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Abstract

In order to control gymnastic and jumping robots,
we will derive the complete analytical solution to the
posture control problem of a two-link free flying ob-
ject with initial angular momentum. We will show
that the solution involves singular control and derive
formulae to calculate the optimal switching condition,
optimal terminal time and optimal trajectories. As
an application, a high diving motion is simulated.

1 Introduction

Motions of animals and gymnasts in the air as well
as free flying space robots without thruster are sub-
ject to nonholonomic constraints generated by the
conservation law of angular momentum. In par-
ticular, non-zero angular momentum is deliberately
added before jumping for the somersault performance
of gymnasts and running motion of some animals to
rotate their bodies.

The purpose of this paper is to derive analytical
posture control laws for free flying objects like above
having non-zero angular momentum. We plan to use
therm to build a parallel bar gymnastic robot and run-
ning robot in the next stage of our research.

Such problems are little bit different from others
[1] since the motion of the free flying objects having
non-zero angular momentum is described by a non-
holonomic system with a drift term having no equi-
librium state. Kamon et. al [2] derived the minimum
energy trajectory by numerical optimization method
to simulate a 3D somersault motion. Godhavn et
al. [3] proposed a potential numerical computation
algorithm to show a somersault motion of a planar
diver. Berkemeier et. al. [4] dealt with a two link
hopping robot. However, since these are numerical
solutions, we cannot obtain the closed form control
formulae which are needed for experiments. In addi-
tion, we cannot know the nature of the optimal solu-
tions, e.g., we cannot tell when a particular solution
becomes singular.

By the way, the fundamental degree of freedom of
the posture control problem for free flying objects is
three when the initial angular momentum is zero [5],
while is two when the initial angular momentum is
not zero, provided some of their freedoms are fixed.

In this paper, we will deal with a two link robot
with non-zero initial angular momentum and show an
analytical solution of the time optimal control prob-
lem. The obtained solutions include simple closed
form formulae of the control law. They also show that
the problem leads to a singular optimal control prob-

lem depending upon the initial posture; the switching
time is once when the singular solution does not oc-
cur while is twice when the singular solution is used.
As an application, the somersault motion of a diver
approximated by the two link system is simulated.

2 Canonical form and accessible region

We'll deal with the posture con-
~ trol problem of a planar free
flving robot as shown in Fig.1,
where the robot is composed of
the body and leg; 8 is the abso-
Jlute angle of the body measured
counter-clock-wise relative to the
frame of inertia; 1 is the rela-

77777777 tive angle between the body and

. leg measured counter-clock-wise;
Fig.1 free fly- L and [ are the distances between
the joint and the centers of

mass (CM) of the body and the leg, respectively;
M and Jy, are the weight of the body and the moment
of inertia of the body around its CM; m and J; are
those for the leg.

Suppose that the robot has a nonzero constant an-
gular momentum Py # 0 which is provided from the
ground before takeoff as an initial angular momen-
tum. Then the conservation law of angular momen-
tum around CM of the whole robot leads to
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Py = (M + Ajcosy)8 + (M, + Agcosyp)yy (1)

where
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which cannot be integrated when P # 0, M; > A,
and A; # 0.

Defining 1) as a control, (1) can be described by
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(3)
which is a nonlinear system with a drift term and
has no equilibrium. Obviously, this system is locally
accessible.

Since the rotational motion of the robot can not
be stopped when P, # 0, the control problem is to
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make ¢ 7pa,ssing through a given reference state ¢, =
(r,6,.)" at a given time T. Only ¢ can be settled
in ¢, by putting v = 0 after arrival at the reference
state.

Since the translated motion cannot be controlled at
all, we will not mention about it. Animals and gym-
nasts control their posture within the falling time.

In order to analyze the properties of the system, we
will first introduce the following transformation which
makes the second entry of the input vector zero:

Zo = 6 + 'LL‘(l/)) — Typ X2y = Or + u‘(%) (4)
T =9 =

where ¥, and 8, are the reference states and
, v My + Aycos _ Ay
w() = Jy TP Trcosp P = T
2(MyA) — M1 Ay) ,1< [M, — A, )
+ tan htan
A M2~ A 1+ 4 5

()
Then a simple calculation yields a canonical form
. 0
[ff’.l}:{ ry +HJ“’ (6)
2 A+ Ajcos(xy + )

and the control problem is transformed to drive 2(0)
to the origin 0 at the time 7'

We assuine that Py > 0 hereafter. Then since 25 >
0 in (6), we may have

as the accessible region to z(T') = 0. Actually, this
will be shown to be sufficient later. However, in prac-
tice, we cannot distinguish xy from x5 £ 2km. When
considering in this sense, we can remove the restric-
tion (7) at expense of spending longer access time.

3 Time optimal control problem

3.1 Problem formulation and solutions
We'll solve the time optimal control problem for
(6). First of all, we define

— PO
M, + Ajcos(zy + )

p(z1) : (8)

in (6). Then, the control problem is to minimize

T
J:/O dt=T )

while bringing z(0) to z(T) = 0 under the constraint
lu| < .
The Hamiltonian of this problem is

H =1+ Mu+ Aep(z1) (10)
and the principle of optimality with little algebra
yield the following necessary conditions in the reg-
ular optimal control case:

&1 = —sgn(A1)um (11)

Ty = p(x1) (12)
).\1 = Clap(wl) (13)

81‘1
H=1+Mu—oap(z;) =0 (Vt) (14)

This problem can be solved analytically without seek-
ing A1(0) and o explicitly if we pay attention to the
two invariant manifolds made by v = du,,.
Examine the case « = un (A1 < 0) first. In
this case, it follows from &; = u,, that z; increases
monotonously. Besides, using &o/%; = dxg/dx; =
p(x1)/um, x2 satisfies the following manifold

xg = g(x1)/tum + Ci, (15)
where (] is the integral constant and
g9(z1) = [ ply)dy (16)

which is a mono-valued function passing through the
origin.

Similarly, when © = —u,, (A1 > 0), we have an-
other manifold

xo = —g(x1)/um + Co (17)

The integral constants C and C, will be adjusted
for (15) and (17) to pass through designated states.

As shown in Fig.2, (15) and (17) draw a buuch of
curves rising in the right hand side and left hand side
directions, respectively, when the integral constants
Cy and Co vary. We'll refer to the two manifolds,
denoted by I and II in Fig.2, passing through the
origin as the switching line hereafter.

From Fig.2, we can see that we can find a con-
trolled trajectory only when x2(0) exists in the region
under the switching line I and II (the region is marked
by slashes). When z4(0) is in this region, the optimal
control strategy may be as follows. As is in Case A,
when x,(0) > 0, we first choose u = u,, to ride the
state on the manifold rising in the right hand side di-

rection, then switch the control to u = ~u,, when the
state reaches the switching line I. Similarly, as is in
Case B, when z,(0) < 0, we first choose 4 = —u,, to

ride the state on the manifold rising in the left hand
side direction, followed by v = wu,, when the state
reaches the switching line II. When z; = 0, we can
choose either controls in Case A or Case B, ;1 = 0
gives the boundary between Case A and Case B.
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Fig.2 Switching line I and II and optimal
trajectories



actually, we can prove the following [7]

1. When ¢, = 0 and —7 < z;(t) < 7, the men-
tioned control strategy is optimal.

2. When %, = 0 and z1(tf) = +n happens, the
control problem becomes singular where A; becomes
identically zero. In this case, as is shown in Fig.3,
the optimal control is given by u = 0 before riding
the state on the switching lines I or II. Therefore,
the control strategy explained using Fig. 2 is optimal
only when z(0) is located inside the area enclosed by
the bold face curves depicted in Fig.3. We call this
area a basic region.

3. When v, # 0, the boundary of Case A and
Case B is given by r; = —2¢, as shown in Fig.4.
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Fig.3 Optimal trajec-
tories when v, = 0

o

Fig.4d Optimal trajec-
tories when . # 0

Let’s examine the role of u,,. When u,, is chosen
bigger, it follows from (15) and (17) that the lines I
and II becomes flat and close to z; line. Therefore,
the region of x2(0) which can be brought to the origin
approaches zo < 0, which gives the sufficiency for (7).

3.2 Optimal switching conditions

In [7], we have derived the switching condition as
well as the optimal switching time using Fig. 2 for
z(0) in the basic region, by paying attention to the
fact that the change of z; divided by u,, yields the
transition time. We can use Fig.2 even it corresponds
to the case 1, = 0 because the derivation is indepen-
dent of 1.

The results are the following. The optimal switch-
ing time ¢, the state z(¢;) and terminal time T are

;@) - :(0)
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glar(tr) = — Ypay(0) + L2 O) | 9(0)

) — 240 280, 300 (18)
T, = 2ml) = 0i(0)
when z1(0) > 0, while they are given by
ty = ‘fcl(#m*ﬂ(_ol
a u g(x1(0))  g(0)
Z(ffl;@ Izﬁ ((2);(73» gu(:r)f )
—2x1(ta) + z1(0)

Tp =

Um

when z1(0) < 0. The z;(¢;) and z,(¢2) can be obtaied
using inversion of the mono-valued function g(z1).

Example We have simulated the motion of a pla-
nar diver approximated by two links. The result will

be shown in Fig.5 and Fig.6, where the parameters
are given by

M = 30(Kg), L = 0.75(m), J;. = 5.5(Kg - m?)
m = 25(Kg), | = 0.8(m), J; = 4.5(Kg-m?)
Py =170(Kg-m?/s), um = 5(1/s)

The optimal control provides the minimum termi-

nal time T = 1.187(s) when g = (0,37/2)7 and
g = (0,97/2)7 Since z1(0) = 0 and z,(0) = — 3,
the robot performs one and half somersault. The

translated motions have been simulated under some
appropriate conditions. In this problem setting, the
minimum time control tells how long does it take at
least to complete a specified motion within a given
input magnitude ..
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4 Proof of the facts

Assuming ¢, = 0, we will prove Fig. 3, that is,
we will prove that only one time switching is needed
when the singular state does not occur while two time
switching is needed otherwise.

To this end, we will analyze the response of Ay and
the Hamiltonian (14).

Let’s consider the case A # 0 first. If A; <0, (11)
leads to u = u,,, and it follows from #, = u,, — dt =
dz1 /um that xp increases with the time and we can
integrate (13) as

M=o [ B g o O g

~ Um

o (20)
aoP(xi(t) + Ky

Substituting this into (14) yields

1+ U, [f—p(ﬂvl) + Kl] —ap(z1) =0 (21)

from which K, —1/um is obtained. Therefore,
A1(t) is expressed by

1
M) = — (1~ ap(as (1)) (22)
as a function of x(t)
Similarly, when A1 > 0, © = —u., leads to that x;
decreases with the time and we can conclude
1
A(t) = —[1 — ap(z1(t))] (23)

Uy,

It follows from the continuity of Ai(t) that (22)
must intersect (23). Since the two A1’s are the same



except for their signs, they intersect only on the x;
axis as shown in Fig.7.

Therefore, the input is switched at these intersec-
tion points. Let’s denote one of the intersection point
hy 7. — 7. (1. eorreenande to 7 () ar ». (+-) in
UY &1 — @&ig \Lls COLTCSPOINIGS WU L1\t1) O Li\t2;) i
the previous chapter). Equating two A;’s at these

points, we have
1

p(z15) (24)

where o may be determined by the initial condition.
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Fig. 9 x15 = 0 (trivial
solution)

It will be seen from Fig.7 that z;; must satisfy
|z1s| < 7 and only one switching instant is allowed
before x; arrive at 0 from z;(0). The reason is as fol-
lows. If 1 would move across x1s, it should move to
the next intersection point which increases the trav-
elling time to z; = 0. Therefore,

a1 (8)] < Loyl < (25)
must hold.

Next, suppose that A; becomes identically zero
for some finite time interval. In this case, since H
is independent of Ay, u cannot be determined by
u = —sgn(A;) and the problem becomes singular
[6]. However, from Fig.7, if there exists such a Ay, it
should be at the intersection point such that A;(¢) =0
and z1(t) = x5 hold for some period.

Besides, in the singular period, the derivatives of
A1(t) of any order must be zero. Its first and second
derivatives are given by

~ dp(z1) y _ d’p(x).
AL = , Al = 26
L= dx; ! dav? o (26)
where )
dp(x1) _ PyA;sinz, i (27)
dxr, (]\/[1 + Al()OSl‘l)
Therefore, the following conditions
£y =T1,=0,+7 and &, =u=0 (28)

X1

make them zero and Ehe converse also holds. It is
direct to check that A" (¢) (Vi > 3) = 0 hold under
(28). In addition, when A;(¢) = 0, Hamiltonian (14)
becomes

H—1_ anlr) (90}
i1 — 1 u}l\;bl} \LJ}
which is ensured to be zero under the conditions (24)
and (28). Therefore (24) and (28) are the necessary

conditions for singular control.

Let’s consider the case z; = z1, = £7. This cor-
responds to the A; depicted in Fig.8. In this case,
the robot rotates by the fastest angular velocity with
holding the leg upon the body to minimize the mo-
ment of inertia of the robot.

Then consider the case x1, = 0 which corresponds
to the A; shown in Fig.9. This case means that
z1(0) = 15 = 0 and w = 0 and it will be a sin-
gular solution only if x2(0) = 0 as follows. When
z2(0) < 0, u = 0 leads to a trajectory keeping x; = 0
before the convergence which contradicts the optimal
trajectory in the basic region shown in Fig.3. How-
ever, £1(0) = x2(0) = 0 and v = 0 is a trivial solution.
We cannot count this as a singular solution since the
optimal time interval is zero.

Then, the following conclusions are obtained.
When 2(0) # 0 and |x1| < =, the singular solution
does not occur and one time switching is optimal;
when the state comes across |a1| = m, u = 0 gives the
singular control and the optimal trajectory is pro-
duced by two time switching as shown in Fig.3, since
the continuity of the trajectory must hold.
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