINITION 

The class of nonlinear time delay systems urlder consid- 
eration is of the form 

Plant Rule i: 
IF ~1 (t) is Fil and . and z,(t) is Fi, THEN 

k(t) = Aix(t) + Biw.(t - hi) + fi(x(t)), 

1; = 1,2,...,r (2..1) 
x(t) = E(t), t E [- max{h,l, h2,. . . , h,,O}], 

where Fi,(j = 1,2,. 3. ,n,) are fuzzy sets, x(t) E ?I? is 
the state vector, 11.(t) E ?JV is the input, the matrices Ai 

and Bi are of appropriate dimensions, h,i are nonnegative 
constants that represent the time dela.ys in control, T is 
the member of IF-THEN rules. E(t) E C”[--7,0] and 
T = max{h,i, h,z, . . , h,,}. 

We consider a predictor of the form: 

Predictor Rule ?;: 
IF x1(t) is Fil and . and z,(t) is Fi, THEN 

T(t) = eAihx(t) + J”; e-A’eBiu(t + 0) do, P 
i = 1,2,...,r, 

(2..2) 

where 3(t) is the predictive state. Using (2..2), the fuzzy 
model (2.. 1) can be re-expressed as follows: 

Plant Rule i: 
IF .~l(t) is Fil and . . and x,(t) is Fi, THEN 

i(t) = A&t) + B+,w,(t) + eAihi 
(2.3) 

Using a singleton fuzzifer, product fuzzy infcrcnce and 
weighted average defuzzifier, the transformed fuzzy sys- 
tern is given a3 follows: 

h(t) = 
CL, wi(s(t))[A,:(t)+E,lL(t)+~A~‘*~~;(~(t))] 

iZl w(“-(t)) 

= c;-, ~i(x(t))[Aiz(t) + Biw.(t) 
+eAzh’fi(x(t))] 

(2..4) 

where 

F,j(zj(t)) is tl le ra g d e of membership of X,7(t)) in Fi.7. 
The final state of the fuzzy system is given m follows: 

The matrix functions fi(X(t)) are assumed to satisfy the 
following matching condition: 

Assumption 1. For a given matrix M, there exists a pos- 
itive function p(~(t)) such that 

T 
c p&feA’““fi(x(t)) 
i=l 

Remark 1. Note that the matching condition given in (1) 
is different from the well known matching condition, ie 
with the term eAtht. The presence of the term eAthi in 
(1) is due to the delay in the control input. Gencrally 
speaking, the delay in the control input will mismatch 
the nonlinear uncertainty from the input matrix. 

Rem,urk 2. Two special cases of system (2..5) have been 
well studied. The case when h.i = 0 and fi(x(t)) = 0 has 
been considered in [B, 10, 7, 51, and when h,i = 0 and 
fi(x(t)) = f(x(t)) has b een examined in [9]. What we 
intend to do in this paper is to develop a unified m&hod 
to treat the general case. 

De,fin,l;tl;on, 1. The system (2..5) (with w.(t) = 0) is said to 
be exponentially stable if thcrc exist a positive definite 



matrix P and positive constants 0, E and [j such that the 
derivative of the Lyapunov function 

and 

(Ai + A.i)TP + P(Ai + A,?) 

-2PBiB,;P - 2PBjB,TP + Qij = 0 ~‘1: < j < r. 
(X.2) 

V(%(t)) = .?(t)Pz(t) (2-6) 

h,ave a positive definite symm,etric solution. P. If this is 

th,e case, th,en, a suitable stabiliziag control law is given, 

by 

with respect to time t satisfies 

u(t) = - 2 ,+(t))B,TP.(t) [I + ~$(x(t))] , 
i=l 

(3..3) for all .“(t) E ?JZ”. 

In this paper, the local state feedback controllers are 
designed as follows: 
Controller Rule 1:: 
IF .x1(t) is Fil and . .rn(t) is Fi, 

THEN u.(t) = -&< (z(t), z(t)), 1: = 1,2,. . . , T 

The final fuzzy controller is 

with, 

wh,ere [j an,d F are an,y positive con,stants 

u(t) = - 2 p&,(Z(t), 5(t)) (2-B) 
i=l 

Proof: Suppose there exists a P such that (3..1)-(3..2) 
hold. Then a suitable choice of Lyapunov candidate for 
system (2..5) with (3..3) is 

where we use the same weight yi as the weight of i.th rule 
of the fuzzy system (2..5). v(qt)) = zyt)Pz(t). (3..5) 

De,fin,l;tl;on 2. The nonlinear time delay system (2..5) is 
said to be exponentially stabilisable if there exist a state 
feedback control law (2..8), a positive definite symmetric 
matrix P E Vxm and constants (Y > 0, E and ,# such 
that the time derivative of the Lyapurlov furlction 

Differentiating (3..5) along (2..5) with (3..3) yields: 

p@(t)) = 2274 &iP,Ai - Bi -&B,;P,%(t) 
i=l j=l 

r 

v(qt)) = ??yt)Pz(t) (2..9) 

along the system (2..5) with (2..8) satisfies 

P(%(t)) < --cul13(t)l12 + 6eePt (2..10) 

for all Z(t) E !Rnxm. Then, the closed-loop system (2..5) 
is said to be exponentially stable. 

+ 29(t) Cp7,PeA’“tfi(x(t)) 
i=l 

-2zT(t) 7, x lLi~,iPBiB,~Pn:(t)~(n:(t)) 
i=l j=l 

(3..6) 

3. MAIN RESULT 

We now state our main result: 

Applying the triangle inequality and Assumption 1 and 
using (3..4) on the second and the third terms, we obtain 
the following inequality 

Theorem 1. The system (2.5) satisfyin,g As,s~~,rnption 1 

is globally expon,entially stabilizable via a n,on.lin,ear state 

feedback controller of th,e form (2.8) if th,ere exist posi- 

tive dejikite symmetric matrkes Qi7 E IPx”, such, th,at 

th,e folloukg algebraic Riccati eq&ions 

2ZT(t) C pl.iPeAthz fi(z(t)) 
i=l 

T T 

-23(t) 7, x /ripiPB6B,TPn:(t) 
i=lj=l A~P+P~A-2PI&B,‘P+Qii = 0, Vi = 1,2;..,r(3..1) 



B2= ; [ 1 x2(t) and fi(x(t)) = 

6.43 [ 1 2 
.x2(t). The corresponding fuzzy system 11lodc1 

is 

(3..7) 

Using (3..7), we have 

+2eebPt (3..8) 

Then, using (3..1) and (3..2), we have 

i:(t) = (PIAI + /wb)~:(t) + PI&U(~ - h,l) 

tp2I3274t - h,2) + p1f1(r?Y(t)) + /L2fi(Z(4) 

(4..2) 

where .x(t) = (~1(t),~z(t)) is the state variables, the 
membership function /11(x(t)) and ~2(2(t)) are defined 
as follows: 

fL1(Z(t)) = e-J”lw2+w)2 (4..3) 

/1,2(.x(t)) = 1 - p1(2(t)) (4..4) 

A predictor is given as follows: 

.O 
?(t) = pl(x(t)) 

[ 
eAldlx(t) + 

.i_,,, 
eMA1’Bj,u(t + 0) dfl 1 

.O 
+pz(x(t)) eAzd2x(t) + .I,, ebAzeB2u(t + .Q) do 1 

(4..5) 

Applying Theorem 1, we have 

i=l .f>,i 24.3163 9.0584 27942 10644 
< -mllfE(t)l12 + 2ee-ICt 9.0584 3.5756 ;QII 

= 10644 4056 ; _ (3-9) 1 1 1 
Therefore, (2..5) is globally exponentially stabilized, ac- 

cording to Definition 1. vvv 
Q22 

53.7416 20.6214 = 20.6214 9.6399 1 
Remmrk 3. Following from the transformation (2..3) and 
the fact that the transformed state, z(t) is exponentially 
stable, we can conclude that the fuzzy system (2..1) is 
asymptoticall,y stable. 

and 

Q12 = 
109450 42140 
42140 1 16229 

Remmrk 4, When h,i = 0 and fi(~(t)) = 0 our result 
boils down to the results given in [7, 51, and when h,i = 0 
and fi(2(t)) = f(z(t)) our result reduces to the result 
presented in [9]. 

With the above P, the stabilising is 

11.(t) = -(/11(~(t))[l18.2411 45.05341 + 

pz(x(t))[9.0584 3.5756])%(t)(l + 4(x(t)). (4..6) 

where 

Remark: 5. The algebraic Riccati equations given in 
(3..1) and (X.2) can be solved efficiently through a lin- 
ear matrix inequality (LMI) framework. 4(4f)) = 

4x4 

2llC(t) Cf=, piPBj 11x2 + O.Ole-100” 

4. NUMERIAL EXAMPLE 

To illustrate the main result, wc give a numerial example. 
Consider the system (2..5) with h,l = 1 second and h2 = 
2 seconds: 

This fuzzy controller will globally asymptotically sta- 
bilise the system (4..2). Typical responses arc shown 
in Figure 1. 

5. CONCLUSION 

Al= [; k2];Bl= [ ;];A2= [; +4..1) 
The problem of stablising a class of nonlinear time delay 
systems using fuzzy models has been examined in this 



lime (sec.1 

Figure 1. Plots of xl(t) and x2(t) versus time with 
ccl(~) = 1 and x2(7) = -1. 

paper. The class of nonlinear time delay systems under 
investigation is described by the Takagi-Sugeno (T-S) or 
Takagi-Sugeno-Kang (TSK) fuzzy model. Based on a 
well-known Riccati approach, a technique for designing a 
fuzzy state feedback control law which globally quadrat- 
ically stabilises this class of nonlinear time delay systems 
has been derived. A numerical simulation example has 
been used to illustrate the theory development. 
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