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Abstract 

This paper is concerned with the problem of design- 
ing suboptimal Hz (LQ, E?I,) static output feedback 
control for linear time-invariant systems. Necessary 

and sufficient conditions for the solvability of the prob- 
lem under consideration are presented in terms of a 
set of matrix inequalities. An iterative LMI algorithm 
is given to obtain the solution, which is illustrated by 
examples. 
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1 Introduction 
The static output feedback problem is to find a static 
output feedback such that the closed-loop system has 
some desirable characteristics, or to determine that 
such a feedback does not exist. The problem has been 
extensively studied in recent years, and many impor- 
tant advances have been achieved, see [l], [2], [4], [5], 

PI, [~l-[~~l, [171-[1% and [20]. In particular, Iwasaki et 

al. [la] have shown that LQ suboptimal static output 
feedback controller is related to solutions to a set of 
Lyapunov inequalities coupled by the constraint that 
one Lyapunov matrix is the inverse of another. Based 
on the LMI (Linear Matrix Inequality) approach [3] [S], 
Geromel et al. [9] [II] proposed a min/max algorithm 
to design suboptimal Hz static output feedback con- 
troller. A modified min/max algorithm was developed 

to design suboptimal LQ static output feedback con- 
troller [12]. More recently, an LMI-based algorithm for 

the static and reduced-order output feedback synthesis 
problems is proposed in [7]. The static output feedback 
H, control problem is addressed in 1171, [5] and [l], 
and necessary and sufficient conditions for the solvabil- 
ity of the problem are presented in terms of solvability 
of matrix inequalities, and [5] gives an iterative LMI 

algorithm. 

This paper will be concerned with the suboptimal Hz 
(LQ, H,) static output feedback control problem for 
linear time-invariant systems. New necessary and suf- 
ficient conditions for the solvability of the considered 
problem are presented. A convergent iterative LMI al- 

gorithm is proposed to design suboptimal controller, 
and is illustrated by examples. 

2 Problem statement and preliminaries 
Consider a linear time invariant system C described by 
equations 

k=Ax+B,w+B2u (1) 
z = Clx + D12u (2) 
y=c2x (3) 

where x E R” is the state, u E R” is the control input, 
w E R’ is the disturbance input, z E RP is the output 
to be regulated, and y E Rq is the measured output. 
When a static output feedback control u = Ky is ap- 
plied to the system C, the resulting closed-loop system 
is given by 

k=(A+B2KC2)xfB,w 

z = (Cl + D12KCs)x 

Denote 

T(s, K) = (C, + DI~KC~)(SI- A- B2KC2)-1B1 (4) 

The Hz and H, norm of T(s, K) are, respectively, de- 
fined by 

II Us,K) 112 = & Ia Trace[T(jw, K)HT(jw, K)]dw 
00 

(5) 

II T(s> K) Iloc) = SURER II Ww, K) I/ (f-9 

where the norm ]/ E I] of a complex matrix E is defined 
as the largest singular value of E. From [IS], the LQ 
cost function J(K) of the closed-loop system is defined 

by 
J(K) = maq,t,~~=l Jw(wo, W (7) 

where 

Jw(wo, K) = J om II 44 II2 dt 

with wo the intensity of the impulsive disturbance, and 
w(t) = wc6(t) (s(t) is the Dirac delta function). Then 
the problems under consideration in this paper are as 
follows. 



Suboptimal H2 static output feedback control 
problem: Let 21 > 0 be a given constant. If possible, 
to find a static output feedback gain K such that A f 
B2KC2 is asymptotically stable and I] T(s, K) 112< v. 

Suboptimal LQ static output feedback control 
problem: Let /I > 0 be a given constant. If possible, 
to find a static output feedback gain K such that A + 
B2KC2 is asymptotically stable and J(K) < p. 

Suboptimal H, static output feedback control 
problem: Let y > 0 be a given constant. If possible, 

to find a static output feedback gain K such that A + 
B2KC2 is asymptotically stable and ]I T(s, K) [loo< y. 

The above three problems have been addressed by [l 11, 

1121, [5], [II and [171, respectively, and some algorithms 
have been proposed to obtain the solutions to the sub- 
optimal control problems. In this paper, we will present 
new necessary and sufficient conditions for the solvabil- 
ity of the suboptimal control problems, and give a con- 
vergent iterative LMI algorithm. The comparisons with 
the existing algorithms are illustrated by examples. 

The following lemmas will be used in the sequel. 

Lemma 2.1 ([21]): Let u > 0 be a given constant. 
Then K E Rmx’J solves the suboptimal H2 static out- 
put feedback control problem if and only if there exists 
a positive-definite matrix P such that 

P(A+ B2KC2) + (A + B2KC2)TP 

+(G + DI~KG)~(CI + DnKG) < 0 (8) 

and 
Trace(B~PB~) < v2 (9) 

Lemma 2.2 ([lS]): Let p > 0 be a given constant. 
Then K E Rmxq solves the suboptimal LQ static out- 
put feedback control problem if and only if there exists 
a positive-definite matrix P such that the inequalities 

(8) and 
BTPB, < PI (10) 

Lemma 2.3 ([al]): Let y > 0 be a given constant. 
Then K E Rmxq solves the suboptimal H, static out- 

put feedback control problem if and only if there exists 
a positive-definite matrix P such that 

P(A+ B2KC2) + (A + B2KC2)TP + lPB;B,P 
Y2 

+(CI + DI~KC~)~(G + D12KC2) < 0 (11) 

In this paper, we assume that 

R2 = C2CT > 0 (12) 

RI = DT2D12 > 0 (13) 

and C+ E Rcn-q) xn is a given matrix such that 

C,‘(C,‘)’ = In-q, C2(C3 = 0 (14) 

3 Suboptimal static output feedback 
controllers 

For the H2 suboptimal static output feedback control 
problem, we have the following theorem. 

Theorem 3.1: Let v > 0 be a given constant. Then 
there exists a static output feedback gain K E RmXq 
which solves the suboptimal H2 static output feedback 
control problem, if and only if there exist positive- 
definite matrices P and PO, a matrix KS E Rmx”, and 
constants E > 0 and 6 > 0 such that (9) and the fol- 
lowing inequalities hold. 

A2(p,p0) = 
M(P, PO) + 61 A212 

AT 
212 

-R,’ Co 1 
--EI 

C,IKT 
Ks(C,I)T <o 

s -I 1 
6 II RI II +2h /I PB2 + CTD,2 1116 

where 

(15) 

(16) 

(17) 

M(P,Po) =P(A - B2R;1D&C,) 

+(A - B2R,‘DT2C1)TP 

+C;(I - D,2R,1DT2)C, 

-PB2R,lB,TPo - PoB~R,~B;P 

+PoB2R,lB,TPo (18) 

A212 = K: + (PB2 + C1DT2)R,1 (19) 

When the conditions (9) and (15)-(17) hold, 

K = KsC,TR,’ (20) 

is a solution to the suboptimal H2 static output feed- 
back control problem. 

Proof: Necessity. Suppose that K is a solution to the 
H2 suboptimal static output feedback control problem. 
By Lemma 2.1, it follows that there exists a positive- 
definite matrix P such that (8) and (9) hold. Let 
KS = KC2. Then, from (13), (18) and direct algebraic 
manipulations, we have 

P(A+ B2KC2) + (A + B2KC2)TP 

+(G + DnKCdT(G + hKC2) 

=M(P, P) + [K,T + (PB2 + C, DT2)R;1]R1 

x [KT + (PB2 + Cl DT2)R;‘lT (21) 

From (8), (21) and the Schur complement, it follows 
that (15) holds for some 6 > 0 and PO = P. For the 
6 > 0, let 

E+ = d- II PB2 + CT&2 II 

II Rl II 

with d = (I] PB2 + CTDl2 ]I2 +6 I] RI I])+, then (17) 
holds. (16) is immediate from K, = KC2. 
Sufficiency. Suppose that the inequalities (9), (15)-( 17) 



hold for P > 0, PO > 0, 6 > 0, E > 0, and K, E RmXn. 
Let K be defined by (20), and KO = Ks(Ci)T. Then 
from (14) and (16), we have 

K, = KC2 + KoC; (22) 

and 

II Ko II-+ 

By (15) and (18), it follows 

(23) 

Az(P,P) 5 A2(P,Po) < 0 (24 

Combining (24), (22), (23) and (li’), we have 

0 > P(A + B2KC2) + (A + BzKCZ)~P 

+(C, + DnKC&G + DnKC2) + 61 

+(C;)TK;RIKOC$ + (PB2 + CTDn)KoC,I 

+(C,I)TK,T(PB2 + C3J12jT 

> P(A + B2KC2) + (A + B~KCZ)~P 

+(CI + DwW~)~(C~ + DnKG) + 

+(6 - 2 II PB2 + Cf-D12 IIII Ko II 
- II RI Ill1 Ko l12U 

> P(A + BzKCZ) + (A + BzKCZ)~P 

+(C, + DI~KG)~(G + D12KG) 

Thus, the proof is completed by Lemma 2.1. 

Remark 3.2: Theorem 3.1 presents necessary and suf- 
ficient conditions for the solvability of the suboptimal 
H2 static output feedback control problem in terms of 
the matrix inequalities (9), (15) and (16), and a non- 
linear inequality (17). The result essentially gives the 
conditions under which the existence of a state feedback 
suboptimal Hz control implies the existence of a static 
output feedback suboptimal Hz control. If PO is given, 
then (9), (15) and (16) are LMIs, which is the basis 
of the algorithm in the sequel. When K, = KC2 and 
Ci DT2 = 0, the inequality (15) is reduced to that used 
in [ 141 for the problem of simultaneous linear quadratic 

optimal control problem. 

For the LQ and H, suboptimal control problems, we 

have 

Theorem 3.3: Let /3 > 0 be a given constant. Then 
there exists a static output feedback gain K E Rmxq 
which solves the suboptimal LQ static output feed- 
back control problem, if and only if there exist positive- 

definite matrices P and PO, a matrix KS E Rmx”, and 
constants E > 0 and 6 > 0 such that the inequalities 
(10) and (15)-(17) hold. When (10) and (15)-(17) hold, 
K given by (20) is a solution to the suboptimal LQ 
static output feedback control problem. 

Proof: By Lemma 2.2 and the proof of Theorem 3.1, it Proof: For a given integer j 2 2, PjG’ and Ed;: are 

is immediate. feasible solutions for the j-th optimization in Step 2, 

Theorem 3.4: Let y > 0 be a given constant. Then 
there exists a static output feedback gain K E Rmxq 
which solves the suboptimal H, static output feed- 
back control problem, if and only if there exist positive- 
definite matrices P and PO, a matrix KS E RmX”, and 
constants E > 0 and S > 0 such that the inequalities 
(16), (17) and 

[ 

M(P,Po) + 61 M12 PBI 

MT2 -R;’ 0 < 0 1 (25) 
BTP 0 -+?I 

hold, where M(P, PO) is defined by (18), and Ml2 = 
KF + (PB2 + C’IDT~)R;~. When (16), (17) and (25) 
hold, K defined by (20) . is a solution to the suboptimal 
H, static output feedback control problem. 

Proof: By Lemma 2.3, it is similar to that of Theorem 
3.1, and the details are omitted. 

Based on the Theorem 3.1, the following algorithm is 
proposed to search a feasible solution to the suboptimal 
H2 static output feedback control problem. 

Algorithm 3.5: 
Step 1: Choose a small constant 6 > 0. Minimize 

Truce(Q) subject to the following LMI constraints 

[ 

Al, XCT + YTDT 1 12 sir 
GX + D12Y -I 0 1 < 0 (26) 

&I 0 -I 

with A,, = AX + XAT + B2Y + YTBr, and 

(27) 

Choose v such that v2 > Trace(Qopt), and denote Pd = 

X&t. 
Step 2: Minimize cj subject to, the LMI constraints 
Trace(BTPjB1) < u 2, A,(Pj,Pi) < 0 and 

-@I K$,I)T <o 
C,‘(K,3)T -I 1 (28) 

where A2 (Pj, P,“) is defined by (15), Pi = P&i’, 

j = 2,3..., and P&T’ and E$~’ denote the solutions 

of the (j - 1)th optimization. When c& converges to 

a constant (E,h), go to step 3. 
Step 3: Check if E = E,J satisfies the inequality (17). 
If yes, reduce 6 and v, and go to step 1. If not, denote 
Popt corresponding to ~~6, increase v and set P,$ = Popt, 
and then go to step 2. 

Lemma 3.6: Let 6’ opt (J’ = 1,2, . . .) be defined in Step 

2 of Algorithm 3.5. Then the sequence {&}~i is 

convergent. 



and P& and & are the optimal solutions. So 0 < 

Eipt 5 6;;;. Thus, the sequence {~&,,}~=i must be 

convergent. 

Remark 3.7: Lemma 3.6 shows that Algorithm 3.5 

is convergent. However, the convergence of {&,}z, 

does not in general imply the convergence of { P&,}z, . 

If {P&,,}~=, does not converge, then the algorithm only 
can achieve suboptimality. Otherwise, the algorithm 
may achieve local or global optimality. In fact, in the 

algorithm, denote 

uopt = min{v : (v, ~,E,J) is feasible for steps l-3) 

where 6,s = limj,, E&. Let 6 and E,“~?J correspond- 
ing to u,*t be denoted by &+,t and +t, respectively. 

If bopt = eopt = 0, then u+ is the optimal Hz perfor- 
mance achieved by the algorithm. The optimal con- 
troller gain K can be calculated by (20). So we may 
directly set 6 = 0 in step 1 to check if E,J 4 0 in 
step 2 for achieving optimal Hz performance. More- 
over, denote K, = [K,ijlmxn and CTRz’ = [Csjk],Xq, 
then the following element-wise constraints on the con- 

troller gain K = KsCTR,’ = [Cy=, K,,jC,jk] 
mxq 

can be imposed 

n 

(29) 
where gik and gik are given upper and lower bounds, re- 
spectively. For the suboptimal LQ and H, static out- 
put feedback control problems, the similar algorithms 
can be given to search suboptimal solutions. The de- 
tails are omitted. 

Remark 3.8: Comparison with the algorithm pro- 
posed in [5] and [14], Algorithm 3.5 provides a method 
by which a suboptimal static output feedback gain can 
be iteratively computed by using a suboptimal state 
feedback gain, while the algorithm proposed in [5] and 
[14] is performed by searching a feasible solution for 
the quadratic inequalities and then optimizing the per- 
formance. Both of the two algoriths are based on the 
quadratic inequalities. It should be pointed out that it 
remain open that if the algorithm would always give a 
feasible solution when the suboptimal Hz static output 
feedback control problem is solvable. 

Remark 3.9: By the results [12] and [7], the subop- 
timal HZ (LQ) static output feedback control problem 
can be converted to the following rank minimization 

problem: minp,& ranlc 
P I [ 1 I Q 

subject to 

[B,T DT,l’ AQC+,zAT ‘-‘I [B,T DT,]‘T < 0 

C,I(PA+ATP+C;C1)C,IT<O 

Trace(BTPB1) < v2 or BTPBl <PI 

where [BF DT2]’ and C$ are defined as (14). The 
problem can be approached by using the algorithm pro- 
posed in [7]. The performance z1 (or p) can be opti- 
mized by using bisection search. The resulting algo- 
rithm is denoted by IE. In next section, we will com- 
pare Algorithm 3.5 with the existing algorithms includ- 
ing the TE algorithm [la, 71. 

4 Examples 
In this section, we will present some examples to illus- 
trate the design method proposed in the paper. 

Example 4.1: Consider the classical example provided 
in [15]. The model is given by 

A= -4 ; > [ 1 C,T=B2= [;I, B1= [; ;] 

Cl = [; ;]; D12= [;] 

From [15], the optimal solution to the static out- 
put feedback H2 problem is K = -0.8165 and ]] 
T(s, K) ]I;= 2.4495. By Algorithm 3.5 with b = 0, 
after 15 iterations in steps, we obtain Eopt = 2.4375 x 
10-12, Ksopt = [0 - 0.81651 and 

p _ 1.4289 0.5000 
opt - 

[ 0.5000 1.0206 1 
So K,,t = -0.8165 and /I T(s, Kept) j/z= 
Trace(B~PoptB~) = 2.4495, which means that the so- 
lution given by Algorithm 3.5 also is optimal. Table 
1 presents the results by using the algorithms in [ll] 
and [14], and the algorithm IE, it shows that for the 
example, Algorithm 3.5, the algorithm IE and that in 
[5] can obtain the optimal solution, but the solution 
given in [ll] is suboptimal. 

Table 1: 
Algorithm 3.5 1 GSS [ll] 1 CLS [5] 1 IE [12, 71 

2.4495 1 2.4525 1 2.4495 1 2.4495 

Example 4.2: Consider the example presented in [13] 
about the control of the nominal linearized model of a 
VTOL helicopter. The model is given by 

-0.0366 0.0271 0.0188 -0.4555 

A= 0.0482 -1.0100 0.0024 -4.0208 

0.1002 0.3681 -0.7070 1.4200 

0 0 1 0 1 



C, = [0 1 0 01, BI = 4, Cl= [;I, D12= [;I 

By the direct calculation in [l 11, 

minK+-5,qx(--5,q II T(s,W II;= 13.3428 

Combining Algorithm 3.5 and (29) with the constraint 

K E [-5, 51 x [-5, 51 (30) 

and 6 = 0 and v2 = 13.3428, after 500 iterative com- 
putations in step 2, we obtain eopt = 7.1997 x 10-i’, 

K -1.3976 0 0 1 4.9998 0 0 and 

6.2565 -1.3719 -2.0423 -1.9550 

popt -1.3719 1.4602 1.6558 = 

-2.0433 1.6558 2.4149 1.2418 
-1.9550 0.7844 1.2418 0.7844 I 3.2113 

Thus, by (20) Kept = and II 

T(s,Kopt) II;= T race(ByP,,tB1)L= 13.3428, and the 
solution is optimal. The comparison with those by [I l] 
and [5] is shown in Table 2. 

Table 2: 

The suboptimal LQ static output feedback control 
problem was considered by [la] and the suboptimal 
LQ cost J(K) = 7.8758. In Algorithm 3.5, if Q 
is replaced by @I, then the algorithm is suitable 
for solving suboptimal LQ control problem. By 
using the algorithm with 6 = 0 and p being equal to 
3,4,5,5.5,6.5,7,7.5,7.6,7.7,7.75,7.76,7.763,7.764,7.765 
by order (for p = 3, iterate 100 times. 50 times 
for others), we obtain Eopt = 1.250910 x 10-9, 

K -1.0034 0 6 I and 
5.5293 0 0 

5.7648 -1.3885 -2.2129 -1.90091 
Popt -1.3885 0.8430 0.7713 0.5323 = 

-2.2129 0.7713 1.2094 0.8948 
-1.9091 0.5328 0.8948 1.0430 

- 
Thus, Kept = [ 1.0034 1 and 5.5293 J(K,,t) ZZ 

maz[eig(BTPoptB1)] = 7.765. The comparison with 
those by [la] and the algorithm IE is shown in Table 
4. 

Table 4: 
1 Algorithm 3.5 ISG [la] 1 IE [12, 71 

JWo,t) I 7.765 7.8758 1 7.7701 

) Algorithm 3.5 I GSS [ll] CLS [5] 

II T(s,Ko,t) II; I 13.3428 1 15.3191 13.3530 

Example 4.4: The system under consideration is de- 
scribed by (l)-(3) with 

Without the constraint (30), by using Algorithm 3.5 
with S = 0 and u2 = 13.3055, after 600 iterative com- 
putations in step 2, we obtain eopt = 2.655795 x lo-‘, 

K 
O-l.696500 

6.5166 0 0 and I 

6.1948 -1.3718 -2.0625 -1.9688 

Popt -1.3718 1.5354 = 
-2.0625 1.6453 

1.6453 0.7865 1 2.4167 1.2435 
-1.9688 0.7865 1.2435 3.1586 

Thus, by (20), K,,t = [ -1.6965 1 and 6.5166 II 
T(s, K,,t) II;= Trace(BTPoptB1) = 13.3055. The 
comparison with those by [ll], [5] and the algorithm 
IE is shown in Table 3. 

Table 3: 
Algorithm 3.5 GSS [ll] CLS [5] IE [12, 71 

13.3055 15.3191 13.3173 13.3121 

ExamDIe 4.3: The model is described bv ExamDIe 

4.2 by resetting Ci = o o and 012 = [ 1 

rl 0 0 01 

By using Algorithm 3.5 with 6 = 0 and v2 = 
2.79815, after 10 iterative computations in step 
2, we obtain eopt = 1.301421 x 10-11, Ksopt = 

-0.6182 
-0.4930 

-0.9321 0 0 and 
-0.7506 0 0 1 

0.5481 0.7078 0.4340 0.3456 
p 0.7078 1.3654 0.7503 0.6050 _ 

opt - 0.4340 0.7053 0.5391 0.4315 

0.3456 0.6050 0.4315 0.3455 1 

T(s, K,,t) II;= Trace(BrPoptB1) = 2.798G. The 



Table 5: 

I Algorithm 3.5 1 CLS [5] 1 IE [12, 71 
II T(s,Ko,t) It; / 2.79815 ) 2.79815 1 5.3 

comparison with those by [5] and the algorithm IE 

is shown in Table 5. 

The above examples show that Algorithm 3.5 can give 
good solutions to the suboptimal static output feed- 
back control problems, which provides an alternative 
algorithm to the existing ones. 

5 Conclusions 
In this paper, we have investigated the problem of de- 
signing suboptimal Hz (LQ, H,) static output feed- 
back control for linear time-invariant systems. New 
necessary and sufficient conditions for the solvability of 
the considered problem are presented in terms of a set 
of matrix inequalities. A convergent iterative LMI al- 
gorithm is given to obtain the solution. The numerical 
examples have shown the advantages of the proposed 
algorithm. 
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