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Abstract

This paper presents a Robust Adaptive Fuzzy Neural
Controller (RAFNC) suitable for identification and
control of uncertain MIMO nonlinear systems. The
proposed controller has the following salient features:
1) Self-organizing fuzzy neural structure, i.e. fuzzy con-
trol rules can be generated or deleted automatically; 2)
On-line adaptive learning ability of uncertain nonlin-
ear systems; 3) Fast adaptation and learning speed;
4) Ease of incorporating expert knowledge; 5)Adaptive
control, where structure and parameters of the RAFNC
can be self-adaptive in the presence of disturbances to
maintain high control performance; 6) Robust control,
where global stability of the system is established us-
ing the Lyapunov approach. Simulation studies on an
inverted pendulum and a two-link robot manipulator
show that the performance of the proposed RAFNC is
superior over many existing schemes.

1 Introduction

In the last few decades, fuzzy logic and neural networks
have been greatly adopted in model-free adaptive con-
trol of nonlinear dynamic systems [1–4]. Moreover, a
few hybrid techniques were applied to adaptation of
parameters in fuzzy or neural controllers, like sliding
mode technique [1, 5], Bayesian probability [6, 7], ge-
netic algorithms [8] and various types of neural net-
works [9, 10]. However, it turns out that only adjust-
ment of parameters will not be sufficient in many cases.
For example, if the number of fuzzy rules or number of
hidden layers and neurons is very large, real-time im-
plementation will be difficult if not impossible. More
importantly, this reduces the flexibility and numerical
processing capability of the controller and results in re-
dundant or inefficient computation. Therefore, the con-
troller structure needs to be adaptive so that a compact
fuzzy or neural control system can be obtained. Var-
ious techniques have been attempted to adapt fuzzy
or neural control structure, such as genetic algorithms
[11], evolution strategies [12], Back-Propagation (BP)
neural networks [13] and wavelets [14]. However, they

have difficulties in initialization of the control structure
and the associated parameters, and the problem asso-
ciated with either BP or wavelets algorithm is that the
learning and adaptation speeds are slow.

This motivates us to investigate an adaptive structure
and parameter learning algorithm for constructing a
fuzzy or neural control system systematically and au-
tomatically. The resulting intelligent controller must
have fast on-line adaptability to guarantee good real-
time control performance. In line with this objective,
a superior Robust Adaptive Fuzzy Neural Controller
(RAFNC) is designed and developed in this paper. The
RAFNC is built based on a Generalized Fuzzy Neural
Network (G-FNN) controller [15, 16] incorporating ro-
bust adaptive methodology. The G-FNN controller of-
fers a fast on-line learning algorithm, which can recruit
or delete fuzzy control rules or neurons dynamically
without predefinition. Its outstanding computational
efficiency in terms of learning speed, adaptability and
generalization has been verified in some of our latest
work [17]. In essence, the G-FNN algorithm enables
the G-FNN controller to successfully model the nonlin-
ear system dynamics and its uncertainties online.

The rest of the paper is organized as follows. Sec-
tion 2 introduces the dynamic model of MIMO nonlin-
ear systems under consideration. Section 3 describes
the design procedure of the G-FNN controller and the
RAFNC in details. Convergence of the G-FNN con-
troller and global stability of the RAFNC are proven
using the Lyapunov theory. Section 4 presents simula-
tion results and discussions on an inverted pendulum
system and a two-link robot manipulator. Finally, Sec-
tion 5 concludes the paper.

2 MIMO Nonlinear System Dynamics

The class of nth-order MIMO nonlinear systems con-
sidered in this paper, termed companion form or con-
trollability canonical form, is given by [18]:

z(n) = F(z) +G(z)u+D (1)

where



• u ∈ �ni and z ∈ �no are the input and output
vectors of the MIMO nonlinear system respec-
tively, with ni and no being the total number of
system inputs and outputs respectively.

• z = [zT żT . . . z(n−1)T ]T ∈ �non is the state
vector of the system.

• F(z) ∈ �no andG(z) ∈ �no×ni represent smooth
nonlinearities of the dynamic system.

• D ∈ �no is an unknown function representing
system uncertainties and external disturbances.

Since the MIMO nonlinear system (1) is controllable,
the input gainG(z) needs to be invertible for all z ∈ Uc.
The function G is assumed to be known and bounded.
The terms F and D are assumed to be bounded.

3 Nonlinear Identification and Control Scheme

3.1 Robust Adaptive Fuzzy Neural Controller
(RAFNC)
The objective of this paper is to design a Robust Adap-
tive Fuzzy Neural Controller (RAFNC) for nonlinear
systems in companion form given by Eq. (1), which
guarantees boundedness of all closed-loop variables and
tracking of a given desired signal zd(t). We define the
tracking error e = zd − z and the dynamic tracking
error s as follows:

s = z(n−1)
r − z(n−1) (2)

= e(n−1) +Υn−2e(n−2) + . . .+Υ0e (3)

where z(n−1)
r is the so-called “reference” value of z(n−1)

and Υi is a diagonal matrix whose entries are positive
constants.

To achieve asymptotic perfect tracking of a desired con-
figuration zd with all żd . . . z(n)

d known and bounded,
the perfect control law u∗ can be designed as follows:

u∗ = G(z)†[z(n)
r − F(z)− D] +KDs (4)

= Ω(zr) +KDs (5)

whereG(z)† is the pseudoinverse ofG if ni �= no or the
inverse of G if ni = no, the function Ω(.) represents
the inverse dynamics of the nonlinear system, zr =
[zT z(n)T

r ]T , and KD is to be designed.

As external disturbances and unmodeled dynamics rep-
resented byD are unknown in practice, the perfect con-
trol law cannot be implemented. To circumvent this
problem, the G-FNN is proposed to obtain an estimate
of the inverse dynamics, Ω̂ 1. As a result, Eq. (5) can

1Readers can refer to our recent work [17] for detailed de-
scriptions of the G-FNN architecture, learning algorithm and
modeling method.

be established as

u∗ = Ω̂(zr|W∗) + ε+KDs (6)
= W∗T Φ(zr) + ε+KDs (7)

where ε is the minimum approximation error vec-
tor, W∗ is the optimal value of weight matrix
W ∈ �Nr(Ni+1)×No for a given regressor vector Φ ∈
�Nr(Ni+1), Ni = no(n + 1) and No = ni are the num-
ber of inputs and outputs of the G-FNN respectively,
and Nr is the total number of fuzzy control rules inside
the G-FNN.

Our proposed robust RAFNC is therefore designed to
mimic the perfect control law (7). As depicted in Fig-
ure 1, a G-FNN controller is connected in parallel with
a linear controller to generate a compensated control
signal. The control law of the RAFNC is given by

uc =WT Φ(zr) + εN · sgn(GT Ps) +KDs (8)

where the operator “·” denotes element-by-element
multiplication of the vector εN and sgn(GT Ps), and
P ∈ �no×no is a symmetric positive definite matrix.

Figure 1: Robust adaptive fuzzy neural control structure.

3.2 Convergence Analysis of RAFNC
From (1), (7) and (8), the system tracking error equa-
tion can be shown to be

ṡ = As+G(z)[(W∗ − W)T Φ(zr)
+ε − εN · sgn(GT Ps)] (9)

where A = −G(z)KD ∈ �no×no is designed to be a
Hurwitz matrix. Eq. (9) shows that W need to be
further adjusted to minimize the tracking error. The
adaptive law of W is designed as follows:

ẇjk = ajλjΦjsT Pgk − (1− aj)ηjksgn(wjk)
j = 1 . . .Nr, k = 1 . . .No (10)

where wjk ∈ �Ni+1 is the weight vector associated
with the jth rule for the kth output variable of W,
Φ = [ΦT

1 ΦT
2 . . .ΦT

Nr
]T , and G = [g1 g1 . . .gNo ].



The term λj > 0 is the learning rate for the weight
vector associated with the jth rule. The term ηjk =
λj η̂jk > 0 is the time-varying decay rate, which is cho-
sen so that

η̂jk ≥ sum|ΦjsT Pgk| (11)

where the operator “sum” denotes summation of all the
elements of vector |ΦjsT Pgk|.

The variable aj ∈ [0, 1] is a structural adaptation pa-
rameter, which is obtained from the G-FNN learning
algorithm. It reflects the generation and deletion of
fuzzy control rules associated with the G-FNN in the
following manner. The jth rule is introduced into the
G-FNN at time t by setting aj(t) = 1, and the corre-
sponding weight vector is initialized to wjk(0) acquired
by the G-FNN learning algorithm. The jth rule is tar-
geted for deletion from the G-FNN at time t by setting
aj(t) = 0, which causes the adaptation mechanism to
drive each of the output weights associated with the jth
rule node to zero in a time bounded by max(wjk)/η.
When aj(t) = 0 and weight vectors of the jth rule node
have reached zero, the rule is considered deleted from
the G-FNN, and its associated memory and computa-
tional resources may be freed for reuse.

The symmetric positive definite matrix P is designed
to satisfy the following relationship:

PA+AT P = −Q (12)

where Q is a positive definite matrix and is selected by
the user.

To guarantee stability of the control system, the G-
FNN must converge, which requires the parameters of
the G-FNN to be bounded. Eq. (3) of [17] shows that
the outputs of the G-FNN are bounded if the weights
W are bounded. Define the constraint set Γ for W as
follows:

Γ � {||wjk|| ≤ ||wjk(0)||} (13)

where ||.|| denotes two-norm of a vector. According to
the projection algorithm of [2], the adaptation law (10)
can be modified as follows:

ẇjk =




ajλjΦjsT Pgk − (1− aj)ηjksgn(wjk)
if (||wjk|| < ||wjk(0)||) or
(||wjk|| = ||wjk(0)||
and wT

jkΦjsT Pgk ≤ 0)

ajλj(I − wjkwT
jk

||wjk||2 )ΦjsT Pgk

−(1− aj)ηjksgn(wjk)
if (||wjk|| = ||wjk(0)||
and wT

jkΦjsT Pgk > 0)

(14)

Concerning the boundedness of the weights of the G-
FNN, we have

Theorem 3.1 If the initial values of the weights
wjk(0) ∈ Γ, the adaptation law (14) guarantees
wjk(t) ∈ Γ, ∀t > 0.

Proof: Consider the following Lyapunov function

Vjk =
1
2
wT

jkwjk (15)

Taking the derivative of the Lyapunov function with
respect to time

V̇jk = wT
jkẇjk (16)

When (||wjk|| = ||wjk(0)|| and wT
jkΦjsT Pgk ≤

0), V̇jk ≤ 0. Thus, it can be guaranteed
that ||wjk|| ≤ ||wjk(0)||. When (||wjk|| =
||wjk(0)|| and wT

jkΦjsT Pgk > 0), V̇jk ≤ 0. Thus,
||wjk|| ≤ ||wjk(0)|| is also guaranteed. Since the initial
value wjk(0) ∈ Γ, wjk is bounded by the constraint set
Γ for all t ≥ 0. ✷

3.3 Stability Analysis of RAFNC
Concerning the stability of the closed-loop system, we
have the following theorem.

Theorem 3.2 Consider the MIMO nonlinear dynamic
system represented by (1). If the robust control law of
(8) and the adaptive law of (14) are applied, asymptotic
stability is guaranteed.

Proof: We consider the following Lyapunov function
candidate, which is based on (9),

V (t) =
1
2
sT Ps+

1
2
tr[(W∗ − W)T Λ−1(W∗ − W)] (17)

where Λ ∈ �Nr(Ni+1)×Nr(Ni+1) is a diagonal matrix
whose jth Ni + 1 entries are the learning rate λj .

Taking the derivative of V (t) and using (9) and (14),
we have

V̇ (t) =
1
2
ṡT Ps+

1
2
sT Pṡ − tr[(W∗ − W)T Λ−1Ẇ]

= −1
2
sT Qs − sT PG[(εN ± |ε|) · sgn(GT Ps)]

+
No∑
k=1

sT Pgk

Nr∑
j=1

(w∗
jk − wjk)T Φj

−
No∑
k=1

Nr∑
j=1

(w∗
jk − wjk)T λ−1

j ẇjk (18)

Under condition 1 of (14), (18) becomes

V̇ (t) = −1
2
sT Qs − sT PG[(εN ± |ε|) · sgn(GT Ps)]

+
No∑
k=1

Nr∑
j=1

(1− aj)(w∗
jk − wjk)T



[ΦjsT Pgk + η̂jksgn(wjk)]

= −1
2
sT Qs − sT PG[(εN ± |ε|) · sgn(GT Ps)]

+
No∑
k=1

Nr∑
j=1

vjk (19)

When aj = 1, i.e. the jth rule is generated, vjk = 0.
When aj = 0, i.e. the jth rule is going to be deleted
andw∗

jk = 0, vjk = −wT
jk[ΦjsT Pgk+η̂jksgn(wjk)] ≤ 0

using (11). Therefore, (19) becomes

V̇ (t) ≤ −1
2
sT Qs − sT PG[(εN ± |ε|) · sgn(GT Ps)] ≤ 0 (20)

Under condition 2 of (14), (18) becomes

V̇ (t) = −1
2
sT Qs − sT PG[(εN ± |ε|) · sgn(GT Ps)]

+
No∑
k=1

Nr∑
j=1

(1 − aj)(w∗
jk − wjk)T

[ΦjsT Pgk + η̂jksgn(wjk)]

−
No∑
k=1

Nr∑
j=1

aj(1−
w∗T

jk wjk

||wjk||2 )w
T
jkΦjsT Pgk

= −1
2
sT Qs − sT PG[(εN ± |ε|) · sgn(GT Ps)]

+
No∑
k=1

Nr∑
j=1

vjk −
No∑
k=1

Nr∑
j=1

ujk (21)

Since w∗
i ∈ Γ and 1 − (w∗

i )T wi

||wi||2 ≥ 0, when aj = 1,
i.e. the jth rule is generated, vjk = 0 and ujk ≥ 0.
When aj = 0, i.e. the jth rule is going to be deleted
and w∗

jk = 0, vjk ≤ 0 and ujk = 0. Therefore, (21)
becomes

V̇ (t) ≤ −1
2
sT Qs − sT PG[(εN ± |ε|) · sgn(GT Ps)] ≤ 0 (22)

Equations (17), (20) and (22) show that V (t) ≥ 0
and V̇ (t) ≤ 0. Furthermore, (20) and (22) imply
that V̇ (t) = 0 if and only if V (t) = 0. Therefore,
global stability is guaranteed by the Lyapunov theo-
rem. By using Barbalat’s lemma [18], it can be shown
that s(t)→ 0 as t → ∞. As a result, the control system
is asymptotically stable. Moreover, the tracking error
of the system will converge to zero. ✷

4 Simulation Studies

In this section, two simulation examples are given to
verify the validity of the proposed RAFNC for non-
linear systems. Further comparisons with some newly
developed adaptive fuzzy or neural controllers further
show its advantages in both transient and steady-state
performance.

4.1 Example 1: An Inverted Pendulum System
In this example, the effectiveness of the proposed
RAFNC design is illustrated in tracking control of an
inverted pendulum system used in [2, 18], whose dy-
namic equation is given by

θ̈ =
g sin θ − mlθ̇ cos θ sin θ

mc+m

l(43 − m cos2 θ
mc+m )

+
cos θ

mc+m

l(43 − m cos2 θ
mc+m )

u+ d (23)

where u represents the input force, θ represents the
angle of the pendulum with respect to the vertical line
and d represents plant uncertainties.

In this simulation, the system parameters are chosen
as follow: mass of the cart, mc = 1kg; mass of the
pole, m = 0.1kg; half-length of the pole, l = 0.5m
and acceleration due to gravity, g = 9.8m/s2. The
initial position is chosen as θ(0) = θ̇(0) = θ̈(0) = 0.
The desired angle trajectory is assumed to be θd =
0.1 sin(2πt)rad and plant uncertainties are given by d =
0.2 sin(4πt)rad/s2.

The G-FNN learning algorithm operates at a sampling
rate of 50 sample/sec, whose parameters are designed

as follow: emax = 0.1, emin = 0.005, dmax =
√
ln( 1

0.5 ),

dmin =
√
ln( 1

0.8 ), Ks,min = 0.9, Kmf = 0.5, Kerr =
0.01, and Nd = 100. The rest of the RAFNC operate at
a sampling rate of 1000 sample/sec, whose parameters
are designed as: Υ0 = 2, KD = 8, P = 8, εN = 0.01
and λj = 0.5.

Using the G-FNN learning algorithm, the fuzzy neural
structure and parameters are generated simutaniously
and automatically. In this simulation study, a total
of three fuzzy rules are generated online as shown in
Figure 2. The corresponding Gaussian fuzzy member-
ship functions were obtained with respect to the input
training variable as shown in Figure 3. It can be seen
that the membership functions are evenly distributed
over the input training interval. This is in line with the
aspiration of “local representation” in fuzzy logic. Fig-
ure 4 shows the tracking result of the control system.
The result clearly demonstrates that the pole angle was
able to track the desired trajectory from second trial
onwards.

4.2 Example 2: An Articulated Two-Link Ro-
bot Manipulator
In this simulation example, the performance of the pro-
posed RAFNC is verified in tracking control of a two-
link robot manipulator. The dynamic equation is given
by2

θ̈ = −M(θ)−1H(θ, θ̇) +M(θ)−1τ − M(θ)−1τd (24)

2Readers can refer to [18] for parameters of the manipulator
used in this simulation.



Figure 2: Number of fuzzy rules generated.

Figure 3: Gaussian fuzzy membership functions w.r.t in-
put training variables.

Figure 4: Tracking response using RAFNC.

whereM is the 2×2 manipulator inertia matrix, which
is symmetric positive definite, H is the 2× 1 vector of
centrifugal, Coriolis, friction forces and gravity, τ is
the 2× 1 vector of input torque generated by the joint

motor, θ̈, θ̇ and θ are 2×1 vectors of output link accel-
eration, velocity and position respectively, and τd is the
2× 1 vector of unknown terms arising from unmodeled
dynamics and external disturbances.

Initial conditions are chosen as θ1(0) = θ2(0) = 0 rad,
θ̇1(0) = θ̇2(0) = 0 rad/sec and θ̈1(0) = θ̈2(0) =
0 rad/sec2. The desired trajectories are θd1 = π

6 (1 −
cos(2πt)) rad and θd2 = π

4 (1 + cos(2πt)) rad, and
disturbances are τd1 = 100 sin(2πt) Nm and τd2 =
50 sin(2πt) Nm, which are comparable to the control
torques of the robot manipulator.

The G-FNN learning algorithm operates at a sampling
rate of 50 sample/sec, whose parameters are designed

as follow: emax = 0.1, emin = 0.005, dmax =
√
ln( 1

0.5 ),

dmin =
√
ln( 1

0.8 ), Ks,min = 0.9, Kmf = 0.5, Kerr =
0.01, and Nd = 100. The rest of the RAFNC oper-
ate at a sampling rate of 1000 sample/sec. The para-
meters of the RAFNC are designed as follow: Υ0 =
diag[25/7, 25/7], KD = diag[7, 7], P = diag[7, 7],
εN = [0.05 0.05]T , and λj = 0.4.

Simulation studies are carried out to compare the per-
formance of the RAFNC with three different controllers
that were developed in similar control structure, i.e. 1)
a Computed Torque Controller (CTC) of [18], 2) an
Adaptive Neural Controller (ANC) of [3], and 3) an
Adaptive Fuzzy Controller (AFC) of [4]. Table 1 shows
properties of the designed RAFNC with respect to the
other three controllers. Figures 5 compares tracking
performance of the RAFNC with the rest. Simulaton
results show that the RAFNC achieves better tran-
sient and steady-state performance with much compact
fuzzy neural structure.

Remark 4.1 Concerning the control law (8) of the
RAFNC, besides the robust term containing εN , the
RAFNC for 2rd-order systems with the same number
of input and output variables (i.e. 2nd-order square
systems) consists of a feedforward G-FNN controller
and a feedback PD controller with Kp = KDΥ0 and
Kv = KD.

5 Conclusions

In this paper, a fuzzy neural identification and con-
trol scheme for nonlinear systems was proposed and its
adaptive capability to handle modeling errors and ex-
ternal disturbances was demonstrated. The error con-
vergence rate with the RAFNC was found to be fast.
Asymptotic stability of the control system is estab-
lished using the Lyapunov approach. Computer simu-
lation studies of an inverted penulum system and a two-
link robot manipulator verify the flexibility, adaptation



and tracking performance of the proposed RAFNC.

Table 1: Comparison of RAFNC with Other Controllers

Robot Kp Kv Fuzzy Rules or
Model Hidden Neurons

CTC [18] Require 25 10 0 (Fixed)
ANC [3] Require 25 10 121 (Fixed)
AFC [4] Require 25 35 4 (Fixed)
RAFNC Not Require 25 7 5 (Adaptive)

Figure 5: Comparison of tracking errors of RAFNC with
other controllers.
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