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~ Abstract—A new tuning method for PID controller design  practice to use a relay with hysteresis [9] for noise immunit
is proposed for a class of unknown, stable, and minimum Another commonly used technique is to introduce an artificia
phase plants. We are able to design a PID controller to ensure 4ime delay within the relay closed-loop system, e.g., [10]

that the phase Bode plot is flat, i.e., the phase derivative s .
wrt. the frequency is zero, at a given frequency called the change the oscillation frequency in relay feedback tests.

“tangent frequency” so that the closed-loop system is robus After identifying a point on the Nyquist curve of the plant,

to gain variations and the step responses exhibit an iso- the so-called modified Ziegler-Nichols method [4], [11] can
damping property. At the “tangent frequency”, the Nyquist  pe used to move this point to another position in the complex
curve tangentially touches the sensitivity circle. Sevetarelay plane. Two equations for phase and amplitude assignment can
feedback tests are used to identify the plant gain and phase . .

at the tangent frequency in an iterative way. The identified be obtained to retrieve the parameters of a PI _controlle’r. Fo
p|ant gain and phase at the desired tangent frequency are ude a PID ContrO”er, hOWGVGr, an additional equatlon should be
to estimate the derivatives of amplitude and phase of the pl¢  introduced. In the modified Ziegler-Nichols methad, the

with respect to frequency at the same frequency point by Bode  ratio between the integral tiniE and the derivative timé;,

integral relationship. Then, these derivatives are used taesign is chosen to be constant. i.6% = oT.. in order to obtain a
a PID controller for slope adjustment of the Nyquist plot to unique solution B >

achieve the robustness of the system to gain variations. No . o
plant model is assumed during the PID controller design. Ont The control performance is heavily influenced by the
several relay tests are needed. Simulation examples illuate  choice ofa as observed in [10]. Recently, the role @thas

the effectiveness and the simplicity of the proposed methofbr  drawn much attention, e.g., [12], [13], [14]. For the Ziagle
robust PID controller design with an iso-damping property. Nichols PID tuning methodq is generally assigned as a
Index Terms— PID controller, PID tuning, relay feedback test, . ber 4 [4]. Walleristrs d Haaalund d
Bode’s integral, flat phase condition, iso-damping propery. magic number 4 [4]. Wallerstrom and Hagglund propose
that the tradeoff between the practical implementation and
. INTRODUCTION the system performance is the major reason for choosing the

. ratio betweerl; and7, as 4 [12].
According to a survey [1] of the state of process control the main contribution of this paper is the use of a new

systems in 1989 conducted by the Japan Electric Meas ﬁ'ning rule which gives a new relationship betweBnand
ing Instrument Manufacturer's Association, more than 9 ", in stead of the equatiof; = 47}, proposed in the modified
percent of the control loops were of the PID type. It Was;qqar Nichols method [4], [11]. We propose to add an txtra
also indicated [2] that a typical paper mill in Canada hagqpjition that the phase Bode plot at a specified frequency
more than 2,000 control _Ioops _and that 97 percent usg yhe point where sensitivity circle touches Nyquist cusse
Pl control. Therefore, the industrialist had concentrated 4y fiat which implies that the system will be more robust

PUPID controllers _and had _already developgde-button to gain variations. This additional condition can be expeels
type relay auto-tuning techniques for fast, reliable PI/PID_ /(s

control yet with satisfactory performance [3], [4], [5],][6 25 ds ~ls=jw. = 0, which can be equivalently expressed
[7]. Although many different methods have been proposed f dG(s)
tuning PID controllers, till today, the Ziegler-Nichols thed L——|s=jw. = LG(3)|s=juw. (1)

[8] is still extensively used for determining the paramster ds

of PID controllers. The design is based on the measuremenhere w. is the frequency at the point of tangency and
of the critical gain and critical frequency of the plant and&(s) = K(s)P(s) is the transfer function of the open loop
using simple formulae to compute the controller parametersystem including the controllek (s) and the plantP(s). In

In 1984, Astrom and Hagglund [9] proposed an automati¢his paper, we consider the PID controller of the following
tuning method based on a simple relay feedback test whigarm:

uses the describing function analysis to give the criticahg K(s) = Kp(1+ 1 + Tys). 2)

and the critical frequency of the system. This information Tis

can be used to compute a PID controller with desired gain This "flat phase” idea proposed above is illustrated in
and phase margins. In relay feedback tests, it is a COMMERY  1(a) where the Bode diagram of the open loop system
_is shown with its phase being tuned locally flat around
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Therefore, in this case, the step responses under varidasthe PID controller obtained from (2). The phase of the

gains changing around the nominal gain will exhibit an isoelosed loop system is given by

damping property, i.e., the overshoots of step respondés wi . . .

be almost the same. This can also be explained by Fig. 1(b) LG(jw) = LK (jw) + LP(jw). (6)

where the sensitivity circle touches the Nyquist curve ofpe derivative of the closed loop systefifjw) with respect

the open loop system at the flat phase point. Clearly, singg ., can be written as follows:

gain variations are unavoidable in the real world due to _ . _

possible sensor distortion, environment change and &, t dG(jw) _ P(jw) dK(juw) + K (jw) dP(Jw)_ @)

iso-damping is a desirable property which ensures that no dw w dw

harmful excessive overshoot is resulted due to gain variati From (1), the phase of the derivative of the open loop system
can not obviously be obtained directly from (7). So, we need

— to simplify (7).

— | The derivative of the controller with respect iois
E dK (jw) . 1
5, JK(Ty + wQTZ—)' (8)
To calculate%, since we have
InP(jw) = In|[P(jw)| + jLP(jw), ©)

differentiating (9) with respect taw gives
(a) Basic idea: a flat phase curve gb) Sensitivity circle tangentially 9 ( ) P 9

gain crossover frequency touches Nyquist curve at the flat dInP(jw) 1 dP(jw)
phase =
dw P(jw) dw
Fig. 1. lllustration of the basic idea for isodamping robB#D tuning . .
dIn|P(jw)| N Ad/P(jw) (10)
Assume that the phase of the open loop systena ais dw dw
Straightforwardly, we arrive at
(O e = o dP(jw) din|Pw)| | d/P(jw)
P(jw n|P(jw d/P(jw
Then, the corresponding gain is a0 -~ FPUl—g — ti—g, ) (D
|G (jwe)| = cos(Pp,). (4) Substituting (5), (8) and (11) into (7) gives
1 iti i dG(jw N 1
Wlth these two conditions (3) and (4) and the new condi (Jw) = K,P(jw)[j(Ty + —5=)
tion (1), all the three parameters of PID controller can be dw w2T;
calculated. . .
; . . 1 dln|P d/P
As in the Ziegler-Nichols method[; and T, are used to  +(1 + j(Tyw — N( n|d L)l +3J d(jw) ). (12)
w w

tune the phase condition (3) afg, is determined by the gain wT;
condition (4). However, the condition (1) gives a relatioips Hence, the slope of the Nyquist curve at any specific fre-

betweenT; andT, instead ofT; = aT}. guencywy is given by
Note that in this new tuning method,. is not necessarily .
. . : dG(jw) .
the gain crossover frequency, is the frequency at which / lwo = ZP(jwo)+
the Nyquist curve tangentially touches the sensitivitgleir dw

Similarly, ®,,, the tangent phase, is not necessarily the
phase margin usually used in previous PID tuning methods."
According to [4], the phase margin is always selected from

30° to 60°. Due to the flat phase condition (1), the derivative WNere. following the notations introduced in [15], [16],
of the phase neaw. will be relatively small. Therefore, if sa(wo) and s, (wo) are used throughout this paper defined

(TyTywE + 1) + (TyTywd — 1)sa(wo) + sp(wo)Tiwo

-1
[ Sa(wo)Tiwo — (TdTiwg — 1)sp(wo)

n

] (13)

d,,, is selected to be aroungD®, such as35°, the phase as follows:
D o= o . . dlnl P (i
margin will be generally within the desired interval. sa(w0) = wo m|Ol (jw)] o (14)
Il. SLOPEADJUSTMENT OF THEPHASE BODE PLOT w_
In this section, we will show howW; and T, are related sp(wp) = wodlgifjw)m. (15)

under the new condition (1).

Substitutes by jw so that the closed loop system can beere, our task is to adjust the slope of the Nyquist curve to

written asG(jw) = K (jw)P(jw), where match the condition shown in (1). By combining (1), (6) and
(13), one obtains

. 1 .
Kljw) = K1+ 7 +9wTa) ®) LK ()] = tan ™|
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2 2
(TaTiwg + 1) + (TaTiwg — 1)sa(wo) + SP(U’O)Ti“’O]_ So, in general, for the plant with both integrators and a
Sa(wo)Tiwo — (TyTywd — 1)s,(wo) time delay

(16) i
After a straightforward calculation, one obtains the iielat P(s) = P(s) _ P(s)e =123, (24)

ship betweeri?; and T, as follows:

o —Ti’LUO —|— 2sp(w0) + \/Z

sm sm

according to (20) and (23),

Ta= 25, (wo)w3T; ’ (47 A/ P(i L~
(Jw) dLP(jw)
whereA = T?w§ —8s,(wo)Tywo — 4T w§ s (wo). Note that sp(tn) = wo dw Jwo = wo dw Jwo
due to the nature of the quadratic equation, an alternative _ 9 _
relationship, i.e., has been discarded. ~ LP(jwo) + —[In|K4| — In|P(jwo)|]. (25)
The approximation ofs, for stable and minimum phase T
plant can be given as follows [17]: 1. THE NEW PID CONTROLLER DESIGN FORMULAE
, Suppose that we have knowp atw.. How to experimen-
sp(wo) = MOMM tally measures,(w.) will be discussed in the next section
dw based on the measurementaP(jw,.) and|P(jw.)|.
2 To write down explicitly the formulae fo¥,, T; andTy,
~ LP(jwo) + —[In|Kg| — In|P(jwo)l] (18)  let us summarize what are known at this point. We are given

_ _ _ i) w., the desired tangent frequency; i,,, the desired
where|K | = P(0) is the static gain of the plant,P(jwo) tangent phase; iii) measurement 6P (jw,.) and |P(jw.)|
is the phase andlP(jwo)| is the gain of the plant at the and iv) the estimation o, (w.).

specific frequencywy. Furthermore, using (3) and (4), the PID controller param-
It is obvious thatT; and T, are related by, alone. For eters can be set as follows:
this new tuning methods, includes all the information that cos(®r)
we need of the unknown plant. In what follows, we show K, = - > = - , (26)
that thes, estimate formula can be extended to plants with [P(jwe)v/1 + tan® (@, — LP(juwe))l
integrators and/or time delay. . -2 27)
Consider the plant withn integrators i = welsp(we) + <i>) n tanQ(i))sp(wc)]’
P(s) = P(s) om=1,23---. (19) whered = &, — / P(jw.).Finally, T; can be computed from
" (a7).
Clearly, one can not get the static gain of such systems toRemark 3.1:The selection ofw. heavily depends on the
computes, directly. But from (15), system dynamics. For most of plants, there exists an irlterva
, for the selection ofu,. to achieve flat phase condition. If no
sp(wo) = w dZP(Jw)| better idea about., the desired cutoff frequency can used
PAE0 O dw M as the initial value. Fo®,,, a good choice is within 30to
. - 35°.
d(£LP(jw) — m) Az P(jw)

= wo lwo = wo lwos  (20)  IV. MEASURINGarg P(jw,) , |P(jw.)| AND s,(w.) VIA

RELAY FEEDBACK TESTS

Following the discussion in the above section, the param-
ers of a PID controller can be calculated straightfoniyard
if we know ZP(jw.), |P(jw.)| ands,(w.).
P(s) = P(s)e™ ™, (21) As indicated in (18),s,(w.) can be obtained from the
knowledge of the static gaif?(0)|, ZP(jw.) and|P(jw.)|.
in the same way, The static gain|P(0)| or K, is very easy to measure and
- _ it is assumed to be known. The relay feedback test, shown
dZP(jw) dZP(jw)| — wpy. (22) InFig. 2, can be used to ‘measuréP(juw.) and|P(jw.)|.
dw dw "™ 0 In the relay feedback experiments, a relay is connected in
Consequently, substituting (18), we obtain closed-loop with the unknown plant as shown in Fig. 2 which
is usually used to identify one point on the Nyquist diagram
of the plant. To change the oscillation frequency due toyrela
feedback, an artificial time delay is introduced in the loop.
5 9 5 The artificial time delay is the tuning knob here to change
~ /P(jwo) + =[In|Ky| — In|P(jwo)|]. (23) the oscillation frequency. Our problem here is how to get the
™ right value of# which corresponds to the tangent frequency
Obviously, the time delay will not contribute to the estimat w.. To solve this problem, an iterative method can be used
of sp. as summarized in the following:

dw dw

which means that for the systems with integratepsshould
be estimated according to the systems without any inte|grat%t
For the plant with a time delay

sp(wo) = wo lwo = wo

_ 2 _
sp(wo) = LP(jwo) + ;[ln|Kg| — In|P(jwo)|] — 7w
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3o H 1 g% || Process The PID controller designed by the modified Ziegler-Nichols
method is

Ki(s) = L131(1 + ——— + 0.781s). (33)

Fig. 2. Relay plus artificial time delay) feedback system 3.124s

1) Start with the desired tangent frequency.
2) Select two different valueg/(; and6y) for the time e
delay parameter properly and do the relay feedback te}
twice. Then, two points on the Nyquist curve of the -
plant can be obtained. The frequencies of these poin
can be represented as ; andwy which correspond
to #_; andéy, respectively. The iteration begins with *..
these initial values_;,w_1) and @q, wq). : R D S
3) With the values obtained in the previous iterations, thu .
) artificial time delay parameter an be updated using (a) Comparison of Bode plots (b) Comparison of Nyquist plots
a simple interpolation/extrapolation scheme as foIIow%ig. 3

! (en—l - 971—2) + en—l

Wp—1 — Wp—-2

Frequency responses Bf,(s)P2(s) and K1(s)P2(s) (Dashed

We — Wry— line: The modified Ziegler-Nichols, Solid line: The propdye

0, =

The Bode and the Nyquist plots are compared in Fig. 3.
wheren represents the current iteration number. WittFrom the Bode plots, it is seen that the phase curve near the
the newd,, after the relay test, the correspondingrequencyw.=0.4 rad./s is flat. The phase margin roughly
frequencyw,, can be recorded. equals 458. That means the controller moves the point

4) Comparew, with w.. If |w, —w*| <, quititeration.  P(0.45) of the Nyquist curve tds (0.4;j) P(0.45) on the unit

Otherwise, go to Step 3. Heré,is a small positive circle with a phase 0135° and at the same time makes the
number. Nyquist curve satisfy (1).

The iterative method proposed above is feasible becauseHowever, in Fig. 3(b), the Nyquist plot of the open
in general the relationship between the delay tfirend the loop system is not tangential to the sensitivity circle at
oscillation frequencyw is one-to-one. the flat phase but to another point on the Nyquist curve.

After the iteration, the final oscillation frequency is aquit Define [w;, w;] the frequency interval corresponding to the
close to the desired one. so that the oscillation frequency flat phase. So, the gain crossover frequemra/ can be
is considered as.. Hence, the amplitude and the phase ofmoved within [w;,wy,] by adjusting K, by K BK,
the plant at the specified frequency can be obtained. Usinghere 5 < [gl , 2], For this example, if, |s changed
(18), one can calculate the approximationspf to K, = 0.7k, "~ 0.652, the flat phase segment will

tangentially touch the sensitivity circle. The Nyquist plo
V. |LLUSTRATIVE EXAMPLES of the open loop system with the modified proposed PID
controller, i.e.,0.7C1,(s), is shown in Fig. 4(a) and the
il d vi imulati les. In the si . gtep responses of the closed loop system are compared
'hUS]E"TIte via lsome swpulatlon exzm%?s- 1n2t e.ﬁlgnugmo in Fig. 4(b). Comparing the closed-loop system with the
the following classes of plants, studied in [12], will be dse modified proposed PID controller to that with the modi-

1 fied Ziegler-Nichols controller, the overshoots of the step

The new PID design method presented above will b

Po(s) = (s 4 1)(n+3)’ n=1234 (28) responses from the proposed scheme remain almost invariant
under gain variations. However, the overshoots using the
1
Ps(s) = W; (29) modified Ziegler-Nichols controller change remarkably.
S(S

1 B. Plant with an Integrator Ps(s)

Ps(s) = PESVE e’ (30) For the plantPs(s), the proposed controller is
1 1

_ —s. K =0.33(1+ —— +1.89
P7(S) = me y (31) 217(5) ( + 6538 + S)

with respect tos=1, w.=0.4 rad/s andd,,=45°. The con-

A. High-order Plant Ps(s) troller designed by the modified Ziegler-Nichols method is

Consider plantP;(s) in (28). This plant was also used
in [15]. The specifications are set as.=0.4 rad./s. and Ko(s) = 0.528(1 +
®,, =45°. The PID controller designed by using the pro- 7.195s
posed tuning formulae is The Bode plot of this situation, shown in Fig. 5(a), is
1 quite different with that of planP.(s). The flat phase occurs
Kip(s) = 0.921(1 + Toes T 1 969s). (32)  at the peak of the phase Bode plot. The Nyquist diagrams

+1.799s).
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(a) Comparison of Nyquist plots (b) Comparison of step responses

a0 50 60 70 e 90 100
Time (sec)

Fig. 4. Comparisons of frequency responses and step respaols
0.7K1p(s)P2(s) and K1(s)P2(s) (Dashed line: The modified Ziegler- _. .
Nichols, Soiid fine: The proposed. For both schemes, ganatens 1, Fig- 6. Comparison of step responsesiof,(s)Ps(s) and Kz(s)Ps(s)
1.1, 1.3 are considered in step responses) (Solid line: The proposed modified controller with gain asions 1, 0.9, 0.8;
' Dotted line: The modified Ziegler-Nichols controller witlaig variations 1,
0.9, 0.8)

are compared in Fig. 5(b). The step responses are compa~a?

in Fig. 6 where the proposed controller does not exhib
an obviously better performance than the modified Ziegle *
Nichols controller for the iso-damping property because c+
the effect of the integrator. B

N (a) Comparison of Bode plots  (b) Comparison of Nyquist plots
’ Fig. 7. Comparisons of frequency responses K, (s)Ps(s) and

K3(s)Ps(s) (Dashed line: The modified Ziegler-Nichols, Solid line: The
proposed)

»

(a) Comparison of Bode plots  (b) Comparison of Nyquist plots ~ with respect tos=1, w.=0.25 rad/s andp,,=39°. The con-
troller designed by the modified Ziegler-Nichols method is

Fig. 5. Comparisons of frequency responses K, (s)Ps(s) and 1
K2(s)Ps(s) (Dashed line: The modified Ziegler-Nichols, Solid line: The
Fae)fuia) 9 Ky = 0.273(1+ 57— + 8.6445).

The Bode plots and Nyquist plots are compared Fig. 9.
The step responses are compared in Fig. 10 where the iso-
damping property can be clearly observed.

VI. CONCLUSIONS

_ 1 A new PID tuning method is proposed for a class of un-
Ksp(s) = 1.024(1 + 1.241s +1.5395) known, stable and minimum phase plants. Given the tangent
with respect to(=0.7, w.=0.6 rad/s and®,,=30°. The freqéj_e_ncyuéc, thr? ta?]genté)hgséT and _W'tlh arlll a(];jldmonal
controller designed by the modified Ziegler-Nichols methogOndition that the phase Bode plotat is locally flat, we
is can des_lgn the PID cqntroll_er_to ensure that the closed loop
1 system is robust to gain variations and to ensure that tipe ste
Ks(s) =1.674(1 + 578 +0.643s). responses exhibit an iso-damping property. No plant model
015 is assumed during the PID controller design. Only several
The Bode plots and Nyquist plots are compared Fig. 7. Thelay tests are needed. Simulation examples illustrate the
step responses are compared in Fig. 8 where the iso-dampgftgctiveness and the simplicity of the proposed method for
property can be clearly observed. robust PID controller design with an iso-damping property
for different types of plants.

C. Plant with a Time Delay Ps(s)
For the plantP;(s) the proposed controller is

D. Plant with an Integrator and a Time Delay P;(s) Our further research efforts include 1) determining the
. width and the position of the flat phase so as to achieve

For the plantP;(s), the proposed controller is the performance of the proposed controller and simplify the

1 design procedure; 2) testing on more types of plants; 3)

Kyp = 02121+ 5 + 2.061s) exploring nonminimum phase, open loop unstable systems.
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Fig. 8. Comparison of step responsesiof, (s)Ps(s) and K3(s)Pes(s)

(Solid line: The proposed modified controller with gain aesions 1, 1.5, 1.7;

Dotted line: The modified Ziegler-Nichols controller witlaig variations 1,
15,1.7)

200 o5l
100)
; o
05
10 107 10 10
E
15

(a) Comparison of Bode plots

(b) Comparison of Nyquist plots

Fig. 9. Comparisons of frequency responses Kf,(s)Pr(s) and

K4(s)P7(s) (Dashed line: The modified Ziegler-Nichols, Solid line: The

proposed)
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