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Abstract: A general class of discrete-time uncertain 
nonlinear stochastic systems corrupted by finite energy 
disturbances is considered. Linear state estimators are 
designed according to a variety of performance criteria 
which include guaranteed-cost suboptimal versions of 
estimation objectives like Hz, H,, stochastic passivity, 
etc. A common matrix inequality formulation is used 
in characterization of estimator design equations. 

1. Introduction 

In the present work, the problem of state estima- 
tor design is formulated using linear matrix inequal- 
ities (LMI) for a general class of uncertain nonlinear 
stochastic systems. The purpose behind this approach 
is the possible utilization of efficient numerical schemes 
for solving LMI [l]. In the signal model used, the sys- 
tem and measurement vectors are assumed to be cor- 
rupted by additive noises with finite energy and the 
same vectors are also assumed to be affected by white 
noises whose powers are determined by unknown non- 

linear functions of the state. Such nonlinear models are 
introduced in [2], and their system theoretic proper- 

ties are investigated using LMI approach in [3]. Mean- 
square optimal control and state estimator designs can 
be found in [4] and [5], respectively. In the present 

work, various estimation problems including guaran- 
teed cost suboptimal versions of Hz, H,, stochastic 
passivity, etc. are tackled within acommon framework. 
In that sense, the present work can be viewed as an ex- 
tension of minimum-variance results of [5] to the case 
of generalized performance criteria. 

2. Signal Model and Estimator Design 

We assume that the signal is generated by the fol- 
lowing system and the measurement equations 

Xk+1=~k+BW+fk (1) 

?A = cyxk + Dywk -i- Sk (2) 

where the state xk E R” and the measurement yk E RP. 
% E R” is a white (timewise uncorrelated) stochastic 
h-type (finite energy) signal with 

The initial state x0 is assumed to have the known mean 

E{xo} = 50, covsriauce E{zaxaT) = Xe, and to be 
uncorrelated with other noise sources. The nonlinear 

functions fk = f(xk, 4) and gk = g(zk, ?&), where z& is 
a zero-mean white noise, are defined by their statistical 
properties as follows: 

forallL#jand 

Ez, C 

(6) 
This description is quite general as shown in [2], [3], 
and [6]. 

We assume that the measurement sequence given 

by (2) is available and we design a full-order linear state 
estimator: 

&+I = Abk + K($,k - c$k), 20 = cf, (7) 

Due to the zero-mean nature of fk and gk, this estimator 
is an unbiased one. The use of this estimator leads to 
the estimation error ek = zk - Sk dynamics 

9+1 = (A - Kc&k + (B - KD,,)wk + fk - Kgk (8) 

The following main result summarizes our estimator 
design procedure: 

Theorem 1. Consider the model (1) - (6), the perfor- 
mance output 

zk = czek + D,e (9) 

the linear unbiased state estimator given by (7). If the 
following LMI holds 

(10) 

where Xl1 = X-ATXA-I-CH, tr[Xzr’]Mi, xl2 = 
-ATXB, X22 = 7I- BTXB for some X > 0 and 7 > 0 
and if it is true that 

(11) 

where RI = P-CzTQCz, PI2 = -CzT(~Dz+s), q3 = 
ATP - C TJT p22 = -R - DzTQDz - DzTS - STDz, 
PZB = B’?’ -‘DvTJT, Ps = P, then, the estimation 
error dynamics given by (8) satisfy: 

N-l 

‘%eNThv> 5 E{‘XiTpeO} - c E{( ZkT T&~) 

k=O 

E{ ; ( > (fiT gjTH = 0, 



for any integer N > 1, where K = P-'J ad the con- 5. E. Yaz, Linear state estimators for nonlinear sto- 
stants6E(O,1)ande>O. chastic systems with noisy nonlinear observations, 

Theorem 1 given above allows one to design dif- Int. J. Control, vol. 48, pp. 2465 - 2475 (1988). 
ferent estimators for a variety of performance criteria 6. E. Yaz, Robust design of stochastic controllers for 

for thii class of systems. For example, taking Q = 0, nonlinear systems, IEEE Trans. Autom. Control, 

S = 0, and R = -PI, p > 0 yields E{eNTPeN} 5 vol. 34, pp. 349 - 353 (1989). 

E{Q~P&} + ,a + ~(1 - SN)/(l - 6>. Thii means that 
by maximizing A,,(P) and minimizing X-(P) and ,u, 
we can obtain a tight bound on the mean-square esti- 
mation error. 

By taking Q = I, S = 0, R = 0, B = 0, D, = 0, 
and D, = 0, we obtain ~~~’ E{ZkTZk} < E{eoTP~}+ 
~(1 - SN)/(l - s) which yields a bound on the energy of 
the performance output in terms of the initial estima- 
tion error. This bound can be tightened by minimizing 
A,,(P) which produces a suboptimal Hz result in es- 
timation. 

If we set Q = 1, S = 0, and R = +I, p > 0, 
this produces crG1 E{zkTZk} < ,u + e(1 - SN)/(l - 6) 
which is a bound on the stochastic (mean-square) 12 
to (2 gain of the estimator. By minimizing p, we can 
get a tighter bound on the stochastic H, norm of the 
estimator. 

Several dissipative estimator designs are also possi- 
ble using this formulation. For example, taking ee = 0, 
Q = 0, S = -0.51, and R =pI,,u > 0 will yield the 
stochastic (mean-square) version of the input strict pas- 

sivity result Cc:’ +kT%) 2 p + e(l- bN)/(l - a) 
Other similar dissipativity results are also possible. For 
example, setting Q = 0, S = -0.51, and R = 0 will give 
stochastic passivity. Setting Q = VT, u > 0, S = -0.51, 
and R = 0 will yield output strict passivity. Also, set- 
ting Q = ~1, S = -0.51, R = pl, u, ,u > 0 will give 
strict passivity both in terms of the input and the out- 
put (very strict passivity in the mean-square sense). 
So, one can see that this LMI formulation allows one to 
consider a variety of performance criteria in a common 
framework. 
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