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Abstract: This paper studies fault detection problems
for sampled-data (SD) systems. At first a discrete-time
residual generator is constructed in two steps. With
the help of introduced operators, the residual is ana-
lyzed quantitatively. Following the principle of inte-
grated design, the design of fault detection system is
then formulated as an optimization problem. Finally,
two design procedures using H, optimization technique
are provided and full decoupling problem is discussed.
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1 Introduction and problem formulation

In this contribution, fault detection and isolation (FDI)
problems are studied for SD systems, which are de-
scribed by the following three sub-models:

The plant model:
y(s) = Gu(s)u(s) + Ga(s)d(s) + Gs(s)f(s) (1)

where v € RF« denotes the vector of control signals,
y € R™ the vector of plant outputs, d € R*¢ the vector
of unknown but bounded disturbances with sup ||dl|, <
64 and f € R/ the vector of faults to be detected.
Gu(s),Gq(s) and Gy(s) are the transfer function ma-
trices from u,d, f to y respectively.

The model of A/D converter [1]:

. 1 I
PN = 3 e tike) @)
k=—o00

where 1) is the sampled output signal, h the sampling

period, ws = 277’ the sampling frequency.
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The model of D/A converter [1]:

inwk
u(jo) = hd(jw)u(eh), d(jw) = e~ T2

®3)

L
w3

For the SD system (1)-(3), our task is to design a
discrete-time fault detection (FD) system which is sensi-
tive to faults f(¢) and simultaneously robust to unknown
disturbances d(z).

During the last decade, many encouraging results have
been achieved in sampled-data control [1], {2]. The ba-
sic problem is how to suitably describe and analyze the
intersample behavior since the sampling period cannot
be arbitrarily specified. In dealing with FDI, we indeed
face the similar problem. Moreover, different from the
controller design, the central problem in designing an
FDI system for SD systems is to analyze the influence of
continuous-time signal on the so-called residual signal, a
discrete-time signal, and the main objective of designing
an FDI system consists in finding a suitable compromise
between enhancing the sensitivity to the faults and in-
creasing the robustness to the unknown disturbances (3],
[4], [5]. Recently, [6] and [7] demonstrated that the use of
indirect FDI design methods for sampled-data systems,
analog design and SD implementation or discrete-time
design based on the discretization of the plant model,
may cause some problems and cannot achieve the de-
sired performance. The main objective of this paper is
to study the Hy, optimal design of FD system for SD
systems using the direct design scheme.

For our purpose, we first briefly review the fault de-
tection schemes in purely continuous- or discrete-time
systems based on the integrated design principle. Con-
sider the input-output description of purely continuous-
or discrete-time LTT systems given by:

y(p) = Gu(p)u(p) + Ga(p)d(p) + Gs(p)f(p) (4)

where p denote either the complex variable of Laplace
transformation for continuous-time signals or the com-



plex variable of z-transformation for discrete-time sig-
nals. Generally, an FD system consists of a residual
generator and a residual evaluator. It is well known
that all LTT residual generators for system (4) can be
described by [§]

r(p) = R(p) (M (p)y(p) — Nu(p)u(p)) (3)

where R(p) is an arbitrarily selectable parametrization

matrix belonging to RHeo, M,(p) and N, (p) are a left
coprime factorization of G, (p). The dynamics of the

residual generator (5) with respect to d and f is governed
by

r(p) = R(p) Mau(p)(Ga(p)d(p) + G;(p) f(p))  (6)

To evaluate the residual, the 2-norm of the residual sig-
nal 7 is used. The decision logic is

Irlly > Jen = fault (M

otherwise no fault, where J;, is the threshold selected
as the maximal possible 2-norm of the residual r in the
fault-free case, i.e.

Jin= sup Il = [ROMEC)| 62 @
f=

A full decoupling of 7(p) from d(p), i.e. 3 R(p) such that

w(P)Gr(p) #0 (9)

is an ideal case which is achievable if and only if [8]

R(p)Mu(p)Ga(p) = 0 and R(p)M.

rank [Ga(p) G¢(p)] > rank[Ga(p)] (10)

However, (10) is difficult to be satisfied in practice.
Bearing in mind that the main objective of designing
residual generators is to enhance the robustness of the
FD system to disturbances without loss of the sensitivity
to faults and considering the residual evaluation process,
the selection of the post-filter R(s) can be formulated as
an optimization problem [9]

| R(p) M (p)Ga(P)l] oo
RO

min J = min
R() R [|Rp)M.

In the continuous-time system, we have the following
solution. Under the assumption that G4(s) has no zeros
on the imaginary axis or at infinity, a solution to the
optimization problem (11) was derived in [9] to be

R(s) = Gy, (s) (12)

where G, (8), Gai(s) are the co-inner-outer factorization

(CIOF) of M, (s)Ga(s), i.e

My (8)Ga(s) = Gao(s)CGai(s) (13)

and Gu;(jw)GE (—jw) = I, Gao(s) is left invertible.

In the discrete-time systems, (11) can be written as

. IlR u(2)Galz H
minJ =
R(z) R(z)

(14)

‘R(z W(2)Gy(z) H

Analogous to the method used in [9], a solution to the
optimization problem (14) can be obtained as follows.
Assume that Gg(z) has no zeros on the unit circle and
that M, (2)G4(z) has a CIOF as

Gao(2)Gai(2) (15)

with Gy;(z) as co-inner satisfying Ga; (e7*")GY; (eJ“’h) =
I, Gao(2) as co-outer having a left inverse G} (2) in
RH,,. Then

Mu(z)Gd(z) =

[BE@GG] jrEGwEIL,

|REM()G; ()|

|rR@IEG |

Let R(z) = Ro(2)G 7} (2). It turns out
IR 1

[EOLAOIHO) N RO

26|

Since setting Ro(z) = I can make the equality achieved,
R(2) = G;}(2) is the optimal solution to the optimiza-
tion problem (14).

2 Main results

In this section, we shall first construct a discrete-time
FD system for SD systems (1)-(3). Based on the analy-
sis of the influence of continuous-time disturbances and
faults on the discrete-time residual signal, the design
of the FD system will then be formulated as an opti-
mization problem and two solution algorithms will be
presented. Finally we shall discuss the full decoupling
problem in SD systems.

2.1 Construction of the FD system

Let yu(s) = Gu(s)u(s), yar(s) = Ga(s)d(s) + G (s)f(s),
then (1) can be written into y(s) = yu(s) + yar(s). As-
sume that G,(s) in (1) has a minimal state space real-
ization (Ay, By, Cy,0). The characteristics of the SD
system at the sampling instants is exactly described by

Avaz (k) + Bugu(k), (k) = 1, (k) + g (k)
& CC(/C) Y (k ) = yaf (t) li=kn, 2(k) = 2(t) |i=kn
“Hyar(s)) = O7H(Ga(s)d(s) + Gy (s)f(s))

Aug = e*h By = / Ml By di (17)
0

zk+1)=
wu(k) =
Yay (t) =
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and 6~! denotes the inverse Laplace transform. The
residual generator is constructed in two steps. At first,
construct a discrete-time system for (1)-(3) as follows

2k +1) = Augi(k) + Byuav(k) + L(9(k) — (k)
P(k) = Cui(k), (k) = (k) — (k) (18)

Define e(k) £ z(k)—#(k). The dynamics of the discrete-
time system (18) is governed by

e(k+1) =

£(k)

(Aua — LCu)e(k) — Lipys (k) (19)
Cue(k) + 14 (k)

I

(18) is internally stable if the gain matrix L is suitably
selected so that all the eigenvalues of A,q — LC, are
inside the unit circle. Recalling the importance of the
application of post-filter in improving the performance
of an FD system [10], we then use a post-filter R(z) to
filter the output estimation error signal & and generate
residual signal r € R?

r(z) = R(2)¢(2) (20)

In summary, the construction of the residual generator
consists of the discrete-time system (18) and the post-
filter (20).

To evaluate the residual, the 2-norm of the discrete-time
residual signal r is used and the decision logic is selected
as (7). The threshold J;, is defined as the maximal
possible 2-norm of the residual  in the fault-free case

Jon = sup lr|l, (21)

=\

2.2 Optimization of the FD system
We first consider dynamics of the residual generator.
From (18), we have

£(z) = 9(2) — (2)
= [ = Cu(z] — Ayg + LC) ' LY(2)  (22)
—Cu(z] — Aya + LCu)_lBudU(Z)

Let My(2) = I — Cy(z] — Aua + LCL) 'L, Nu(2) =
Cu{zl — Ayg + LCL) " 'Byg. Tt is well-known that
M,(z) and N,(z)are just a left coprime factorization
of Gua(z) = Cu(2l — Aua) 1 Byus. Thus (22) turns out
to be

£(2) = Mu(2)($(2) = 9u(2)) = Mu(2)pgs (2)

where 1 4:(2) = Z(¢4(k)). Considering (20), we have

r(z) = R(Z)MU(Z)wdf (2) (23)

Due to the following relationship between yq(jw) and
¢df‘(e]w}L) (1]

. 1 L
¢df(erh) = Z Yar (Jw + jkws)
k=—00
1 X
== Z Ga(jw + jhws)d(jw + jkws)

k=—00
1 ¥
3 D Grliw+ jkwa) f(jew + jhws)

k=—o0

the dynamics of the residual generator constructed can
then be described in the frequency domain by

r(e7h) = R(e™") N (7 (e7")
= ra(e7M) + rp () (24)
’I"d(ej“"h) — %R(ejwh)Mu(ejwh)

+oo
> Galjw + jkws)d(jw + jkw,)

k==00

(i) = 3 RIS L ()

+o0
> Gljw + jhws) f(jw + jhws)

k=—00

Therefore, it is clear that the dynamics of discrete-time
residual 7 is influenced by the continuous-time unknown
disturbances d(t) and faults f(%).

To measure such influence, the operators FGd, raz, and
T, gy are introduced and defined as
I %

Tg,rar, - L2(JR, CF) i Ly(2,C) (25
Td(ejwh) = (ch,RMu d)(ejwh) (26
Lo, rar, ¢ L2(7R, Ckry i Ly (92, CY) (27
rH(eM) = (g, pn. ") (28

where La(jR, C*), k = kq, k¢, denotes the space of all

vector-valued functions a(jw) € C* for jw € jR with
inner product

)
)
)
)

1 [T
<alju), () >= 3 [ o)) (29)

Q denotes the unit circle in the complex plane and
L(£2, C?) denotes the space of all vector-valued func-
tions B(e’") € C4 for e/M € Q with inner product

. . Bo[es . .
< B, ol >= ot [ (ol
T Jo
(30)
The operators FGd, rar, and I‘Gf, Riz, AD, respectively,
the continuous-time disturbances d and faults f to
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the discrete-time signal 74 and ry through a so-called
continuous-discrete system, which is composed of a
strictly proper continuous LTI system, an ideal A/D
converter and a discrete LTI system. It can be eas-
ily derived that the adjoint operators of La, rar. and
FGf, Ry, are respectively

s, 2, C7) o La(R,CH) (a)

(T%, pir,7a)(Gw) = Galjw) M (€M) R* (€9 ra(e7)
(32)

&, g, L2(,CT) = Ly(jR, C*) (33)
(T, i, 1)) = G o) ML) R (e ()
(39

where * represents adjoint and conjugate transpose for
operator and matrix respectively.

The norms of the operators FGd, ryr, and Fcf‘ Rz, are
defined by

el

I‘ -~ —

[Peumae | =58, (%)
Il

r - || = sup 36

N - AT (36)

which measure the maximal possible influence of
continuous-time disturbances d and faults f on discrete-
time signals r4 and r; respectively. Furthermore, the
norms of the operators I' gy and I'g gy can be
calculated by the H,, norm of associated discrete-time
systems [1], [11], i.e.

HFGd,RMu :HR(Z)MU(Z)C_?d(z)”OO (37)
HFGfaRMu :HR(ZﬂVfu(z)@f(Z)Hoo (38)

with the following definitions

Gd(z) = Cy(zl — Add)_le, Gf(z) = Cs(2l — Afd)wléf

(39)
— h T
Agg = et ByBT = / et ByBT eAatdt (40)
0
h
Apg = eAfh, BfBJT =/0 eAfthB?GAqf“tdt (41)

where (Ag4, By, Cy, O) and (Ay, By, Cy, O) are the state
space realizations of G4(s) and Gy(s) respectively. Us-
ing operators PGdyRMu and PGI,RM"’ the frequency dy-
namics (24) of the residual generator can be expressed
as

r(efh) = (FG,I,RMud)(ejwh) + (FG,,RMuf)(ejwh) (42)

Similar to (11), in consideration of the sensitivity of
the FD system to faults f(¢) and simultaneously its ro-
bustness to unknown disturbances d(t), the optimization
problem can be formulated as

[Pagn

= (43)
R(z)€RHoo HF

min
R(z)ERHo

Gy RIL,

According to (37) and (38), the optimization problem
(43) is equivalent to

o [re@ede)]
R@ERHL " RG)ERH.. i‘R(z)Mu(z)Gf(z)Hoo

due to which the design approach proposed in this con-

tribution is also called H,, approach. Note that the

optimization problem (44) is solvable by the method de-

scribed in Section 1. Therefore, the optimal solution to

the original optimization problem (43) is
R(z) = Gg, ()

o

(45)

where G () is the left inverse of the co-outer matrix
of M, (2)Ga(2), i.e.

M, (2)Ga(2) = Gao(2)Cai(2) (46)

and G4(2) is given by (39). Considering (21), the thresh-
old should be set to

Jin = | RN _sa=b0  (47)
Remark: Since M,(z) is the denominator of the
left coprime factorization of Gug(z), My(2) is a
full rank square matrix for any =z. Thus, Vz,
rank Mu(z)éd(z) = rankG4(2). The co-inner-outer
factorization (46), where the co-outer matrix Gg,(2) is
left RH,, invertible, can always be done as long as G 4(z)
doesn’t have zeros on the unit circle [12].

Remark: The optimal post-filter R(z) is not unique in
the sense that, depending on different CIOF approaches,
e.g. [12], [13], different R(z) may be obtained. Taking
account of the strictly proper character of M, (2)G4(z),
Lemma 1 is provided below for the computation of the
optimal post-filter R(z) based on the approach to the
dual problem inner-outer factorization given by [12].

Lemma 1 Suppose that M,(2)Ga(z) has no zeros on
the unit circle and that (A, B, C, O) s its detectable state
space realization and has no unreachable null modes and
no unobservable modes on the unit circle. Then

R(z2)=Q+QC(zI - A- FC)™'F (48)

where @ is the right inverse of H which is an appro-
priate full rTow rank matriz satisfying HHT = CXC7,
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F = FT and (X,F,) is the stabilizing solution to
the discrete-time algebraic Riccati system (DTARS)
AXAT - X + BBT AXCT I _0
oxat 0 Gxer || |-

From the above analysis, the optimal FD system can be
designed as follows.

Algorithm 2 H,, optimal design of fault detection sys-
tem for SD systems (1)-(3)

o Find (Ay, By, Cy, O) of Gu(s).
e Compute Auq and Byg using (17).

e Determine L to ensure the stability of A,q — LC,
and construct the discrete-time system (18).

e Calculate My (2), Ga(2) using (22), (39).

o Find a minimal state

M, (2)Ga(2).

space realization of

o Compute R(z) according to Lemma 1.

o Construct the residual generator according to (18)
and (20).

o Set the threshold to Ju = 64.

2.3 Discussion

In this subsection, we shall present at first an alternative
design procedure of the optimal FD system and then
address the full disturbance decoupling problem.

An alternative design procedure

In fact, if the discrete-time system (18) is constructed
based on the state space realization of [G,(s) Ga(s)]
instead of only on G, (s), the computation of the optimal
post-filter can be simplified. Assume that one minimal
state space realization of [G,(s) Gg4(s)] is

[Gu(s) Ga(s)]=C(sl -~ A)~'B (49)

and partition the matrix B into [B, Bg], i.e. Gu(s) =
C(sI — A)~'B,, G4(s) = C(sI — A)~'B,. Then

Gua(z) = C(z] — Ag) ™ Bug
Gulz) = C(zI — Ag) ' Bg, Ag = e (50)

h h
Bug = / eAtBudt, BdB;F = / eAthB:{eATtdt
0 0

Note that M,(z) = I — C(zI — Aa+ LC)7 'L and one of
the left coprime factorizations of G4(z) is given by

My(z) = I—-C(zI —As+LC)'L  (51)
Nd(z) = C(Z]—Ad-I-LC)—le (52)

It turns out that M, (2)G4(z) = C(zI — Ag+ LC) 1 By.
According to Lemma 1, Algorithm 3 is thus obtained,
which can be applied to design the optimal FD system
as an alternative to Algorithm 2.

Algorithm 3 H, optimal design of fault detection sys-
tem for SD systems (1)-(3)

o Find (A,[B, Bg],C,0) of Gu(s).
o Compute Aq, Bug and By using (50).
o Lethl e any constant mairiz stabilizing Aqg — LC.
o Compute R(z2), which is given by
R(z)=Q +QC(zl — Ay + LC)Y Y (L —L) (53)

where Q is the right inverse of H which s an ap-
propriate full row rank matriz satisfying HHT =
CXCT, L = —LT and (X, L,) is the stabilizing
solution to DTARS
AdXA:‘; - X+ Bng AgXxCT I\ 0
CXAT cxcr Lo | —

o Construct the optimal residual generator as r(z) =
R(z)&(z) with
Bk +1) = Add(k) + Buav(k) + L((k) — ¥ (k))

¥(k) Ci(k),&(k) = (k) — (k)

and set the threshold Jg, = 64.

It is interesting to note the following remarks.

Remark: Algorithm 2, which is based on the state
space realization of [Gy,(s) G4(s)], provides a more con-
venient computation approach of the optimal post-filter
R(z) due to the special selection of (51). On the other
side, Algorithm 1, which is based on the state space real-
ization of G, (s), is more intuitive and sheds more insight
into the essence of the optimal design of FD system for
SD systems.

Remark: If L = L in (53), then R(z) reduces to a
constant matrix ). In this case, the residual generator
has the lowest order.

Remark: Apparently, the discrete-time system (18) can
also be constructed based on the state space realization
of [Gu(s) Ga(s) Gy(s)]
.’i‘p = Apmp + Byu + Bgd + Bff
y = GCpip
instead of only on [G,(s) Gg4(s)] or Gu(s). However,
note that the optimal solution (45) is indeed unrelated
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to Gy(s). If the dynamics from f(s) to y(s) is different
from the dynamics from [u7(s) d7(s)]” to y(s), such
a treatment will unnecessarily increase the order of the
residual generator, which is undesirable in practice.

Full decoupling problem

The discrete-time residual r is said to be fully decoupled
from the continuous-time disturbances d if the dynamics
of the residual generator satisfies r(e?“?) = ry(e?“") +
rp(e?@h) = ry(e?*h), ie. for any disturbance d,

ra(€") = (T, pur, (") =0, Ywe [0,w,] (54)
which holds iff
B[, ,
Y, il =5 [ rae (e s =0 (35)
0

From (35) and (37), (55) is equivalent to

HFGd’RM" = HR(Z)J&fu(z)Gd(z)Hm =0 (56)

Because M, (z) is a full rank square matrix, (56) holds
iff

rank Ga(z) <m (57)
Thus for the SD system (1)-(3), there exists a linear
discrete-time residual generator fully decoupled from
disturbance d if and only if (57) holds.

Recall that in purely continuous-time systems described
by (1), the condition for full decoupling of r(t) from
disturbance d(t) is rankGa(s) < m and note that
rank Gg(z) > rank Gq(s), because for the state space
realization of Ga(s) = Cd(sl-:Ad)"le and correspond-
ing Ga(z) = Ca(2I — Aga) By in (39),

h
rank By = rankByBY = mnk/ eAdthBgeAgtdt

0

> randeBg = rankBy

Therefore, a full decoupling of the residual from the dis-
turbance is more difficult in SD systems than in purely
continuous-time systems.

3 Conclusion

In this paper, we proposed an Hy-optimization tech-
nique based approach to the optimal design of discrete-
time fault detection system for SD systems. With
the help of the introduced operators, the influence of
continuous-time disturbances and faults on the discrete-
time residual can be quantitatively analyzed without
any approximation. The optimization problem was then
formulated following the principle of integrated design.
Two algorithms were presented for the design of the op-
timal fault detection system. Further discussion shows
that full decoupling of the residual from disturbances
becomes more difficult in SD systems.
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