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Abstract 

The cotton aphid is an important pest af- 
fecting the profitability of cotton production. 
We study the problem of the optimal timing 
of pesticide application to control the aphid. 
The problem is complicated by the presence 
of a significant predator insect. The predator 
serves as a natural control of the aphid and 
is adversely affected by application of pesti- 
cide. We determine optimal state dependent 
rules for application of pesticide. We show 
that first application of pesticide is a switch- 
ing time between two dynamic systems. 

1 Introduction 

The optimal application of pesticide is a 
problem made difficult by the short half-lives 
of pesticides. All approved pesticides deterio 

rate very quickly in the natural environment. 
With pesticides which deteriorate quickly in 
the natural environment, the optimization 
becomes dynamic and the timing of the ini- 
tial application becomes important. 

We study the problem of the optimal tim- 
ing of pesticide application. The problem is 
complicated by the presence of a predator in- 
sect. The predator is a control of the aphid 
and is adversely affected by application of 
pesticide. The short half-life of the pesticide 
implies that the aphids and the predator in- 
sects are killed in great numbers for a short 
period of time after which the kill is negligi- 
ble. The recovery rate of the predator insect 
is slower than the aphid. 

In order to emphasize the problem of ap- 
plication of pesticide, we use a very simple 
model of cotton plant, aphid and predator 
interaction. We allow all other factors to 
be viewed as random perturbations to the 



model. The farmer’s problem is to maximize 
profits through selective application of pesti- 
cide. Pesticides are costly to apply and first 
application of pesticide radically affects the 
model dynamics. 

In the absence of the predator insect, 
the problem is simple. We find an evenly 
spaced pattern of application, such that, the 
marginal cost of spraying is equal to the ex- 
pected increase in revenue. This solution has 
been found be many authors (Hall and Nor- 
gaard (1973), etc.). The idea that the im- 
p& on the predator insect must be explicitly 
recognized is given by Longworth and Rudd 
(1975). 

The first application of pesticide alters the 
dynamics of the model by effectually elim- 
inating the predator. Hence, the relevant 
marginal cost now includes both the direct 
cost of spraying today and the increase in 
future cast associated with more frequent 
spraying in the future. The increase in fu- 
ture cost of spraying is directly related to the 
proportion of predators in existence. If the 
proportion of predators is very small, we are 
very close to the dynamics system after spray- 
ing and the future additional cost is small. 

The decision problem of our farmer will in- 
clude a state dependent decision rule for first 
spraying and a decision rule for determining 
the frequency of spraying after the first ap- 
plication. In this paper, we determine when 
first spraying should be postponed and under 
what conditions the first application of pes 
ticide should be undertaken. If applied too 
early insecticide will have to be applied more 
times during the growing season increasing 
the cost. If applied too late, the cotton plant 

itself may be so damaged that the profitabil- 
ity of the crop will be compromised. 

2 Model 

The goal of the mathematical model is to de- 
velop a hybrid control model for the inter- 
action. We include in the model pesticide 
application. The pesticide has the potential 
to radically affect the dynamics of the basic 
model and actually introduces a new model 
that is effective for a few days. Thus the ap- 
plication time of the pesticide is a switching 
time between two dynamical systems. Stabil- 
ity is not asked in this situation. 

We describe a simple predator prey model 
of the aphid and predator insect interaction. 
For this to be meaningful we need to, at 
the same, time develop a model of the cot- 
ton plant and its interaction with the cotton 
aphid. We will include in the model a rep- 
resentation of the effect of the application of 
insecticide. The insecticide acts on both the 
aphid and the predator insect. The model 
will be set up to provide input for a cost and 
production model and the model will allow 
for quantitative predictions. The primary as 
sumptions are: 1) the aphids are harmful to 
the cotton plant and have an effect on the to- 
tal amount of cotton that can be harvested 
from a given field. 2) There are predator in- 
sects that feed primarily on the cotton aphid. 
3) Under some conditions the cotton plant, 
the aphid population and the predator insect 
population with reach a mutually stable equi- 
librium. 4) Insecticide application is costly 
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2.1 The Predator-Prey-Plant 
Model 

The model presented here is based on the 
masters thesis of David Hogan of the Depart- 
ment of Mathematics and Statistics at Texas 
Tech University. The model is based on sim- 
ple concepts of birth and death models. We 
assume that the number of aphids present in 
a cotton field at time t+h is dependent on the 
number at time t, the number hatched in the 
time interval h, the number that have died in 
the time interval h. We will assume that the 
increase due to emigration is negligible and 
we will assume that the number that have im- 
migrated is likewise negligible. We lump all 
predator insects into one group. The model 
for the cotton plant is somewhat more prob- 
lematic. The rate of growth of the cotton 
plant is not a function time but a complicated 
function of the environment. Our approach 
to the problem allows us to incorporate all 
factors which are outside the farmer’s control 
into the underlying probability structure. In 
reality, the farmer can control some of the de 
terminates we take as exogenous. As long as 
we consider the decision process for these ac- 
tions as independent of both the evolution of 
aphids and their interaction with the cotton 
crop, the affect of these actions on produc- 
tion is incorporated into the law of motion 
for cotton. . We are now able to completely 
describe the evolution of our system in the 
following equations : 

A t+h = At + altAt - &,A, 

P t+h = Pt + QtPt - 6,P, 

Ct+h = ct + YtCt - q&t 

where At is number of aphids at time t, Pt is 
the number of predators at time t and Ct rep- 
resents the amount t of foliage on the cotton 
plant at time t. The functions oit are birth 
rates as are the functions Sit death rates. The 
function Tt is the growth rate of the cotton 
and qt is rate at which the plant is loosing 
foliage. 

We can likewise examine the death coeffi- 
cient. It is a function of the natural death 
rate of the aphids, the number consumed by 
the predator insects and most importantly of 
the application of the pesticide. We will as- 
sume that the pesticide kills on the order of 
99% plus of the aphids. The problem arises 
in that it kills the same percentage of preda- 
tors. Since the doubling time of the preda- 
tors is measured in days instead of hours we 
see that an application of pesticide has the 
effect of removing the natural controls from 
the picture. 

3 Agent’s Problem 

We assume separability in the farmer’s pro 
duction and consumption decisions. To elab- 
orate further, the farmer in this model cares 
about cotton and pesticide only to the extent 
to which they affect the outcome in terms of 
end of period net profit. We then obtain risk 
neutrality by thinking of the farmer as having 
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access to a complete set of contingent claims 
over the relevant states. 

We assume that the environmental effects 
of the pesticide are appropriately reflected in 
the price of the pesticide which the farmer 
face. This causes the farmer to act as if we 
explicitly enter care for the environment into 
his utility function. We also assume the in- 
tensity of spraying is fixed. 

Our final assumption is that decisions this 
season affect only this seasons crop. In par- 
ticular, this implies that aphids do not de- 
velop resistance to pesticide over time. Again 
we assume any tie ins between periods is ac- 
counted for in the price of pesticide. 

The cost of these actions is accounted for 
by an adjustment in the price of cotton - i.e. 
we consider the only the net price of cotton. 

We are now prepared to write the farmer’s 
decision problem: 

-p,ss,) + p’p,“cT 

ct. The above difference equations 

T is the harvest date. We assume a fixed 
growing season for cotton. {P”, P"} are the 
price of spraying and cotton. For the com- 
putations, we choose a decision period of one 
week. To make the model realistic we up- 
date the evolution equations much more fre- 
quently. We analyze this problem as a T 
period Belhnan Equation. 

Which dynamic system we are in depends 
on the level of P. If P is large, there ex- 
ists a natural control of the aphid population 

and we consider ourselves to be in the pre- 
spraying dynamic system. If P is small, there 
is no natural control of the aphid population 
and we are in the post-spraying dynamics sys- 
tem. The doubling time of the predator pop- 
ulation is such that we never move from a 
post to a pre spraying system. 

We can see immediately, the solution to the 
problem. In the post-spraying dynamic sys 
tern, the farmer will spray at regular intervals 
with the time between spraying determined 
solely by the cost of spraying and the growth 
rate of the aphids. In the pre-spraying sys- 
tern, the farmer will postpone spraying so 
long as the predators are acting as a signifi- 
cant control for the aphids. In the next sec- 
tion, we give the results of our model. 

4 Results 

To emphasize our main result, we have chosen 
not to display results for alternative specifica- 
tions of the underlying difference equations. 
Instead, we take the difference equations as a 
given and explore the implications of different 
initial conditions - e.g. when will a farmer op- 
timally spray if he starts with twice as many 
predators as aphids. We also explore the im- 
plications for different relative price of spray- 
ing. 

A large aphid population early in the sea- 
son has large effects on harvested cotton. 
The aphid population grows so quickly the 
cotton foliage never recovers. Hence, there 
exist may configurations of initial conditions 
for which the farmer will always spray. 

Figure 1 gives the solution of the stopping 
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problem for different levels of predator in- 
sects, different levels of spray price and at 
different dates. The decision to spray is in- 
creasing in the number of aphids, increasing 
in the amount of cotton foliage, and decrees 
ing in the number of predators. Harvest oc- 
curs at the end of week 16. 

We can see the existence of the two dy- 
namic systems to which we have been re- 
ferrmg. Notice in the early weeks, the 
rule for spraying when the minimum num- 
ber of predators exist is to spray any time 
the aphids grow appreciably. The rule takes 
this form because the aphids are effectively an 
uncontrolled population in this state. The 
aphids grow so quickly that the probability 
for cotton damage is very high. We see less 
spraying toward the end of the season is that 
the aphids do to have as much time to dam- 
age the crop as they do earlier. 

5 Conclusion 

In this paper, we have demonstrated the 
importance of using state dependent deci- 
sion rules in order to determine the fre- 
quency of pesticide application for the con- 
trol of the cotton aphid. The key result 
is that the farmer should consider not only 
the aphid population but should also consider 
the predator population. The existence of a 
significant predator can decrease the cost of 
spraying significantly. We have also shown 
that for many cases - those where the preda- 
tor population is small relative to the aphid 
population - the solution is equivalent to the 
case with no predators in existence. In these 

cases, our model yields equivalent solutions to 
the older pesticide application papers which 
ignore the predator population. 
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