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Abstract

In this paper we discuss a two-person zero-sum differen-
tial game of finite horizon with graph-constrained con-
trol strategies. We prove the existence of value and state
optimality conditions in terms of value functions that
solve a coupled system of quasi-variational inequalities.
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1 Introduction

The problem of controlling an ordinary differential equa-
tion subject to positive switching costs was addressed in
[1], where it was proved that value functions are viscos-
ity solutions to dynamic programming quasi-variational
inequalities. The corresponding differential game formu-
lation was introduced in [3], as a zero-sum differential
game where both players select their switching controls
independently and incur positive switching costs. Here,
we extend these results by considering, not only a dif-
ferent set of more easily verifiable hypotheses, but also
graph constrained switching strategies.

We consider a zero-sum differential game between play-
ers A and B having, respectively, at their disposal piece-
wise constant functions, u(-) and v(-), to control the dy-
namic system:

#(t) = [tz (t), u(t), v(t)),

where z € X and X is a finite-dimensional Euclidean
space; u(t) € U = {uy,uz,..,unx}t and v(t) € V =
{v1,v2,...,um}; the switching times for u(-) and v(:)
are respectively {r;} and {o;}. T > 7 > 71 > 0,
i=1,...,N for some N < oo; T > o; > o051 20,
j=1,...,M for some M < oo; u(t) and v(t) are se-
lected from the control graph.

[0, T]-a.e.,z(0) = zq

Definition 1 (Control graph G) G := (N, &), where:
the set of nodes is N := {n, : p = 1,...P} with n, =
(uk,v;) for somek=1,..,N; andl=1,...,. M, and, the
arcs £ define the allowable control switches. The set of
arcs is generated by the set-valued function e : N' — 2V,
where the edges out of the vertex (u,v) are all the pairs
of the form ((u,v), (u,v)) where (4,v) € e(u,v).

The payoff function for this zero-sum game is:
T
In(u(-),v(:)) = h(=(T)) +/ g(t, x(t), u(t), v(t))dt
+ Z k(ui—1,u:) — Z Wvi1, )

i>1 i>1

where: 1 := (4,9, s,Z) = (u(s),v(s), s, z(s)) and k(a,b),
where a,b € U, and I(c,d), where ¢,d € V, are the
switching cost functions.

We consider the following hypotheses:

(H1) h is Lipschitz continuous with constant Kj,.

(H2) f and g are continuous in u and v and Lipschitz con-
tinuous in x with constants Ky and K, respectively.
f is measurable in ¢ and g continuous in .

(H3) U and V are finite bounded sets.
(H4) k and [ are bounded ¥Y(u,v) € U x V.

(H5) Let n = (u,v),7n = (4,0),n = (4,7). Then,
Y(n, ), (n,n), (7, 7) € &, the following holds:
- k(ua ﬂ) < k(ua U) + k(ua U),
- l(vaf}) < l(vaﬁ) + l(ﬁaf})a

— k(u, @) >0, l(v,8) > 0, with k(u, @) = 0 and
I(v,0) = 0 only if v = @ and v = ¥, respec-
tively.

(H6) There are constants K and L such that, for any
integer J, J > 1 and feasible sequence {e;;}7 g,
the following inequalities are satisfied:

J—1
Z k(uni+j? uni+j+l) S K(Tni -
§=0
J—1

l(vmi+j? vmi+j+l) S E(Umi - Umi+J)

<.
i
o

(H7) The players select controls one at a time and in
turns. This means that for each i, either u,, =

Ungyy OF Uy = Uy ;-
(H8) For any loop {q1,...,¢s} in the graph, it holds that

S

S
> k(uj,ujin) = Y Uvj,v541) #0,¥s € 0,7

=1 =1



Under the above hypotheses it can be proved [2] that:
1) there exists a unique solution z(-) to the prob-
lem (t) = f(t,z(t),u(t),v(t)),[s, T],z(s) = zo where
(,9) € N,z € X and u(.),v(.) are compatible control
functions; 2) the payoff functional is well defined; 3) the
minimum time interval between two consecutive jumps
is strictly positive. Hence, the number of switches for
each player in each finite time interval is finite but not
defined apriori, i.e., it will follow from the choice of the
control strategy.

2 Optimality conditions

We have adapted the proof techniques from [1] and [3] in
order to take into account the graph constrained switch-
ing strategies. Hypothesis H6 was crucial in the pro-
cess of adapting these proofs, namely in what concerns
uniqueness of jumps and to prevent the occurrence of
instantaneous loops in the control graph [2].

Let z, 5(t) denote the state trajectory at time t > s
when z(s) = z and U™* and V?* denote the feasible
control for players A and B, respectively. T'*[s, T| (where
[T, T) = {u}) and T[s, T] (where I'’[T, T| = {v}) are
the sets of all admissible strategies for players A and B
respectively.

Definition 2 (Lower and upper value functions)
Vin)= inf sup  Jyp(al-), (-
(0=, s ol u0)
In(u(-), 5())

U(n) = sup inf
) BeT?[s,T) u(-)EU™®
Inls=r(u(-),v(-)) = V(n)ls=r = U(n)|s=r = h(z).

Straightforward arguments reveal that both the lower
and the upper value functions satisfy an optimality prin-
ciple.

Theorem 1 For any feasible pair (u,v) € N, for all
r€e€X and0<s <3< T, we have

Vg, v,s,z) =

inf sup

€4 [,T] o yevr.e { / gl e (1), el )l(0), v{0))at
+ Y k(uia,u) = Y Uvjoa,v5)

i>1 5>1]

HV(al()I(ET),v(57), 8, 25,2(3)) }-

In order to state the main results it is convenient to
introduce the following operators.

Definition 3 (Obstacle operators)
M V](u, v, 3,2) =

min Va,v,s,z) + k(u,T
ﬂyﬁu,ﬂeProjU(e(u,v)){ ( ) ( )}

M~ [V(u,v,s,x) =
V(u,7,s,2) — l(v,0)}

max
v#v,DEProjv (e(u,v))

Projy(ny), Projv(ny,) are the projection operators,
where n, = (ug,v) and Projy(n,) = wup and
Projv(np) = ;.

Let H(a,v,s,z,p) = (p, f(s,2,4,0)) + g(s,z,4,0)

Theorem 2 The lower value function V(-) and the up-
per value function U(:) are wviscosity solulions of the
quasi-variational inequality with bilateral obstacles:

M™[V](n) < V() < M [V](n)

on the set {(s,z) € [0, T] x X : M~ [V](n) < V(n)},
Vs(n) + H(n, Va(n)) 2 0

on the set {(s,) € [0,T| x X : M [V](n) > V(n)},
Vs(n) + H(n, Va(n)) <0

with terminal condition V(u,9,T,z) = h(z)

Theorem 3 Under the above hypotheses the upper and
lower value functions coincide and the value of the dif-
ferential game exists.

The optimal controls can be derived from these optimal-
ity conditions.

Ackowledgments

This work was partially funded by Fundacio Luso-
Americana para o Desenvolvimento.

References

[1] I. Capuzzo-Dolcetta and L. C. Evans. Optimal
switching for ordinary differential equations. SIAM J.
Control and Opt., 22(1):143-161, 1984.

[2] J. Borges de Sousa and F. Lobo Pereira. A differ-
ential game with graph constrained switching strategies.
In Proceedings of the 8th IEEE Mediterranean Confer-
ence on Control & Automation. IEEE, 2000.

[3] Jiogmin Yong. A zero-sum differential game in a
finite duration with switching strategies. SIAM J. Con-
trol and Opt., 28(5):1234-1250, 1990.



