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Abstract

We study the application of sums of squares decomposi-
tions and semidefinite programming in the formulation
of computational criteria for distinguishing entangled
from separable quantum states. A hierarchy of tests
is obtained, the simplest of which corresponds to the
well-known positive partial transpose (PPT) sufficient
criterion, with the more complicated tests being strictly
stronger. The duality structure of the problem allows
us to provide an explicit construction of the entangle-
ment witnesses corresponding to our tests.

1 Introduction

Entanglement is one of the most striking features of
quantum mechanics. Not only is it at the heart of
the violation of Bell inequalities [1], but it has lately
been recognized as a very useful resource in the field
of quantum information. Entanglement can be used
to perform several important tasks such as teleporta-
tion, quantum key distribution and quantum compu-
tation [10]. Despite its widespread importance, there
is not an effective procedure that can tell us whether a
given state is entangled or not, and considerable effort
has been dedicated to this problem in recent years [6, §].
In this paper we apply the tools of semidefinite pro-
gramming to construct a hierarchy of tests that can
detect entangled states.

Separable and entangled states. In quantum me-
chanics the state of a physical system is represented
by unit trace positive operators p on a complex vec-
tor space H. The rank one projectors are termed pure
states since they specify a particular vector on H with
probability one. The mixed states are convex combi-
nations of rank one projectors and can be thought of
as probability distributions over pure states.

The state of two physical systems A and B (two atoms
for example) is specified by a positive operator p on
the tensor product space Hq ® Hp. If the two systems
have definite states independent of each other they are
of the form p4 ® pp and are termed product states.
There is an important distinction between local dynam-
ics, for which it is possible to effect the transformation
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p— (A® B)p(A® B) with some probability for arbi-
trary A and B, and dynamics that require a non-trivial
interaction between the two systems and which allow
for any completely positive map to be performed on
p. Physically the local operations may be performed
even if the two systems are widely separated whereas
it is necessary to bring them together to perform an
arbitrary completely positive map.

The states which can be constructed by local opera-
tions of this kind (essentially the so-called local op-
erations with classical communication), starting with a
pure product state, are termed the separable states. All
other states of two physical systems are termed entan-
gled and their preparation requires a non-trivial coher-
ent interaction between the two systems. The name is
suggestive of the fact that such states have strong cor-
relations between observables of the two parties. Bell
inequalities give a mathematical quantification of this
fact about entangled states. As a result of these consid-
erations, a bipartite mixed state p is said to be separa-
ble [18] (not entangled) if it can be written as a convex
combination of pure product states

p="Y_ pilthi) (W] @ |¢4) (@il, (1)
where |1;) and |¢;) are state-vectors on the spaces H 4
and Hp of subsystems A and B respectively, and p; >

O’Zipi = 1

Several operational criteria have been proposed to iden-
tify entangled states. Typically these are based on sim-
ple properties obeyed by all separable states and are
thus necessary but not sufficient conditions for sepa-
rability (although some sufficient conditions for sep-
arability are known [2]). The most famous of these
criteria is based on the partial transposition and was
first introduced by Peres [13]. It was shown by the
Horodeckis [5] to be both necessary and sufficient for
separability in Hy ® He and Hs ® Hs. If p has ma-
trix elements p;i ;1 = (1| ® (k|p|j) @ |I) then the partial
transpose pT4 is defined by pﬁ“jﬂ = pjkq- If a state
is separable, then it must have a positive partial trans-
pose (PPT). To see this consider the decomposition (1)
for p. Partial transposition takes |1;)(1;| to [¥F) (¥,
so the result of this operation is another valid density
matrix and must be positive. Thus any state for which
pT4 is not positive semidefinite is necessarily entangled.



This criterion has the advantage of being very easy to
check, but there are PPT states that are nonetheless
entangled as was first demonstrated in [7].

In this paper, we discuss a new hierarchy of tests, in-
troduced in [4], that distinguish separable from entan-
gled quantum states. Our main tools are the use of
sums of squares decompositions and convex optimiza-
tion, in particular semidefinite programming. Crucial
to our approach is the notion of an entanglement wit-
ness, presented in Section 2. These are observables
that take only nonnegative values on the set of sepa-
rable states. While very appealing from a theoretical
perspective, their practical drawback is that the com-
putational problem of wverifying that the witness has
the desired properties seems to be hard, being equiv-
alent to checking nonnegativity of a bihermitian form.
For these reasons, a natural hierarchy of relaxations,
based on sum of squares decompositions, is employed
to check the required nonnegativity properties.

The proposed criteria are not just efficient numerical
schemes, but also have very appealing theoretical in-
terpretations. On the one hand, as mentioned earlier
and presented in the following section, they implement
a search for entanglement witnesses that certify the im-
possibility of a decomposition as in (1), and for which
the nonnegativity condition can be effectively verified.
By convex duality, there is the complementary view-
point, as a search for state extensions with a partic-
ular structure, that reduce to the given state p under
the partial trace operation, as will be explained in Sec-
tion 3.

These two apparently different procedures turn out to
be one and the same, being the primal and dual side, re-
spectively, of a single semidefinite programming prob-
lem. In Section 5, a fully worked out example of an
entangled state with the corresponding witness is pre-
sented.

2 Entanglement witnesses

A crucial feature in convex geometry and convex pro-
gramming, is the existence of separating hyperplanes,
or equivalently, of a dual problem. If C is a closed con-
vex set with nonempty interior, then any point that
does not belong to C can be separated from it by a lin-
ear functional that takes only nonnegative values on C,
but is negative on x.

In the context of entanglement, the set C will be the
set of separable states, and the role of separating hy-
perplanes or certificates is played by observables known
as entanglement witnesses (EW) [5, 16]. Prototypical
examples of entanglement witnesses are the classical
Bell inequalities [1]. An EW for a state p is a linear
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functional W that satisfies

Tr[Wp] <0 and Tr[Wpsep] > 0, (2)
for every separable state psep. Clearly, if there exists a
W satisfying these conditions, then the state p cannot
possibly be separable, and the observable W serves as
a certificate or witness of this fact.

If W is a candidate entanglement witness, then it fol-
lows from (1) that to establish the second condition in
(2) it is sufficient to verify it only for the pure prod-
uct states, since they are the generators of the cone of
separable states.

According to this, for any product state |xy) we should
have

E(z,y) Tr Wzy)(xy| = (zy|W|zy)

= > Wiuaiyjz 2 0,
ijkl

®3)

where {z;,y;} are the components of |z),|y) in some
basis, and Wj;i; are the matrix elements of W in the
same basis. Equation (3) states that the bihermitian
form E associated with W must be positive semidefi-
nite (PSD).

In general, checking nonnegativity of multivariate
forms is a hard problem, and therefore sufficient con-
ditions, or relazations, are used instead. Particularly
useful ones are those based on sum of squares de-
compositions (see [11, 12] and the references therein).
As explained in the cited works, a very useful suffi-
cient condition for nonnegativity is the existence of a
sum of squares (SOS) decomposition, i.e., E(x,y) =
>, ei(w,y)?, with the e; also being multivariate forms.
The main reason for this is the fact that, as opposed to
nonnegativity, it is possible to efficiently check whether
a multivariate form admits a sum of squares decompo-
sition, using semidefinite programming (SDP).

Semidefinite programs (SDP) [17], are a class of con-
vex optimization problems that correspond to the opti-
mization of a linear function, subject to a linear matrix
inequality (LMI). The standard SDP problem formula-
tion is:

minimize cT'x
subject to  F(x) >0, (4)
where ¢ is a given vector, x = (x1,...,2Zm), and

F(x) = Fo + Y, F;, for some fixed n-by-n hermi-
tian matrices F;. The inequality in the second line of
(4) means that the matrix F'(x) is positive semidefinite.
The vector x is the variable over which the minimiza-
tion is performed. In the particular instance in which
¢ = 0, there is no function to minimize and the problem
reduces to whether or not it is possible to find x such



that F'(x) is positive semidefinite. This is termed a fea-
sibility problem. A geometric interpretation of SDP is
the minimization of a linear functional, over a convex
set defined by the intersection of an affine subspace and
the closed cone of positive semidefinite matrices.

To check whether a given multivariate form F(x) can
be written as a sum of squares, we try to express it as
a quadratic form in a properly chosen set of variables
z, i.e.,

E(x):=2z"Qz. (5)
The choice of auxiliary variables z will depend on the
structure of the form E: for instance, for a bihermitian
form such as E(x,y), we would choose as the z; the
monomials of the form z;y; and z;y;. In general, the
variables z; will not be algebraically independent, and
therefore some quadratic relations (or syzygies) will ex-
ist among them. This implies the existence of an affine
subspace of matrices @ for which (5) holds. This sub-
space will contain a positive semidefinite matrix if and
only if the form E has a sum of squares representa-
tion. By the geometric interpretation of SDP outlined
earlier, deciding whether E is SOS is equivalent to the
solution of a semidefinite program.

Given an affinely parameterized set of multivariate
forms, it is also possible to use SDP to search for an
element in the family that is a sum of squares. This is
exactly what is required in obtaining an entanglement
witness W, provided we relax the nonnegativity condi-
tion to the sum of squares one, since the form E(z,y)
in (3) depends linearly on the parameters W;y.

Interestingly enough, it can be shown that the Peres-
Horodecki PPT criterion alluded to in the introduc-
tion detects the entanglement of only those states that
possess entanglement witnesses W for which E(z,y)
may be written directly as a sum of squares—the so-
called decomposable entanglement witnesses [9] such
that W = P + Q™ for some PSD matrices P and Q.

Furthermore, even if F(z,y) is not a sum of squares, it
is possible that after multiplying it by a conveniently
chosen positive definite form, the product has the SOS
property, therefore establishing nonnegativity. This is
the core of the dual side of our approach. Since in
the general case there may not be entanglement wit-
nesses W such that (3) is a SOS, we can search over
W for which the form is a SOS when multiplied by
(z|z)* =1 {y|y)! =t for some k,l > 1. By duality, this ex-
actly corresponds to the (k,!) separability criterion as
presented in Section 3.

We will return to this interpretation after presenting
the state extension formulation of our hierarchy of sep-
arability tests, the first level of which corresponds ex-
actly to the PPT criterion.
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3 State extensions

In this section we will formulate our hierarchy of
semidefinite programs in terms of states. Given p as
in (1), consider the state g defined on Ha ® Hp ® Ha:

(6)

Firstly Tr[p(X ® I)] =Tr[pX] for any operator X on
Ha®Hp. We say that the state p is the partial trace of
p or that p is an extension of p. Secondly p is invariant
under interchanging the two copies of H 4. To put this
more formally we define the swap operator P such that
Pliy @ |k) @ |j) = |j) ® |k) @ |i). We have P? = I,
and m = (I + P)/2 is a projector onto the symmetric
subspace. Since wpm p the extension p only has
support on this subspace. Finally the extension p is a
tripartite separable state. It will have positive partial
transposes with respect to any of the parties, and in
particular we have ﬁTl > (0 and ﬁT2 > 0.

p= Zpi"‘/)i><1/1i| ® [@i){(Pil @ |thi) (Yl

The existence of this extension is a necessary condition
for separability. If the state p on Ha @ Hp is separable
then there is an extension p on Ha @ Hp ® Ha such
that mpm = p, p* > 0 and p™> > 0. Note that the
symmetry of the extension means that if 57* > 0 then
T3 > 0, so including this would not make a stronger
test. We may generalize this criterion to an arbitrary
number of copies of both H4 and Hp. If the state p
on Ha ® Hp is separable then there is an extension p
with support only on the symmetric subspace of H%k ®
Hgl such that p has a positive partial transpose for all
partitions of the k + 1 parties into two groups. Since
the extensions are required to be symmetric, it is only
necessary to test the possible partitions into two groups
that are not related by permuting copies of H 4 and H .
Including testing for positivity of the extension itself,
there are [(k+ 1) (I 4+ 1) /2] distinct positivity checks
to be satisfied by p.

These results generate a hierarchy of necessary condi-
tions for separability. The first is the usual PPT test
for a bipartite density matrix p. For PPT states we
look for an extension p of p to three parties such that
mpm = p that satisfies the PPT test for all possible
partial transposes. If no such extension exists, then p
must be entangled. If such an extension is possible,
the state could be separable or entangled, and we need
to consider an extension to four parties and so on. As
was discussed in [4] each of these tests is at least as
powerful as the previous one.

The problem of searching for the required extension is
in fact a semidefinite program. We provide here an
overview, referring the reader to [4] for the full de-
tails. It is possible to construct matrices F; such that
Tr[Fo(X ® I)] =Tr[pX] for an arbitrary operator X
on Ha ® Hp, Tr[Fo(X ® I)] =Tr[pX] for i > 0 and



nF;m = F; for all i. We also need to include all the
available F;, that is we require that the F; span the
subspace of Hermitian matrices with support on the
symmetric subspace of H%k ® ’H%l that have zero par-
tial trace. There will be a linear map A from matri-
ces on Ha4 ® Hp to matrices on 'H%k ® H%l such that
Fy = A(p). Now all matrices F(x) = Fy + Y, z; F;
satisfy the necessary equality constraints on p and we
wish to vary x so as to satisfy positivity of F(x) and
its partial transposes. Each of these positivity condi-
tions results in a new LMI. If it is feasible to satisfy
these simultaneously then an extension of the required
form exists. Thus we see that our tests reduce to a
semidefinite programming feasibility problem. We can
write the LMIs as one by forming a block matrix G
where the first block is F' and each subsequent block is
a partial tranpose of F' (defining G; analogously). In
the simplest example, G = p @ p™* @ 52 and so for
example Gy = Fy & Fgl &) FOT2.

Using the SDP solver SeDuMi [15], we applied the
first criterion (K = 2,1 = 1) to several examples of
PPT entangled states appeared in the literature with
dA = Q,dB =4 or dA = 3,dB = 3. On a 500 MHz
desktop computer a single state could be tested in un-
der a second for d4 = 2,dp = 4 and in around eight
seconds for d4 = 3,dp = 3. We checked 4000 randomly
chosen examples of the seven parameter family of PPT
entangled states states in [3]. We did not find any PPT
entangled state with an extension of the required form,
therefore proving (up to numerical error) that they can-
not be separable. Very close to the separable states the
test was inconclusive due to numerical uncertainties. A
specific example, along with the witness certification,
is discussed in more detail in Section 5.

4 Duality

For a semidefinite program like (4), the dual problem
corresponds to another SDP, that can be written

maximize —Tr[FoZ]
subject to Z >0
Tr[FZ] = ¢, (7)

where the matrix Z is hermitian and is the variable over
which the maximization is performed. For any feasible
solutions of the primal and dual problems we have

'x + Tr[FyZ] = Tr[F(x)Z] > 0, (8)
where the last inequality follows from from the fact
that both F'(x) and Z are positive semidefinite. Then,
for the particular case of a feasibility problem (¢ = 0),
equation (8) will read Tr[FpZ] > 0. This result can be
used to give a certificate of infeasibility for the primal
problem: if there exists Z such that Z > 0, Tr[F;Z] =
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0, that satisfies Tr[FoZ] < 0, then the primal problem
must be infeasible.

If the primal SDP constructed in Section 3 is infeasi-
ble (which means that the state p must be entangled),
the solution of its dual SDP will provide a certificate
of that infeasibility that can be used to construct an
entanglement witness for p.

To make these duality ideas concrete, we note that
due to the block diagonal structure of the LMI, we
can restrict any feasible dual solution Z to have the
same structure, i.e., Z = Zy & ZlT1 P ZZT2 where the
Z; are operators on Hqa ® Hp ® Ha. Then we have
that Tr[GoZ] = Tr[Fo(Zo + Z1 + Z3)]. We defined Fy
as a linear function of p so that Fy = A(p) where A is
a linear map from Hy ® Hp to Ha ® Hp @ Ha. We
can now define an operator ZonHis®Hp through the
adjoint map A* such that Z = A*(Zy + Z1 + Z») and

(9)

We proceed to show how our scheme allows us to con-
struct an entanglement witness. If pge, is any sepa-
rable state, we know that the primal problem is fea-
sible (the extension p exists). As a result there is a
feasible value of x for which G is positive. Consider
any dual-feasible Z (Z > 0, Tr[F;Z] = 0), then we
have Tr[GoZ] = Tr[GZ] > 0. Using (9), we have
Tr[psepZ] > 0 for any Z obtained from a dual feasi-
ble solution. Note that the dual problem is strictly
feasible (Z = I is dual feasible for example). As a
result, we are guaranteed that if the primal problem
is not feasible (and so p is an entangled state), then
there exists a feasible dual solution Zgy that satisfies
Tr[GoZEw] < 0. Using (9) we can see that the corre-
sponding operator A Ew satisfies Tr[pZ Ew| < 0 which
together with Tr{psepZpw| > 0 means that Zgw is an
entanglement witness for p.

It is not hard to show that all of the witnesses generated
by Eqn. (9) satisfy the relation

(xyx|Z @ I|xyx) (xyx|(Zo + Z1 + Za)|zyx)
(wya|Zoleyz) + (z*yx| Z{* o ya)

+ay w232 ey x). (10)

Since Z()7Zf1 and ZZT2 are positive by construction
the biquadratic hermitian form FE(z,y)(z|z) has a de-
composition as a sum of squared magnitudes (SOS).
This guarantees that the form E(z,y) in (3) is positive
semidefinite.

The reformulation of our separability tests as a search
for SOS decompositions of the forms F(z,y) provides
connections with existing results in real algebra (see
[12] for a discussion of the SDP-based approach in
a general setting). By Artin’s positive solution to



Hilbert’s 17th problem, for any real PSD form f(x)
there exists a SOS form h(x), such that the prod-
uct f(x)h(x) is SOS [14]. Finding such an h(x) and
SOS decomposition proves that f is PSD. For a fixed
SOS form h(z,y), we may write a SDP that attempts
to find EWs such that h(x,y)E(z,y) is SOS. In our
hierarchy of criteria the form h is restricted to be
(x|z)*~{y|y)!~. While it is conceivable that every
positive semidefinite bihermitian form is SOS when
multiplied by appropriate factors of this kind, this is
currently an open question.

5 Example

We present next an example illustrating the presented
methodology. Consider the state described in [6, Sec-
tion 4.6], given by:

2 o 55—«
Pa = ?|¢+><1/)+| + 7oy + ——Poi P, (11)
with 0 < a < 5, [¢y) = =30 i), oy =

£(101)¢01| + [12)(12| + [20)(20]). Notice that p, is in-
variant under the simultaneous change of & — 5 — «
and interchange of the parties. The state is separable
for 2 < a < 3 and not PPT for a« > 4 and @ < 1. Nu-
merically entanglement witnesses could be constructed
for p, in the range 3+ e <a <4 (and 1 <a <2 —¢)
with € > 1078, A witness for & > 3 can be extracted
from these by inspection:

Zpw = 2(/00)(00] + [11)(11] + [22)(22]) +
+102)(02] 4 [10)(10] + [21) (21| = 3[4 ) (-

This observable is nonnegative on separable states:

_ * * *|2
2yl Zew |ry)(z|r) = [22021Y5 — T2T0Y] — T122Y5 |

+22z0xy0 — 22125Yy1 + X112 Yo — T2 HY2|?
+220xy2 — 22175Yy1 + TaTiY2 — ToTHYo|?
+2z02% Yo — 2T225Yy1 + Toxtys — 12T |2
+3 [zamoyt — r1m2yg|? + 3|r1xiye — 22ryal?
+3 |w2a3ys — zox3yol* + 3 [waxiys — mraiy|* > 0.

The expected value
TI‘[ZEwpa] = %(3 —
ment for all o > 3.

on the original state is
a), demonstrating entangle-

6 Conclusions

We discussed a hierarchy of SDP-based separability
tests, introduced in [4], that are strictly stronger than
the standard PPT criterion. The tests have comple-
mentary interpretations, both in terms of state exten-
sions and sums of squares decompositions of real-valued
complex forms. It is the duality between these two for-
mulations that leads to a construction of entanglement
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witnesses for states that fail any separability test in the
sequence.

The first step in the hierarchy of tests is exactly equiva-
lent to the well-known PPT criterion. Only the second
step in this sequence was required to detect the entan-
glement of a wide class of known PPT entangled states
taken from the literature. The numerical results can
also be very helpful in finding analytical expressions
for the entanglement witness, as was illustrated in the
example of Section 5.
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