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1 Introduction

Rosenbrock [27] was the first to introduce the Implicit
Descriptions,

(1) Ei(t) = Az(t) + Bu(t) , y(t) =Cx(t)

where £ : X - X ,A: X - X,B :U—- X
and C : X — )Y are linear operators of appropriate
dimensions, as a generalization of the standard State
Space case (E = I). Since this introduction many peo-
ple have payed attention to this broader class of sys-
tems with different points of view: (i) The Geometric
Theory (e.g. [30], [12], [2], [26], [25], {21]}, (%) The
Time Domain Approach (e.g. [31]), (%3) The Laplace
Transform (e.g. [29], [4], [19]), (iv) The Kronecker The-
ory {e.g. [23],[24]), (v) The Polynomial Approach (e.g.
[20]), (vi) The Differential Algebra (e.g. [13]), and (vii)
The Diffential Inclusion Techniques (e.g. [14]).

Not only many interesting research problems have been
solved but also some practical aspects of System The-
ory have been raised though this vision. In fact, it
is now well recognized that Implicit Descriptions are
able to describe a wide range of interesting external be-
haviours in System Theory (e.g. [29],[11], [12], [1], [22]),
namely, Proper Systems (E=I), Non Proper Systems
with Derivative Actions, Restricted Input Systems, and
Systems with Algebraic State Constraints (see [15]).

In [5], it was shown that when dimX < dim &, it is
also possible to describe linear systems with an internal
Variable Structure. Indeed, when dim X < dim X and
if the system is solvable (i.e. possesses at least one
solution), solutions are generally non unique. In some
sense there is a degree of freedom in (1), which can
be used for instance to take into account a possible
structure variation in an implicit way. Other kinds of
structure variations have taken into account in [17, 3].

In the general case (matrices E and A4 not necessarily
square) Frankowska [14] characterized the controllable
subspace using differential inclusion techniques. But in
the case of non square (flat) E, A matrices one may
be faced to controllable systems even in the absence of
any input; this is possible because of the existence of
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the free descriptor variables (degree of freedom) acting
as internal controllers. In order to avoid such patholo-
gies has been introduced in [7] the concept of output
dynamics assignment, which guarantees controllability
by means of the control input, namely, there exists a
P.D. feedback, v = Fyx + Fyz, such that the spectrum
of \(E — BFy) — (A+ BF}) is arbitrarily chosen if and
only if the two following geometric conditions hold:

(2) Ry =4,

< dim (Vf(er LNE'Im B)

where R*, and Vg (with K equal to X or to Ker C) are
respectively the limits of (3 > 1):

RY = VynKer E ; Ry =ViNE™' (Im B+ AR '),
VE=K ; Vi=KnA™'(ImB+EV¢") .

Now, since up to now people do not know how to syn-
thesize pure derivative actions, we have proposed in [§]
a procedure for approximating the non proper control
laws, as proposed in [7], by proper controllers guaran-
teeing internal stability (see also [9] for a general study
on this topic). Since the control law needs the knowl-
edge of the descriptor variable (both the non proper
controller and the proper one) it is necessary to esti-
mate it. As the synthesis of a descriptor variable deeply
depends on the knowledge of which internal structure
is active, it has been proposed in [10] a structure de-
tector based on a normalized gradient adaptation algo-
rithm, projected along a given hyper-sphere, which aim
is to identify in finite time which internal structure is
present. In order to try to complete this control scheme,
in this paper we propose a procedure to find a flat im-
plicit description for a linear system switching between
a finite number of internal models. This procedure is
more general that the one proposed in [6]. In Section
2 we introduce the ladder systems, taking into account
three kind of factors: irreducible factors of order one
and two and lead/lag compensation networks. In Sec-
tion 3 we give an illustrative example which shows how
to approximate the so-called logistic function, one of
the three most important crop growing curves, into a
ladder system. Finally in Section 4 we conclude.



2 Ladder Systems

Let us consider a system which external behavior,
(u,v), can be described by one of the following 27!
linear systems:

(pa1 + 1)y(t) = u(t)
(pa; + 1){pa1 + Dy(t) = u(t) , with: ¢ € {2,...,n}
(paj + 1)(pa; + 1)(par + Dy(t) = u(t) ,
with: 7,7 € {2,...,n}& i+#j
(pax + 1)(pa; + 1)(pa; + 1)(pax + 1)y(t) = u(t)
with: 3,5,k € {2,...,n}& i# j#k#1

where the a; (i = 1, ..., n) are real numbers. All these
27! linear systems can be described by the following
global implicit system:

= —ar(z1 + x2) + (23 + 4)
= (an — 1)1 — an(x3 + 24) + (25 + 26)
Fon—a = (a4 — 1)ZTan—7 — @4 (T2n—5 + T2an—4)

+{(zan-3 + Tan_2)
Ton—2 = (@3 — 1)Z2n—5 — a3(T2n—3 + Ton-2) + (T2n-1)
#on-1 = (a2 — 1)T2n-3 ~ G222n—1 +

(4)

By 4o .

(6) y(t) = (@1(2) + 22(1))

where the parameters 6;, 1 = 0,1,...,n — 2, switch be-
tween “1” and “0”. Afterwards, we consider the follow-
ing three cases (p is the derivative operator d/dt and s
is the complex variable of Laplace):

1. Irreducible factors of order 1, (p + a;),
2. Trreducible factors of order 2, (p? 4 2pw,p + w?),
3. Lead/Lag compensation network, & (as+1)/(s+a).

The importance of the first two cases is evident. The
third case is often useful to add a final touch towards
a given desired behaviour. Namely, the step response
of the network a(as+1)/(s +a) is 1 + (a? — 1)e7°,
and thus the parameter « can be used to fit the step
response; this is a well known technique to compensate
oscilloscope probes.

2.1 Irreducible Factors of order 1 over R
Let us first consider a system which input-output be-
haviour can be described by one of the following eight
differential equations (§; = 1 — 6;):
(H? 02 (0 (P+an—i) +6: )) (p+a1) (t) =

(H"_ (9 An—; + 0; )) au(t)
with n = 4, and where 6, € {0, 1}, for ¢ = 0, 1, 2.
From (4)-(6) we get the implicit description (7)-(8):

01 00 00O
000100 0],

00000 10I[*7

L0 00 0 0 01

[ —a1 —a1 k4 1 0 0 0
ag—1 O —a4q — a4 ks 1 0
0 0 a3—-1 O —as —(1,31m
[ 0 0 0 0 a—-1 0 -—a
+[0 0 0 ko | w

y:k1100000]m

(7)

(8)

The parameters a; and the gains k; are:
C_Li:k'i(ai—l)-f-l ) i:1,3,4
k2 = GaG3a2a; ; (K1, k3, k) = (i, s %)
if a; # 0 then a; = |a;] else a; = 1

In Table 1 the involved internal behaviours are shown.

2.2 Irreducible Factors of order 2 over R
Let us next take into account a system which input-
output behaviour can be described by one of the fol-
lowing four differential equations (8; = 1 — 6;):

(61 (p+az2) + 61) (6o(p? + 2pwop + w?) + ) -
. (p + al) ( ) (91a2 + 91) (60&)0 + 90) alu(t),
61, 6y € {0, 1}. For this case (7)-(8) is modified as:

01 0000 O
000100O0]|,
00000 10]|*7

[0 0 00001

[ —ay —a k!4 1 0 0 0
aq — 1 0 —a4 —Q4 ks 1 0
wg 0 —Qas —wZ —as —as 1 T
L 0 0 0 0 ag—-l 0 —ay
+[0 0 0 k] u

y=[k 1 0 0 0 0 0]z

9)

(10)
The parameters a3, a4, @; (i = 1,3,4), d3 and the gains
k; have the following values:
as zwg , a4 =2pw,, a3 =kw?+1, az=1—kj
C—ll = kl(al - 1) + 1, C_l4 = k4(2pw0 - ]) + 1

by = dgindn, (ks ks, ka) = (e, &, o)
if a; # 0 then a; = |a;| else a; =1, (¢ =1,2,3)
In Table 2 the involved internal behaviours are shown.

2.3 Lead/Lag Compensation Network

Let us finally take into account a system which
input-output behaviour can be described by one of the
following four differential equations (6; = 1 — 6;):



(61 (p + -ag) + 91) (90(P + a) + 90)\(/ + al)y(f)
= wo(ap +1)+ 60) wlaz +61) (9 a+ o) ayult),
61, 6o € {0, 1}. For this case (7)-(8) is modified as:

The parameters d,, dg, and the gains k; (: = 1,2,3)

have the following values:

[ ay = k1{a1 — Y+ 1, dg =kz(ap—1)+ (1 — aga)
az = «, k‘o = d3&261, (k1 k'z\ = (l/ao 1/&3)

if a; # 0 then a; = |a;] else a; =1, (z =1,2,3)
In Table 3 the involved internal behaviours are shown.

2.4 Output Dynamics Assignment

Let us do the following observations over the matrices
E, A, B, and C of the previous cases:

1. The matrices E of systems (7), (9) and (11) are
full row rank, which implies: Im £ = &, V} = X, and
dim(lm B/Im BNim E) =0,

2. From the matrices E and C of systems (7), (9) and
(11), we get EXer C = X, which implies: VKer o=

Ker C,

4. Wlth respect to condition (2), i.e. the reachability
subspace, let us note that systems (7), (9) and (11) sat-
. 1 o |
isty ( —az 1—asa |—
1): Tm A + ImB = X, which implies that R% =

i+

And then all the above Implicit Flat Descriptions have
the Output Dynamics Assignment Property, and then,
they can be controlled by an external control input.

3 Illustrative Example
Let us take into account the logistic function:

erg’ (t-t")

(13) yt) =y P =)

which is solution of the differential equation:

T isf nction was introduced bv Robertson in 1923 and

it is of the three most important functlons used to

Internal Behaviour |

[ (600:02) ]

(p+a1)y = aru|
(111) (p+a1)zz = k(1 — a1) (24 + ks (26 + k327))
(p+1za=0; (p+1ze =0
(p+ Dx7 = kau
| (p+a2)lp+a)y= agalul
{ : ’ |
(011) (p+a1)z2 = ki(l — a1) (x4 + kaws)
(P+1xs=0; (p+ze =27
(p+ a2)x7 = kou
| (p+as)p+al)y= a3a1u|
(101) (p+a1)z2 =k (1 —ar)zs
(p+ 1)zg = (z6 + k3z7)
(p+a3)ze = k3(1 —ag)zr ; (p+ D27 = kou
l(p+a4)(p+a1)y = amﬁl
(110) (p+a1)ze = (z4 + k4 (z6 + kaz7))
(p +a4)z4 = ka(l — a4) (z6 + k3x7)
(p+1)zg =0 (P+ Dz7 = kou
AT Y2
LPTU’J’\PTU’ AP T Ul )y—ul,ju/zu/[u,
(0o1) (p+at)ze =ki(1 —a1)zs ; (p+ Ll)zs =6
(p+a3)ze =x7 ; (p+az)er = kou
7 I(p+a4)(p+az)(p+a1)y=a4a2a1u—|
(010) (p+a1)ze = (x4 + kazs) ; (p+ 1)z6 = a7
(p+ a4)xs = ka(l — aq)ze ; (p+ a2)zr = kau
l(p+a4)(p+as)(p+a1)y = a4a3a1u—|
L) (p+a1)z2 =z4; (P+a4)zs = (z6 + k3z7)
(p+ a3)ze = k3(l —az)z7 ; (p+ 1)z7 = kou

( A, (p+ai) )y—ulzﬂaz)u

__LI

(000)

Table 1: Possible descriptions of system (7)-(8).

describe the growing curve of crops development, the
other two are: Gompertz and Richards functions (see
[1Q 9Q 1281 Lo A TTaweam o, b0 o
108, 40, lUJ 1U1 C)&d«lll})l@) Ubudlly LIIE 5[UW1115 curve
13) is classified in three different regions, namely, the

exponential region, the linear region, and the logarith-

mic region. The exponential part of the curve, be-
low the inflection point, characterizes an accelerated
growth; the linear part, around the inflection point,
characterizes a stationary growing rate; and the log-
arithmic part, above the inflection point, characterizes

a deceleration growth.

——

Let us choose in this illustrative example: t* = 1/2,
¥* = 1, and k = 4; with these values we have the inflec-
tion point §(1/2) = 1/2, the stationary value §{oo) = 1,
and the initial condition §(0) = 0.12 (= o). With these
selected values the growing curve (13) can be approxi-

apa of tha thran linaar diffaren-
SC5 O L€ Lared iinear alieren

( ) in the time horizon [0, 1.5]
0.7

mated by the step respons

tlal equations shown in

= (ap + 1)aa,s1,
t €[0,1)
p(p + s1)y2(t) = s1u(t), t € [t’ t”]

7 NS \ PR 2 s ; £y Ieall

U (P +s2)(p+s1)us(t) = wiult), t (", T

(14)

with ¥ = 04, ¢ = 0.6, T = 1.5 and where the
parameters «, aj, s1, and sy are equal to:



Internal Behaviour

[ (6081) ]

(p+a1)y= awl

(1) (p+a1)zs = k1 (L — a1) (z4 + k4 (z6 + k3z7))
(p+1)zsa=0; (p+1)ze =0; (p+ Dz = kpu

[ (Ppt+a2)ipt+ar)y= GZGlUJ

(10) (p+an)ze = k1(l — a1) (z4 + kazs)

(p+1z4=0; (p+ 1)z = z7
(p + a2)xz7 = kou

I (P2 + 20wop + w2)(p + a1)y = w3a1u|
o1 (p+a1)m2 = k1 (1 — a1)z4 ; pT6 = kaxr — w?
(P + 2pwo)x4 = x6 + k3z7 ; (p+ 1)z7 = kou

(p? + 2pwop + w2) (Hf:l(p + ai)) y = wiazaiu

(pt+ai)zz=z4 ; (p+2pwo)zs =6
prs = z7 —wizs ; (p+a2)zr = kau

(00)

Table 2: Possible descriptions of system (9)-(10).

[(@af1) |

Internal Behaviour |

|(p+al)y= aju

(tn (p+a1)ze = ki1(1 - a1) (x4 + kaxs)
(p+1Dzs =0; (p+ L)zs = kou

| (p+a)p+ar)y=(op+ 1)aa1u|

(10 (P +a1)zs = k1 (1 ~ a1) (%2 + azs)

(P+1)zsa = (1 - a)zs ; (p+a)rs = kau

|+ a2)(p+a1)y = azaru]

on) (p+ a2)z4 = k3(1 — a2)xs
(p+a1)zs =z4 + k3zs ; (p+ Das = kou

[(p+ )P+ 02)(p + a1)y = (ap + Daassaru]

(p+a2)za = (1 — az)zs

(pt+ar)ry =x4+azs ; (p+o)zs = kau

(00)

Table 3: Possible descriptions of system (11)-(12).

{ S1 :‘A-I'Op‘i"")o\/p2 ~1; s '_—Wop“‘-‘)o\/p2 -1
a=04; a=-109 ; w,=47 ; p=1.003
and the initial conditions are: _

¥1(0) = o ; 91(0) = Fo(1 — s1) + caku(0)

yl(O) = go(s% —-a— 51) + (1 + (1 - asl)a - a2)l_cu(0)
va(t') =51 (tL) 5 9a(t') = 91 (21)

us(t”) = w2(t7-) 5 93(t) = (wo/(2p)) (1 — 2(t"))
where: k = |a]|a||s;] and u(0) = 1. From the previous
Section the associated implicit description of (14) is:

01 0 0 0 0 0 0O -5 -8
0 0 01 0 0 0 00 a—1 0
0 00 0 01 0 O0 0 |z= 0 0
0 0 00 0 0 0 10 0 0
0 00 000 0 O0 1 0 0
w1 o a 0 0 0
—a —a 1-ax 1 0 0 0
a-1 0 —a —a |—812—- 1 0 |¢
0 0 -1 0 I_lzf -1 0 1
0 0 0 0 82 -1 —82 0
+[0 0 0 0 (w2 ]|of |a|) ] u
y=|lef™ 1.0 0 0 00 0 0]z
(15)

where: 5, = la| " (s1 —1)+1and @ = |a| '(a — 1)+
(1 — acx). Its associated algebraic restriction is:

0=
1 0 —6pax —60 Opa 6Goa 0 0 0
00 1 0 —00 —0o 0 0 0
o0 0 0 1 0 - o o |7
0 0 0 0 0 0 1 0 -6

(16)

where: @ = 1/|a|] — a. We show in Figure 1 some

Simnon simulation results of 7(¢) and the step re-
sponse of (15)-(16), with (8p8,62) = (011) if ¢t < ¢/,
(000102) = (10]) if ¢ <t <L t”, and (000192) =
(110) if t > t”; we also show the relative error
100y (t) — 9(t)|/5(t).! We can verify that system (15)
«

(1-a) =1): ImE = X,
EXer C = X, dimKer E = dim(Ker C N E~'Im B),
and Im A + Im B = X. Other words saying, system
(15) has the output dynamics assignment property.

satisfy (since det

PR W S R T T |

0.1

Figure 1: Simnon simulation results. (a) g(t), y(t); (b)
relative error 100|y(t) — g{(t)|/5(¢).

4 Concluding Remarks

In this paper we have introduced the ladder systems
as a tool for synthesizing Implicit Flat Systems, with
the output dynamics assignment property, which are
able to describe linear systems with a variable internal
structure.

With this paper we complement our previous results
[5]-[8], [10]. We are specially interested in applying
these kinds of systems to agronomical systems.

1Special care have to paid in the simulation with respect to
ic. t=0,t=1t,and t =t in order to avoid undesired jumpings.
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(a) Block Diagram of system (7)-(8).

[ 2 |

t t
F—F 5 (t) 7 {(t)

ks —ay —ay ky

—a4 k4
r3 i

—a3

(b) Block Diagram of system (9)-(10)

— . m(t)1 e
_=HE| - 6
g(j)_@] ] if w5 (1) o) Ilf\u(o & S Vz(t) By()
- =
—{a ]

(c) Block Diagram of system (11)-(12).

Figure 2: Block diagrams of the ladder systems shown in
subsection 2.1.



