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Abstract

This paper considers the sensor scheduling problem
which consists of estimating the state of an uncertain
process based on measurements obtained by switching
a given set of noisy sensors. The noise and uncertainty
models considered in this paper are assumed to be un-
known deterministic functions which satisfy an energy
type constraint known as an integral quadratic con-
straint. The problem of optimal robust sensor schedul-
ing is formulated and solution to this problem is given in
terms of the existence of suitable solutions to a Riccati
differential equation of the game type and a dynamic
programming equation. Furthermore, a real time im-
plementable method for sensor scheduling is also pre-
sented.

1 Introduction

Classical estimation theory deals with the problem of
forming an estimate of a process given measurements
produced by sensors observing the process; e.g., see [1].
A standard solution is to compute the posterior den-
sity of the process state conditioned on all the avail-
able measurements. A more difficult class of estima-
tion problem arises in applications such as robotics,
command and control and networked systems where an
estimator is given dynamic control over the measure-
ments. These sensor scheduling problems occur, for
example, when a flexible or intelligent sensor is able to
operate in one of several different measurement modes
and the estimator can dynamically switch the sensor
mode. Alternatively several sensors may be remotely
linked to the estimator via a low bandwidth communi-
cation channel and only one sensor can send measure-
ment data during any measurement interval. Again the
estimator can dynamically select which sensor uses the
channel. Finally, sensor scheduling problems arise when
measurements from a large number of sensors is avail-
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able to the estimator but the computational power is
such that only data from a small selection of the sen-
sors can be processed at any given time hence forcing
the estimator to dynamically select which sensor data
is important for the task at hand. Sensor scheduling
has been addressed for stochastic systems in [2,7,11]
where it is assumed that the process is generated by
a known linear systems with Gaussian input noise. It
is shown that the optimal sensor schedule can be com-
puted a priori and this schedule is independent of the
observed data. In particular a sufficient statistic for a
linear zero mean Gaussian processes with linear sen-
sors and a minimum variance estimation objective is
given by the estimation error covariance matrix which
can be determined by the solution to a Riccati differen-
tial equation. This matrix depends on the sequence of
sensors used but is independent of the actual observed
measurements. Hence for any given sequence of sensors
the estimation error covariance can be determined be-
fore the experiment has commenced. As a consequence
the optimal sensor sequence can be determined a priori
and is given by the sequence which minimizes, under
some measure (such as the trace of the error covariance
matrix at the final time) the precomputable solution to
a Riccati differential equation.

In practice, however, it often occurs that the system
model is not precisely known and standard stochastic
models cannot be readily applied. Many of the recent
advances in the area of robust control system design
assume that the system to be controlled is modeled as
an wncertain system; e.g., see [5]. In this paper, we
follow the approach of [14] were the uncertainties are
modeled by unknown functions that satisfy an energy
constraint (also known as an integral quadratic con-
straint). This class of uncertain systems originated in
the work of Yakubovich [15] and is a particularly rich
uncertainty class allowing for nonlinear, time-varying,
dynamic uncertainties. Furthermore, a number of new
robust control system design methodologies have re-
cently been developed for uncertain systems with in-
tegral quadratic constraints; e.g., see [10,12,13]. It
should be pointed out, that Reference [14] builds on



the deterministic interpretation of Kalman filtering pre-
sented in [3]. In this framework, the estimation prob-
lem is one of characterizing the set of possible states
which could have given rise to the observed measure-
ments. This approach to estimation was considered in
the research monograph [9]. In Section 2, we introduce
the concept of uniform robust observability for linear
uncertain systems and give a necessary and sufficient
condition for this requirement to be satisfied. This nec-
essary and sufficient condition is given in terms of a pair
of coupled Riccati differential equations. In Section 3,
the measurement process is defined by a collection of
given sensors which we call basic sensors. Without loss
of generality it is assumed that only one of the basic
sensors can be used at any time. Hence, our sensor
schedule is a rule for switching from one basic sensor
to another. The objective is to ensure robust observ-
ability and an optimal estimate of the system state.
We show that the optimal switching rule can be com-
puted by solving a set of Riccati differential equations
of the game type and a dynamic programming proce-
dure. It is shown that for the framework considered
here the optimal sensor sequence depends on the past
history of measurements. This is unlike sensor schedul-
ing problems with Gaussian noise models and mean-
square estimation criteria where the sensor schedule is
independent of the observed measurements and can be
computed a priori using only the statistical structure of
the measurement and process noise. Finally, in Section
4, we apply ideas of model predictive or finite horizon
control (e.g., see [4]) to derive a non-optimal but im-
plementable in real time method for sensor scheduling.

The proofs of all the results will be given in the full
version of the paper.

2 Robust Observability of Uncertain Linear
Systems

Consider the time-varying uncertain system:

&(t) = A@)z(t) + Bt)w(?);
z(t) = K()z(t);
y(&) = C@)z(t) +o(t) 1)

where z(t) € R" is the state, w(t) € R? and v(t) € R’
are the wncertainty inputs, z(t) € RY is the uncer-
tainty output and y(t) € R' is the measured output,
A(-),B(-), K(-) and C(-) are bounded piecewise contin-
uous matrix functions.

System Uncertainty The uncertainty in the above
system is required to satisfy the following Integral
Quadratic Constraint; e.g., see [9,10,12-15]. Let Xy =
X(; > 0 be a given matrix, g € R" be a given vector,
d > 0 be a given constant. For a given finite time inter-
val [0, s], we will consider the uncertainty inputs w(-)

and v(-) and initial conditions z(0) such that
(2(0) = o)’ Xo(2(0) — m0) +
/0 (lw@®II* + llo@)]*)dt <

L
a+ [ a)IPds @)
0
Here || - || denotes the standard Euclidean norm.

Note that the above uncertainty description allows for
uncertainties in which the uncertainty inputs w(-) and
v(-) depend dynamically on the uncertainty output z(-).
In this case, the constant d may be interpreted as a mea-
sure of the size of the initial conditions on the nominal
system and uncertainty dynamics.

It is clear that the uncertain system (1), (2) allows
for uncertainty satisfying a standard norm bound con-
straint. In this case, the uncertain system would be
described by the state equations

£(t) = [A(8) + B() A1 (1) K ()]=();
y(&) = [C() + A2 () K (B)]2(D);
1A:1() Ax(®) |l <1 3)

where A (t) and Ay(#) are the uncertainty matrices and
|| - || denotes the standard induced matrix norm. Also,
the initial conditions would be required to satisfy the
inequality (2(0) —zo)' Xo(2(0) —z) < d. To verify that
such uncertainty is admissible for the uncertain system
(1), (2), let w(t) = A1(t)z(¢), v(#) = Asx(t)z(t) where
[|A1(t) Az(t)|| <1 for all t € [0,T]. Then condition
(2) is satisfied.

Notation Let y(t) = yo(t) be a fixed measured out-
put of the uncertain system (1), and let the finite time
interval [0, s] be given. Then, X,[2o,yo(-)|s,d] denotes
the set of all possible states z(s) at time s for the un-
certain system (1) with uncertainty inputs and initial
conditions satisfying the constraint (2).

Definition 2.1 The uncertain system (1), (2) is said
to be robustly observable on [0,T], if for any vector
zo € R™, any time s € (0,T], any constant d > 0,
and any fized measured output y(t) = yo(t), the set
X,[zo,y0(-)|g,d] is bounded.

Our necessary and sufficient condition for robust ob-
servability involves the following Riccati differential
equation

P(t) = A(t)P(t) + P(t)A(t) +
PHIK@)K(®) -CHYCH)IPE) +BH)B®). (4)
Also, we consider a set of state equations of the form
(t) = [A(t) + POIK (@)K () — C(t)' C(1)]] (2)
+P#)C(t) yo(t).  (5)



The following theorem gives a necessary and sufficient
condition for robust observability. This result is close
to the main result of [14].

Theorem 2.1 Let Xy = X > 0 be a given matriz.
Consider the uncertain system (1), (2). Then the fol-
lowing statements hold:

(i) The system (1), (2) is robustly observable on [0,T]
if and only if the solution P(-) to the Riccati equation
(4) with initial condition P(0) = X' is defined and
positive definite on the interval [0,T].

(#3)  Suppose the system (1), (2) is robustly observable
on [0,T]. Also, let s € (0,T] be given and let o € R™
be a given vector, d > 0 be a given constant, and yo(t)
be a given vector function defined on [0,s]. Then, the

set Xs[20,y0(-)]g, d] is given by

X[zo,y0()|g,d] =
{ z; € R™ : (2, — (5)) P(s) ™" (x5 — £(s)) } (6)
< d+ ps[yo()]

where

ps[yO(')] =
/ [IE @21 = (C®2E) —yo@DIP] e (7)

and %(-) is defined by the equation (5) with initial con-
dition £(0) = =zo.

Remark It is of interest to note that equations (4) and
(5) define a state estimator which is closely related to
the state estimator which occurs in the output feedback
H® control problem; e.g., see [6,8].

Let A(S) be some measure of the size of a bounded
convex set S. Let M = M’ > 0 be a square matrix,
a € R™ be a vector, and d > 0 be a number. Then

EM,a,d):={zeR": (z—a)M(z—a)<d}. (8)
We suppose that the following assumptions hold

Assumption 2.1 For all a,a2, A(E(M,a1,d)) =
A(E(M, az,d)).

Assumption 2.2 If d; > ds then A(E(M,a,dr)) >
A(E (M, a,ds)).

Assumption 2.3 A(E(M,a,d)) = 00 as d — 0.

Notation We will use the notation A(H,d) for the
number A(E(H, a,d)) where £(H,a,d) is defined by (8)
(according to Assumption 2.1 this number does not de-
pend on a).

Definition 2.2 The uncertain system (1), (2) is said
to be uniformly robustly observable on [0,T], if it is
robustly observable and for any vector zy € R"™, any
constant d > 0, the following condition holds

eloo, d] = sup AXrlzo,yo( Ny, d}) < oo (9)
Yol-
where the supremum is taken over all fized measured
outputs yo(t).

Our goal in this section is to give an effective necessary
and sufficient condition of uniform robust observability
and determine the upper bound ¢[zg, d] from Definition
2.2.

Our necessary and sufficient condition for uniform ro-
bust observability involves the following Riccati differ-
ential equation

~Y(t) = [A@t) + PO)K (@) K@®)]'Y (2) +
Y(OIAQ®) + POK @)K ()] + K(#)'K(t)
+YOPOKE) KOKE'KGOPHY ().  (10)

Now we are in a position to present a necessary and
sufficient condition of uniform robust observability.

Theorem 2.2 Let Xg = X > 0 be a given matriz.
Consider the uncertain system (1), (2). Then the sys-
tem (1), (2) is robustly observable on [0,T) if and only
if the following two statements hold:

()  The solution P(-) to the Riccati equation (4) with
initial condition P(0) = Xy ' is defined and positive
definite on the interval [0,T].

(29) The solution Y (-) to the Riccati equation (10)
with boundary condition Y (T') = 0 is defined and non-
negative definite on the interval [0,T].

Furthermore, if conditions (i) and (ii) hold, then the
upper bound (9) is defined by

clwo,d] = A(P(T) ™", d + 2oV (0)z0).  (11)

3 Optimal Robust Sensor Scheduling

Consider the time varying uncertain system defined on
the finite interval [0, T]

z(t) = A@)z(t) + B#)w(t)
z(t) = K(@)z(t)
y* () = C*(D=(t) +v*(¢) (12)

where z(t) € R" is the state, w(t) € RP and v*(t) € R!
are the uncertain inputs, z € R? is the uncertainty



output and y*(-) is the continuously measured output.
Here A(-), B(-), K (-) are given piecewise continuous ma-
trix functions. The matrix function C*(-) is defined by
a particular sensor schedule used to measure the system
state. Note that the dimension of C*(-) can change with
time depending on the sensors used. Let N be a given
positive integer and let

O=th<thi<ta<...<tn=T

denote the permissible sensor switching times.

Sensor Scheduling Suppose we have the following col-
lection of measured outputs which are called basic sen-
sOTS

y' () = Ci()=()+v'()
y() = Ca()a() +v*()

y*() = Cr()z() +v*() (13)

where C1(+), Ca(-), . .., C(-) are given matrix functions.
Let I;(-) be a function which maps the set of past mea-
surements {y*(-) |§é} to the set of symbols {1,2,...,k}.
Then for any sequence of functions {I; ;.V:_Ol, we con-
sider the following dynamic sensor schedule

Vi €{0,1,...,N}, y*(t) =% (t)
Vt € [tj,tj11] where i = Ii(y" () [¢3)- (14)

Hence the sensor schedule is a rule for sequencing the
basic sensors and constructs a sequence of symbols
{i;}}Lo from the past measurements. Let £ denote the
class of all sensor schedules of the form (13), (14).

As in the previous section, the uncertainty in the sys-
tem (12) is required to satisfy the following Integral
Quadratic Constraint.

System Uncertainty Given Xy = X(l), z9g € R*,d>0
and a finite time interval [0, s], s < T, we consider the
class of uncertain inputs {w(-),v*(:)} € Lq[0,s] and
initial conditions z(0) such that

(#(0) — 20) Xo(2(0) — mo) +
/0 (lw(®)* + llv* @)I?)dt <

d+ /0 ll2(2)||2dkt. (15)

Notation Let M € L be a given sensor schedule
and y*(-) be the corresponding realised measured out-
put. Then for the finite time interval [0,s], s < T,
X [zo,y*(-) §,d, M] is the set of all possible states
z(s) at time s for the uncertain system (12) with sen-
sor schedule M, uncertain inputs w(-) and v*(-), and
initial conditions satisfying the integral quadratic con-
straint (15).

Definition 3.1 Let M € L be a given sensor schedule.
The system (12), (15) is said to be robustly observable
with the sensor schedule M on the interval [0, T, if for
any vector g € R™, any time s € [0,T], any constant
d > 0 and any realised measured output y*(-) the set
X [z, y* () 1§, d, M] is bounded.

Let A be some measure of the size of a convex set sat-
isfying Assumptions 2.1-2.3.

Definition 3.2 Let M € L be a given sensor sched-
ule. The uncertain system (12), (15) is said to be uni-
formly robustly observable with the sensor schedule M
on [0,T], if it is robustly observable with this sensor
schedule and for any vector zy € R™, any constant
d > 0, the following condition holds

c[zo,d, M] == su(p) AXr[zo, y0()a ,d, M]) < 00 (16)
y*(

where the supremum is taken over all fixed realised mea-
sured outputs y*(t).

Notation Let Ny C £ denote the set of all sensor
schedules such that the system (12),(15) is uniformly
robustly observable.

Definition 3.3 The uncertain system (12), (15) is
said to be uniformly robustly observable via sensor
switching with the basic sensors (13) on [0,T] if the
set Ny is non-empty. In other words, if there exists a
sensor schedule such that the system (12), (15) is uni-
formly robustly observable with this schedule.

Definition 3.4 Assume that the uncertain system
(12), (15) is uniformly robustly observable via sensor
switching with the basic sensors (13) on [0,T]. Let g
be a given vector and d > 0 be a given number. A sensor
schedule MO is said to be optimal for the parameters
o and d if

¢[zo, d, MO] = [0, d, M]

inf e
MENy

where c[xg,d, M] is defined by (16).

Let m := [4g,%1,...,in—1] where 1 < i; < k be an in-
dex sequence defining a sensor schedule. Our solution
to the optimal sensor scheduling problem with contin-
uous time measurements involves the following Riccati
differential equations associated with the sequence m

P™(t) = AQ)P™(£) + P (DA (t) +

PM@)[K ()K () — Cp (1)Cr (]P™ () + B(£)B (1)
P™(0) = X5 (17)



and the following set of state estimator equations
() = [A@t) + Pm()[K ()K(t) -
Crn(O)Cm (®)]]2(8) + P™ (£)Cr (8)y™ (£)
Here

Cot) == C5(t) for t €[ty tirr), j=0,1,...,N-L
(19)

Let & be a vector, and y*(-) be a vector function. In-
troduce the following value

Fi(%0,y* (")) :=

tj1
/t‘ [(IE@z@I - I(C®)2E) —y* @] dt  (20)
where &(t) is the solution of (18) with £(¢;) = %o and
C;.(-) defined by (19).

For all 2o e R", j =1,2,...,N, and 1 <i; <k, intro-

duce the functions ‘A/j[@o,io,il,...,ij_l] € R™" and
vj[£0,%0,%1,---,%j—1] € R as solutions of the following

dynamic programming procedure. Firstly, we define

UN[.’i'o,io,il, .. -,iN—l] =0 V.’i’o,io,il, .. -,iN—la
VN[fo,io,il, cee ,iN—l] = Pm(T)_l
V.’i’o, m = [io,il,---,iN—l]- (21)

It should be pointed out, that we do not assume that
the solution of the Riccati equation (17) exists on [0, T']
for any m. If the solution does not exist for some m,
we take P™(T')~! := oo.

Furthermore, for all Zp € R® and 5 =0,1,...,N — 1,
let i;(Zo) be an index for which the minimum in the
following minimization problem is achieved

~ min sup
=120k yr () ELa [t 41]
A(Vj-i-l [-’%(tj-i-l), 10,81, - - - ’ij—l’i]’ (i) (22)
where
d\ = F;(i'o, y*()) —+ Uj+1[.’i'(tj+1), io,il, e ,ij_l, 7,]

Note, that this index may be non-unique. Moreover, if

sup A(VJ'-H [i"(tj-i-l)a 10,81, - - - ’ij—hij(i’.o)]a (i)
y* () €Lalts tj41]
is finite, then there exists a matrix M;(2o) > 0 and a
number d;(Zo) > 0 such that the above supremum is
equal to A(M;(Zo),d;(Z0)). Now let

‘A/j[ii.07 iOaila ey ij_l] = M](ii'o),
0 [&(tj41), 90,01, - -, 85-1] = dj(%o)- (23)

Now we are in a position to present the main result of
this section.

Theorem 3.1 Consider the uncertain system (12),
(15) with the basic sensors (13). Then, the following
statements are equivalent:

(2) The uncertain system (12), (15) is uniformly
robustly observable via sensor switching with the basic
sensors (13) on [0,T.

(#2¢)  The dynamic programming procedure defined by
(21), (22), (28) has a finite solution

~

‘/j[ii'077:077:17 .. '77:]'—1] > 07 Uj[:%OaiOaila' . '77:]'—1] > 0

for 3 =0,1,...,N —1 for all &, € R".

Furthermore, if condition (i) holds and i;(Zo) is an
index defined in the above dynamic programming proce-
dure, then the sensor schedule defined by the sequence
of indezes i;(Z(t;)) is optimal.

4 Model Predictive Sensor Scheduling

The solution to discrete-time dynamical equations de-
rived in Section 3 has been the subject of much re-
search in the field of optimal control theory. Despite
the fact that several methods of obtaining numerical so-
lutions have been proposed for specific optimal control
problems, it is not easy to solve dynamic programming
equations in many realistic situations. In this section,
we apply ideas of model predictive control (e.g., see [4])
to give a non-optimal but implementable in real time
method for sensor scheduling.

Definition 4.1 Assume that the uncertain system
(12), (15) is uniformly robustly observable via sensor
switching with the basic sensors (13) on [0,T]. Let g
be a given vector and d > 0 be a given number. A sensor
schedule M° € Ny is said to be one-step-ahead- optimal
for the parameters xo and d if for anyj =0,1,...,N—-1
and any schedule M such that M coincides with M°
on [0,t;] the following condition holds

sup  A(Xeyp [0, y* ()G, dy M) >
y* (-)EL2[0,t;]

sup A(th+1 [x07y*(')|f)j+17d7M0])-
y*(-)€L2[0,¢;]

The idea of Definition 4.1 is very straightforward: we
wish to design a schedule such that at any sensor
switching time ¢;, the upper bound of the size of the
set of all possible states X, . [zo,y*(:) f)”l,d,MO] is
minimal.

Let j < N —1 and 4,%1,...,%j—1 be a fixed sequence
of indexes (1 <4, <k),and let i =1,2,...,k. The re-
sult of this section involves the following k pairs of Ric-
cati differential equations associated with the sequence



[f0,81, .+~ s0j—1,1]

Pi(t) = A(t)P'(t) + P'(t)A o
#mmﬁmw—ﬁm@w]o B(t)

—Vi(t) = [A®) + POK () K@Y (0) +
Yi@)[A(t) + POK K@)+ K@O'K
+YIOP K () K OK () K §P (Y
Yiltja) =0.  (25)

Here
Ci(t):=C;.(t) for tEe€[tr,tri1),
r=0,1,...,7—1;

Ci())==Ci(t) for teltptim).  (26)

Furthermore, introduce the following values

¢i[zo,d] == A(Pi (tj+1)_1, d+ xf)Yi(O)xo).

If for some 7 the solution to at least one of the Riccati
equations does not exist on the time interval [0, ¢;], we
take ¢;[zq,d] := oo.

Now we are in a position to present a method to design
a one-step-ahead-optimal sensor switching strategy.

Theorem 4.1 Consider the uncertain system (12),
(15) with the basic sensors (13). A schedule M°
is one-step-ahead-optimal if and only if for any
7 =0,1,...,N — 1, and any sensor index sequence
i0,%1,...,%; associated with some realised measured out-

put y*()|ff , the following two statements hold:

(i) Fori=ij, the solution P'(-) to the Riccati equa-
tion (24) is defined and positive definite on the interval
[0,¢;41], and the solution Y*(-) to the Riccati equation
(25) is defined and non-negative definite on the interval

[O’tj-i-l]'

(#3)  The following minimum

i cilwo.d]

s achieved af i = i .

Remark Note that our method to design a one-step-
ahead-optimal sensor switching rule requires at each
step on-line solution to k pairs of Riccati differential
equations and a simple look-up procedure to determine
which of the basic sensors to use.
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