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Abstract 

In order to control gymnastic and jumping robots, 
we will derive the complete a.na.lytical solution to the 
posture control problem of a. two-link free flying ob- 
ject with initial angular momentum. We will show 
tha.t the solution involves singular control and derive 
form&e to ca.lculate the optima,1 switching condition, 
optimal terminal time and optimal tra.jectories. As 
an a.pplication, a high diving motion is simula.ted. 

1 Introduction 

Mot,ions of animals aud gymna.st,s in t,he a.ir a.s well 
HS free, flying space robots without, t,hrust,er a.re sub- 
,jcct t,o nonholonomic constraints gcnerat,ed by the 
conservation law of angu1a.r momentum. In par- 
t,icula.r, non-zero a.ngular momentum is deliberately 
added before jumping for the somcrsa.ult performance 
of gymna.sts a.nd running motion of some animals to 
rotate their bodies. 

The purpose of this paper is to derive ana.lytical 
posture control laws for free flying objects like above 
having non-zero angular momentum. We plan to use 
them to build a parallel ba.r gymnastic robot and run- 
ning robot in the next stage of our research. 

Such problems a.re little bit different from others 
[I] since the motion of the free flying objects having 
noii-zero a,ngula.r momentum is described by a non- 
holonomic system with a. drift term having no equi- 
librium state. Kamon et. a,1 [2] derived the minimum 
energy trajectory by numerica, optimization method 
to simula,te a. 3D somersa.ult motion. Godha.vn et 
a.1. [3] proposed a. potentia.1 numerica. computa.tion 
algorithm to show a. somersault motion of a. planar 
diver. Berkemeier et. al. [4] dealt with a two link 
hopping robot. However, since these are numerical 
solutions, we camlot obtain the closed form control 
formulae which are needed for experiments. In a.ddi- 
tion, we ca.nnot know the nature of the optimal solu- 
tions, e.g., we cannot tell when a particular solution 
becomes singular. 

By the way, the fundamental degree of freedom of 
the posture control problem for free flying objects is 
three when the initia.1 angular momentum is zero [5], 
while is two when the initia.1 angu1a.r momentum is 
not zero, provided some of their freedoms are fixed. 

In this paper, we will deal with a two link robot 
with non-zero initial angular momentum and show an 
analytical solution of the time optimal control prob- 
lem. The obtained solutions include simple closed 
form formulae of the control law. They also show that 
the problem leads to a singular optimal control prob- 

lem depending upon the initial posture; the switching 
time is once when the singular solution does not, oc- 
cur while is twice when the singular solution is used. 
As an a.pplica.tion, the somersault motion of a. diver 
approxima.ted by the two link system is simula.ted. 

2 Canonical form and accessible region 

M, L, JL 
We’ll dea.1 with the posture con- 

trol problem of a planar free 
flying robot, as shown in Fig.1. 
where t,lic robot is co~iiposc:d of 
the body and leg; 0 is t)he abso- 

m, I, Jut,e angle of the body measured 
counter-clock-wise relativt, to the 
frame of inertia; $ is the rela.- 

//////// tive angle between the body and 
Fig.l free fly- leg measured counter-clock-wise; 

ing robot 
L and 1 are the distances between 
the joint and the centers of 

mass (CM) of the body and the leg, respectively; 
M and JL are the weight of the body and the moment 
of inertia of the body around its CM; m and 51 are 
those for the leg. 

Suppose that the robot ha.s a nonzero constant an- 
gu1a.r momentum PO # 0 which is provided from the 
ground before ta.keoff as a.n initial angula,r momen- 
tum. Then the conservation 1a.w of angu1a.r momen- 
tum a.round CM of the whole robot leads to 

PO = (Ml + Alcoa,!@ + (M2 + A2cos$:)qh 

where 

(1) 

Ml = JL + 51 + m%“,“;1:12), Al = 2A2 

Mz=Jl+$$$, A2 = mMlL 

(2) 

mSM 

which ca,nnot be integrated when P # 0, Ml > Al 
and A2 # 0. 

Defining 4 a.s a control, (1) can be described by 

4 

[ 1 [ 

0 

e = & ]+[ -g&g& 

(3) 
which is a. nonlinear system with a drift term and 
has no equilibrium. Obviously, this system is locally 
accessible. 

Since the rotational motion of the robot can not 
be stopped when PO # 0, the control problem is to 



make q assing through a given reference state qr = 
($+.,0,) 8 at a given time T. Only $J can be settled 
in & by putting u = 0 after a.rrival at the reference 
state. 

Since the transla.ted motion ca.nnot be controlled at 
a.11, we will not mention about it. Animals and gym- 
na.sts control their posture within the falling time. 

In order to a.nalyze the properties of the system, we 
will first introduce the following transformation which 
makes the second entry of the input vector zero: 

22 = e + w(7,h) - zzr : xzr = 8, + w(&) 
x1 =+-7(& (4) 

where &. a,nd 8, a.re the reference states and 

Then a simple calcula.tion yields a canonica.1 form 

i, [ I=! 
0 1 

.i.2 
P" 1 [I + 0 

u. (6) 
ill1 + Alm(rl + ?I:,.) 

and t,hc control problem is transformed t,o drive z(O) 
to the origin 0 at, the t,imc T. 

We a.ssume t1ia.t PO > 0 herea,ftcr. Then since & > 
0 in (6), we may have 

x2(0) < 0 (7) 

as the accessible region to z(T) = 0. Actually, this 
will be shown to be sufficient la.ter. However, in prac- 
tice, we cannot distinguish 22 from 22 f 2kr. When 
considering in this sense, we can remove the restric- 
tion (7) at expense of spending longer access time. 

3 Time optimal control problem 

3.1 Problem formulation and solutions 
We’ll solve the time optimal control problem for 

(6). First of all, we define 

p(a) := 
PO 

MI + AICOS(XI + &.) 
(8) 

in (6). Then, the control problem is to minimize 

J’ 

T 

J= dt = T 
0 

(9) 

while bringing x(0) to x(T) = 0 under the constraint 
lul I ‘hn. 

The Hamiltonian of this problem is 

H = 1 + Xiv + Xzp(x1) (10) 

and the principle of optimality with little algebra 
yield the following necessary conditions in the reg- 
ular optimal control case: 

in = -sgn(Xi)U, (11) 

(13) 

H = 1 + Xiu - ap(zi) = 0 (b’t) (14) 

This problem can be solved a,nalytically without seek- 
ing Xi(O) and o explicitly if we pa.y a.ttention to the 
two inva.ria.nt maaifolds made by u = +u,. 

Examine the case u = u, (Xi < 0) first. In 
this ca.se, it follows from ii = PL, that xi increa.ses 
monotonously. Besides, using $/ii = dxz/dxl = 

P(Xl )/wn, 22 satisfies the following manifold 

x2 = g(x1 )/%I + Cl. (15) 

where Ci is the integra,l constant a.nd 

dxl) = Jo”’ p(y)& (16) 

which is a mono-va,lued function passing through the 
origin. 

Simila.rly, when IL = -u,,(Xi > 0), we ha.ve an- 
other manifold 

x2 = -.q(33)/77,, + c, (17) 

The imegra.1 consta.nts Ci and Cz will l)e a~ljustcd 
for (15) aad (17) t,o pass through designated st,at,es. 

As shown in Fig.2, (15) and (17) draw a bunch of 
curves rising in the right hand side and left, hand side 
directions, respectively, when the integral consta,nts 
Ci and C2 va.ry. We’ll refer to the two manifolds, 
denoted by I and II in Fig.2, passing through the 
origin a.s the switching line herea.fter. 

From Fig.2, we can see tha.t we can find a. con- 
trolled trajectory only when x2(0) exists in the region 
under the switching line I and II (the region is marked 
by slashes). When ~(0) is in this region, the optimal 
control strategy may be as follows. As is in Case A, 
when xi(O) > 0, we first choose ‘u. = IL, to ride the 
state on the manifold rising in the right hand side di- 
rection, then switch the control to IL = --IL, when the 
state rea.ches the switching line I. Similarly, a.s is in 
Case B, when xi(O) < 0, we first choose ‘7~ = -u,,, to 
ride the sta.te on the manifold rising in the left hand 
side direction, followed by u = uL, when the state 
reaches the switching line II. When ~1 = 0, we ca.n 
choose either controls in Ca.se A or Case B, ~1 = 0 
gives the bounda.ry between Ca.se A and Ca.sc B. 

-3 -2 -8 0 1 * 3 

Fig.2 Switching line I and II a.nd optimal 
trajectories 



a.ctually, we can prove the following [7] 
1. When $+ = 0 a.nd -X < xl(t) < K, the men- 

tioned control strategy is optimal. 
2. When I,&. = 0 a,nd q(t) = f7r happens, the 

control problem becomes singular where X1 becomes 
identica.lly zero. In this case, a.s is shown in Fig.3, 
the optimal control is given by u = 0 before riding 
the state on the switching lines I or II. Therefore, 
the control stra.tegy expla.ined using Fig. 2 is optimal 
only when x(O) is located inside the area enclosed by 
the bold face curves depicted in Fig.3. We call this 
a,rea. a. basic reqion,. 

3. When q& # 0, the boullda.ry of Ca.se A a.nd 
Ca.se B is given by ~1 = -2$r a.s shown in Fig.4. 

x2 x2 

Fig.3 Opt,imal t,ra.jc+ Fig.4 Opt,imal t,ra.jcc’- 
t,ories when ~2~. = 0 tories when qua # 0 

Lrt,‘s examine the role of II,. When 71, is choscu 
bigger, it follows from (15) a.nd (17) tl1a.t the lines I 
and II becomes fla.t and close to 21 line. Therefore, 
the region of 52(O) which can be brought to the origin 
a.pproa.chcs ~2 < 0, which gives the sufficiency for (7). 

3.2 Optimal switching conditions 
In [7], we have derived the switching condition as 

well a.s the optima.1 switching time using Fig. 2 for 
x(O) in the basic region, by pa.ying attention to the 
fa.ct that the change of ~1 divided by U, yields the 
tra.nsition time. We can use Fig.2 even it corresponds 
to the case I/+ = 0 because the derivation is indepen- 
dent of $,. 

The results a.re the following. The optimal switch- 
ing time tl, the state :c(tl) a.nd terminal time T are 

x2(0) da(O)) g(O) 
x2(t1) = 2 - 2u, + 221, 

TA = 2z1(t1) - xl(0) 
hz 

+ do 4 
(18) 

when xl(O) > 0, while they are given by 

t2 = -a(tz) + Xl(O) 
‘Gn 

g(x1(t2)) = u Q(O) + q + 

x2(t2)2q+d.p-pJ 

TB = -251 (t2) + Xl (ii” 
Wll 

when x1 (0) < 0. The ~1 (tl) and ~1 (ta) can be obtaied 
using inversion of the mono-valued function g(xl). 

Example We have simulated the motion of a pla- 
na.r diver approximated by two links. The result will 

be shown in Fig.5 a.nd Fig.6, where the pa.ra.meters 
a.re given by 

Ad = 30(Kg), L = 0.75(m), JL = 5.5(Kg. n?) 

nl = 25(Kg), 1 = 0.8(m), Jl = 4.5(Kg. 7n2) 
PO = 17O(Kg. m2/s), U21, = 5(1/s) 

The optima.1 control provides the minimum termi- 
nal time T = 1.187(s) when 40 = (0:3~/2)’ and 
q, = (0,97r/2)” S’ mce xl(O) = 0 and x2(0) = -37r, 
the robot performs one and ha.lf somersault. The 
translated motions have been simulated mider some 
a.ppropriate conditions. In this problem sett,iug, the 
minimum time control t,ells how long does it, t,a.kc a.t 
least to complete a specified motion within a. given 
input magnitude 7~~. 

-lo;- 
I 

0. 5 1 
Fig.G High diving 
motion 

Fig.5 Time responsc~ 

4 Proof of the facts 

Assuming &. = 0, we will prove Fig. 3, that, is, 
we will prove tha.t only one time switching is needed 
when the singular state does not occur while two time 
switching is needed otherwise. 

To this end, we will analyze the response of X1 a.nd 
the Ha.miltonian (14). 

Let’s consider the ca.se X1 # 0 first. If X1 < 0, (11) 
lea.ds to u = IL, and it follows from k, = u, + dt = 
dxl/u, that x1 increa.ses with the time a.nd we can 
integrate (13) as 

X1 = as’ Fdt = & Jzlif) dp(x,) 

= eP(xl(t)) + Kl 
(20) 

Substituting this into (14) yields 

from which K1 = -~/IL, is obtained. Therefore, 
X,(t) is expressed by 

1 
xl(t) = --[l - ap(zl(t))] (22) 

~?I% 

as a, function of 21 (t) 
Simila.rly, when X1 > 0, u = -u, lea.ds to that, x1 

decrea.ses with the time and we ca.n conclude 

1 
J+,(t) = --[I - np(x1(t))l 

Grl 
(23) 

It follows from the continuity of xl(t) that (22) 
must intersect (23). Since the two Xl’s are the same 



except for their signs, they intersect only on the 51 
a.xis a.s shown in Fig.7. 

Therefore, the input is switched a.t these intersec- 
tion points. Let’s denote one of the intersection point 
by x1 = ~1s (21s corresponds to xl(tl) or xl&) in 
the previous cha.pter). Equating two Xl’s a.t these 
points, we have 

1 
P(n9) = ; 

where a ma.y be determined by the initial 

t3L1 

(24) 

condition. 

Fig. 7 zl, # +T (ordinary solution) 

t h’ t h’ 

make them zero and he converse also holds. It is 
ti) direct to check that X, (t) (v,i > 3) = 0 hold under 

(28). In addition, when Xl(t) = 0, Hami1tonia.n (14) 
becomes 

H = 1 - ap(z1) (29) 

which is ensured to be zero under the conditions (24) 
a.nd (28). Therefore (24) and (28) a.re the necessary 
conditions for singu1a.r control. 

Let’s consider the case x1 = ~1~ = i7r. This cor- 
responds to the X1 depicted in Fig.8. In this ca.sc, 
the robot rota.tes by the fa.stest angular velocity with 
holding the leg upon the body to minimize the mo- 
ment of inertia. of the robot. 

Then consider the ca.se xls = 0 which corresponds 
to the X1 shown in Fig.9. This ca.se mea.ns tha.t 
Xl(O) = Xls = 0 a,nd u = 0 a.nd it will be a. sin- 
gu1a.r solution only if X2(0) = 0 a.s follows. When 
~(0) < 0, 1~ = 0 leads to a. trajectory keeping x1 = 0 
before the convergence which contradicts the optima.1 
tra.jectory in the basic region shown in Fig.3. How- 
ever, 21(O) = x2(0) = 0 aad 11 = 0 is a. trivial solution. 
We ca.nnot count this as a singu1a.r solution since the 
optimal time interval is zero. 

Then, the following conclusions are obta.ined. 
When X(O) # 0 and IT1 1 < 7-r: t,lic singular solution 
dots not. occur and oii(‘ t,inic switching is opt,inial; 
when the st,at,f conies across 1.1.11 = 7r, 0 = 0 givc,s t,lic, 
singular c.ont.rol and tlit> optimal traject,ory is pro- 
duced 1)~ two timr swit,ching a.s shown in Fig.3, since> 
t,lie contmuit!; of the trajectory must, hold. 

Fig. 8 xls = fn 
(singular solution) 

It will be seen from 

Fig. 9 zls = 0 (trivia.1 
solution) 

Fig.7 tha.t xls must satisfy 
lxlsl 5 7r and only one switching instant is allowed 
before x1 arrive at 0 from xl(O). The reason is a.s fol- 
lows. If ~1 would move across zls, it should move to 
the next intersection point which increases the trav- 
elling time to z1 = 0. Therefore, 

Ixl(t)l 5 /Xlsl I7r (25) 

must hold. 
Next, suppose tha.t X1 becomes identica.lly zero 

for some finite time interval. In this case, since H 
is independent of X1, u cannot be determined by 

;] .=H 
-sgn(Xl) and the problem becomes singular 
owever, from Fig.7, if there exists such a. X1, it 

should be at the intersection point such that Xl(t) = 0 
a.nd xl(t) = xls hold for some period. 

Besides, in the singular period, the derivatives of 
X,(t) of a.ny order must be zero. Its first a,nd second 
deriva.tives are given by 

;\I = $p, (26) 1 

where 
&(x1) PoAlsinzl 
-= 

dxl (Al, + A1~osxl)2 
(27) 
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Therefore, the following conditions 

x1 = Xl3 = 0, xt7r and i, = u = 0 (28) 


