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Abstract—In the linear programming approach to approxi-  The Linear Programming Approach. An optimal policy
mate dynamic programming, one tries to solve a certain linear can be obtained through computidy, and employing a
program — the ALP — which has a relatively small numberK — ogpnactive greedy policy. However, in many practical con-
of variables but an intractable number M of constraints. In this : . . .
paper, we study a scheme that samples and imposes a subsef€Xts, each state is assqua_ted with a vector of state variables,
of m< M constraints. A natural question that arises in this and therefore, the cardinality of the state space grows expo-
context is: How mustm scale with respect toK and M in order  nentially with the number of state variables. This makes it
to ensure that the resulting approximation is almost as good as jnfeasible to compute or even to stale One approach to
one given by exact solution of the ALP? We show that, under addressing this difficulty involves approximation bf.
certain idealized conditions,m can be chosen independently of . . . . L
M and need grow only as a polynomial inK. We consider qpproxmatlngf* by a linear combination of

preselected basis functiong : . — 0O, k=1,...,K. The
I. INTRODUCTION aim is to generate a weight vectoe TIK such that)* (x) ~
" Markov decisioanﬂ #(X)fk, and to use a policy that is greedy with respect

Due to the “curse of dimensionality, h iated imation. We will i ati
processes typically have a prohibitively large number o € associated approxima |_0n.~ ew'|< use m~a fix notation
0 represent our approximatio®i = S ; ¢x(X)fx, where

states, rendering exact dynamic programming methods i&—
tractable and calling for the development of approximation” _ [ 91 - o ]

techniques. This paper represents a step in the developmenltn the Imegr programming approach, weightaré gener-
of a linear programming approach to approximate dynamll:ated by solving a cert.aln linear program — the approximate
programming [3], [11], [12], [13]. This approach relies on Inear program (ALPY):

solving a linear program that generally has few variablesmax c' dr

but an intractable number of constraints. In this paperst. Ga(X) + a3y Pa(X,Y)(Pr)(y) > (Pr)(x), VX € .7, a € %,
we propose and analyze a constraint sampling method for Q)
approximating the solution to this linear program. where ¢ is a vector ofstate-relevance weight®or which
every component is positive, ard denotes the transpose
of c. As discussed in [3], the ALP minimizgE)* — @r||1c,
subject to the constraints. For any positive vectorwe

Markov Decision Processes. We consider a Markov
decision process (MDP) with a finite state spacé =
{1"'."|.‘5ﬂ|}' In each statex < y‘. there s a finite set of define the weighted; andL., norms||J||1,y = 3y v(X)|I(X)|,
admissible actions. Given a choice of actioa € &%, a cost . :

C o éjJ\mv = maxv(X)|J(x)|. [3] discusses the role of state-
0a(X) > 0 is incurred, and the probability that the next stat . X . . .
; L : . . relevance weighte€ and why, given an appropriate choice
isye . is given byPy(x,y). A policy u is a mapping from s . ) .

: . A . . of ¢, minimization of ||J* — ®r||1c is desirable.

states to actions. Our interest is in finding an optimal policy: '
one that minimizes expected infinite-horizon discounted cos@onstraint Sampling. While the ALP may involve only a
Ju(X) = St (Pigu) (X), simultaneously for all initial states small number of variables, there is a potentially intractable
xe€ .. Here,a € (0,1) is the discount factoR, is a matrix number of constraints — one per state-action pair. As such,
whose xyth component is equal t&,y)(x,y), andgy is a we cannot in general expect to solve the ALP exactly. The

vector whosexth component is equal tgyy) (). focus of this paper is on a tractable approximation to the
The cost-to-go function), associated with a policy is ALP: the reduced linear program (RLP).
the unique solution tal, = TyJy, where the operatof, is Generation of an RLP relies on three objects: (1) a

defined byT,J = gy + aR,J. The optimal cost-to-go function constraint sample size, (2) a probability measures over

J* = minyJy is the unique solution to Bellman's equation:the set of state-action pairs, and (3) a bounding get OX.

J* =TJ*, where the operator is defined byTJ=min,T,J The probability measurey represents a distribution from
and the minimization is carried out component-wise. We calwhich we will sample constraints. In particular, we consider
a policyu greedy with respect to a vectdif TI=T,J. Any a setZ of mstate-action pairs, each independently sampled
policy that is greedy with respect ti is optimal. according toy. The set/” is a parameter that restricts the
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magnitude of the RLP solution. This set should be chosdeads to such a bound. In particular, given a sample size

such that it containef. The RLP is defined by A292 1 A
. M=0( ——> (INZ+KIn———] ),
max c'®r (1-a)2e2\ " & e(l-a)
st. ?ae()glj aTyPa(XY)(@r)(y) = (Pr)(X), ¥(x.8) € 2" \yhereA = max |/, with probability at least 1 § we have

@) |3 — F||1c < [|I* — DF||1.c + €.
Let f be an optimal solution of the ALP and let be
an optimal solution of the RLP. In order for the solution
of the RLP to be meaningful, we would likgJ* — ®F|1 ¢

to be close tg|J* — ®f||1c. To formalize this, we consider : . o

) ’ ~ 5 A major weakness of our error bound is that it relies on
a requirement that I{r’HJ* = Bfflpc—[I° *q’rHl»C’ < ‘9} 2 an idealized choice ofy. In particular, the choice we will
1-4, where e > 0 is an error tolerance parameter anthut forth assumes knowledge of an optimal policy. Alas, we
6 > 0 parameterizes a level of confidence &. This paper typically do not know an optimal policy — that is what we
focusses on characterizing a sample sizéhat is sufficient  are after in the first place. Nevertheless, the result provides
for meeting such a requirement. guidance on what makes a desirable choice of distribution.

Results of our Analysis. To apply the RLP, given a The spirit here is analogous to one present in the importance

problem instance, one must select parameterg, and.+. sampling literature. In that context, the goal is to reduce
In order for the RLP to be practically solvable, the Sammé(ariance in Monte Carlo simulation through intelligent choice
sizem must be tractable. Results of our analysis suggest that @ sampling distribution and appropriate distortion of
if w and.# are well-chosen, an error tolerancesotan be the function being integrated. Characterizations of idealized
accommodated with confide’nceL]S given a sample sizen sampling distributions guide the design of heuristics that are
that grows as a polynomial ik, 1/¢, and log¥§, and is ultimately implemented. o _
independent of the total number of ALP constraints. _ The set./" also plays a critical role in the bound. It
Our analysis is carried out in two parts: influences the value ob, and an appropriate choice is
1) Sample complexity of near-feasibility. The first part of nect()alssary_ n (()jrde"r for this t(Trm t(; sce:)lle gracr?fully r\1NItTd
our analysis applies to constraint sampling in general Iineﬁ;reo em size. ldeally, given a class of problems, there shou

programs — not just the ALP. Suppose that we are given a mechanism for generatlngf such t_hat(-) grows no
set of linear constraints faster than a low-order polynomial function of the number

of basis functions and the number of state variables. As we
yZTr—chz 0, Vze Z, will later discuss through an example involving controlled
gueueing networks, we expect that it will be possible to

on variablesr € ", a probability measurey on 2, and & {esjgn effective mechanisms for selecting for practical
desired error tolerance and confidence + 6. Letz,2,...  ¢lasses of problems.

be independent identically distributed samples drawn from
% according toy. We will establish that there is a sample It is worth mentioning that our sample complexity bounds

The paramete®, which is to be defined precisely later,
depends on the particular MDP problem instance, the choice
of basis functions, and the set’.

size are loose. Our emphasis is on showing that the number of
m= O(l (In1+KIn 1)) required samples can be independent of the total number
€2 1) € of constraints and can scale gracefully with respect to the

number of variables. Furthermore, our emphasis is on a
general result that holds for a broad class of MDPs, and there-
fore we do not exploit special regularities associated with
particular choices of basis functions or specific problems. In
lI]he presence of such special structure, it may be possible

feasibility— nearly all the constraints are satisfied. The mai i h tiahter bound thods A
point of this part of the analysis is that near-feasibility can b(g.o provide much fighter bounds or even methods for exac
olution of the ALP. The significance of our results is that

obtained with high-confidence through imposing a tractabli'if-1 e d .
they suggest viability of the linear programming approach to

numberm of samples. . 4 : .

; N approximate dynamic programming even in the absence of
2) Sample complexity of a good approximationWe would .
. . - . : such favorable special structure.
like the the error||J* — ®f||1c of an optimal solutiorr to
the RLP to be close to the errdd* — ®f||1c of an optimal Literature Review. We classify approaches to solving
solution to the ALP. In a generic linear program, nearthe ALP and, more generally, linear programs with large
feasibility is not sufficient to bound such an error metricnumbers of constraints into two categories. The first focusses
However, because of special structure associated with the exploiting problem-specific structure, whereas the second
RLP, given appropriate choices pfand./, near-feasibility devises general methods for solving problems with large

such that, with probability at least-18, there exists a subset
Z € Z of measurey(Z) > 1— € such that every vector
satisfyingy; r + &z >0, Vi=1,...,m, also satisfieg; r +
Kz >0, VzeZ We refer to the latter criterion asear-

2442



numbers of constraints. Our work falls into the secondole in our approximation scheme: on one hand, constraints
category. Morrison and Kumar [9], Guestrin et al. [6],will be sampled according tgr; on the other hand, the same
Schuurmans and Patrascu [10] anddtSchel and Holland distribution will be involved in the criterion for assessing the
[5] formulate approximate linear programming algorithmguality of a particular set of sampled constraints.

for problems such as control of queueing networks, factored We consider a subset of constraints to be good if we can
MDP’s and the travelling salesman. The second categoguarantee that, by satisfying this subset, the set of constraints
includes the work of Trick and Zin [12], [13], Clarkson that are not satisfied has small measure. In other words, given
[8] and Calafiore and Campi [2]. [12], [13] present seva tolerance parameter0e < 1, we want to have# C &

eral constraint generation heuristics for the ALP for lowsatisfying

dimensional problems. Clarkson’s Las Vegas algorithm [8] o

is another general-purpose constraint sampling scheme for rZ)/TI’+KSg(I)D Wey/ll({y' KKy < 0}) <& ®)
linear programs with large numbers of constraints, based on aen

iteratively selecting constraints until all binding constraint§Vhenever (3) holds for a subsgt, we say that/” leads to

are identified. Finally, we note that, about a year after thigear-feasibility

paper was submitted for publication, Calafiore and Campi [2] The next theorem establishes a bound on the nummbefr
independently developed a very similar constraint sampling0ssibly repeated) sampled constraints necessary to ensure
scheme and sample complexity bound. Their work focusségat the set?”” formed by them leads to near-feasibility with
on the number of samples needed for near-feasibility of af Prespecified probability 1 6.

optimal solution to an optimization problem with sampled Theorem 2.1:Let0< 6 <1, 0<& <1 be given constants
constraints. It is not intended to address relations betweéfd let”” be the set formed bgn i.i.d. random variables on
near-feasibility and approximation error. Their work is anZ” With distributiony. Then if

important additional contribution to the topic of constraint 32 1 16e

sampling, as there are several notable differences from what M= 2 [In8+|n 5 +K <In e +Inin e)} ;4

is presented in this paper. First, their work treats general

convex programs, rather than linear programs. Second, théff have

analysis is quite different and focusses on near-feasibility sup w({y: }/Jr+1<y<0}) <e, (5)

of an optimal solution, rather than all feasible solutions. ryg ra>0, vze W

Interestingly, depending on the desired confidene 1their with probability at least & &.

bound can be stronger or weaker than the one stated later | he proof of Theorem 2.1 is based on a simple application

this paper. The bounds may be reconciled — at least in par . L -
— by the possibility of “confidence pumping” [7]. 0% the theory of uniform convergence of empirical probabili-

ties [4], [14], and is be presented in our full-length paper.

II. SAMPLE COMPLEXITY OF The intuition is as follows. Since we are only interested
NEAR-FEASIBILITY in whether a constraint is violated or not, we may assume,

without loss of generality, that{y] i, || = 1, for some norm

We consider a set of linear constrainfsr +x; >0, Vze | -]l. In this light, constraints o can be interpreted as

%, wherer € 0K and Z is a set of constraint indices. To T _
keep the exposition simple, we assume tHatis finite or ~keepingz, | | | <0 for a set of vectorg, that are in the

cpuntable. Thi_s assumptior_1 is_ syfficient for our purposegit hypersphere if“ 1. Since the hypersphere is bounded,
since we consider MDP’s with finite state and action spacegqnstraints should predominantly be redundant after a certain
We assume that there are relatively few variables and \&;mper have been sampled. The number required for this

possibly huge number of constraints, i.&,< [, 85 iS  ghoyld depend linearly ok independently of the size of the
the case in the ALP. In such a situation, we expect thakate_action space.

many of the constraints will be irrelevant, either because they trheorem 2.1 shows that near-feasibility can be attained
are always inactive or because they have a minor impagkiciently, even for problems with high-dimensional state
on the feasible region. Therefore one might speculate thah,ces However, near-feasibility is not enough to ensure that
the feasible region specified by all constraints can be wellpo R|p will offer a good approximation. In the next section,

approximated by a sampled subset of these constraints. R introduce additional assumptions and the approximation
the sequel, we show that this is indeed the case, at leagtor pounds that they enable.

with respect to a certain criterion for a good approximation.

We also show that the number of constraints necessary #l. SAMPLE COMPLEXITY OF A GOOD APPROXIMATION

guarantee a good approximation does not depend on the totaln this section, we investigate the impact of using the RLP

number of constraints, but rather on the number of variablemstead of the ALP on the error in the approximation of the
Our constraint sampling scheme relies heavily on a probaest-to-go function. We show in Theorem 3.1 that, by sam-

bility measurey on . The distributiony will have a dual pling a tractable number of constraints, the approximation
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error yielded by the RLP is comparable to the error yieldemaximization is carried out componentwise. Note that
i~ fllic ¢ | (1= aPy) (g — (I — P ) PF)|
T(I - O‘Pu*)il 9w — (I — Py ) PF|

structure of the ALP — it is easy to see that such a resu
cannot hold for general linear programs.

IN

Let us introduce certain constants and functions involved = c(I—aPy)” [(gu* — (I — aPy )®F) " +
in our error bound. We first define a family of probability 4 (gu — (1 — 0Py ) OF) ™ ]
distributions on the state spacké, given by 1 ot

T T 1 = (I —aPy)” [(gu* — (I =Py )®F) ™ —
py =(1—ajc (I —aRy) ™, (6) —(Qu — (I — aPy)DF) +
for each policyu. Note that, ifc is a probability distribution, +2(gu — (I — aPy)®F)~ ]
uu(x)/(1— a) is the expected discounted number of visits — (1 —aPy) Lgu — (I — aPy )OF +

to statex under policyu, if the initial state is distributed
according toc. Furthermore, lig;1uy(X) is a stationary
distribution associated with policy. We interprety, as a

measure of the relative importance of states under palicy

We will make use of d.yapunov function \{ . — O,
which is defined as follows.

Definition 3.1 (Lyapunov function)A functionV : . —
O is called aLyapunov functiornif there is a scalafy < 1
and an optimal policy* such thataP,:V < ByV. cT(J—of) < ¢ —on)

Lemma 3.1:LetV be a Lyapunov function for an optimal = |9 —oF|1c, (11)
policy u*. ThenT,- is a contraction with respect {p [/ 1/v- . )

For any Lyapunov function/, we also define another Fherefore we just need to show that the second term in (20)
family of probability distributions on the state spagg given IS small to guarantee that the performance of the RLP is not

by tuv(X) = 7"‘“23 M \We also define a distribution over mul\j::Wworse than that of the ALP.
,UuV( )

state-action pairgy, v (x,a) = AR Va € «%. Finally, we oul
define constants = max|.#%| and 6 = u[Vsupe 4 |3 = 7, (Tu*q)f—q’f)*

Orle g

We r%w present the main result of the paper — a bound on 7— Zsuu* ((Tur @F) (X) — (PF) (X)) L1, 08 ()< () (x)
the approximation error introduced by constraint sampling.

Theorem 3.1:Let u* be an optimal policy and?” be a _ TU*(Dr X) q’r)( )
(random) set ofin state-action pairs sampled independently 1 o
according to the distributiomy v (X, a), for some Lyapunov zﬂu*
functionV, where

512A%02 n8 4 kin (_B4A6e | 64Ade
“(l-a)%€2| 6 (1-a)e (1-a)e

+2(Ty ®F — d)f)’]

— I —of)+ 1“U* (Tu OF — F) . (10)

Now let F be any optimal solution of the ALP Clearly,
f is feasible for the RLP. Sinceis the optimal solution of
the same problem, we haeé ®f > ¢’ ®F and

Pur (X)V (X) 11, 0f) (x) < (@F) (x)

o [T OF = DF o 1 v Zsuu* 11 @) (x) < (0F) (x)

< z—uu*VHTu*d)r = Of |l 1 v

”n _ € B .
Let f be an optimal solution of the ALP that is irt", and let 26 MV (T OF = o1y 417 = OFlln )

f be an optimal solution of the corresponding RLR: & 7 AARVIE I _ of
then, with probability at least 4 §, we have ; 29 MoV (2Pl leoapv
pS:H
|J* — DF||1,c < [|I" — PF||1c+ €. (8)

with probability greater than or equal to-15, where second
inequality follows from (9) and the fourth inequality follows
from Lemma 3.1. The error bound (8) then follows from (10)

Proof: From Theorem 2.1, given a sample sire we
have, with probability no less than-16,

l1-a)e R A
( g = Yuv ({(x,@) : (Ta®F)(X) < (BF)(X)}) and (11). 0
_ Hy v (X) 1o A
- Zg EA ZO{ (Ta®N(<(*NX) Three aspects of Theorem 3.1 deserve further consider-
T e ation. The first of them is the dependence of the number
= XS”U* L, 08 (0 < (@) (%)- (9) of sampled constraints (7) dh Two parameters of the RLP

= 3 d h . d . INote that all optimal solutions of the ALP yield the same approximation
or any vectorJ, we denote the positive and negative, error ||J* — ®r||1¢, hence the error bound (8) is independent of the choice

parts byJ*t = maxJ,0) and J- = max—J,0), where the of f.
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influence the behavior d: the Lyapunov functiov and the which offers a sample complexity bound specialized to our
bounding set/". Graceful scaling of the sample complexityformulation of controlled queueing networks and choices of
bound depends on the ability to make appropriate choic&, .4, andV. This bound exhibits a graceful dependence on
for these parameters. In Section IV, we demonstrate hote number of queues in the network.
for a wide class of queueing network problerivsand .4 We begin by describing the class of problems we will
can be chosen so as to ensure that the number of sampiaitiress. Consider a queueing network wdtlqueues, each
constraints grows quadratically in the system dimension. with a finite buffer of sizeB. The state space is given by
The number of sampled constraints also grows polyn@&= {0,...,B}Y, with each component, of each statexc S
mially with the maximum number of actions available perepresenting the number of jobs in quéu&he cost per stage
stateA, which makes the proposed approach inapplicable g the average queue lengtyix) = (1/d)zid:lx;. Rewards
problems with a large number of actions per state. In our fullare discounted by a factor af € (0, &) per time step, for
length paper, we show that complexity in the action spacsome @ € (0,1). At each time step, an actioa € % is
can be exchanged for complexity in the state space, so thslected. Transition probabilitieR,(x,y) govern how jobs
such problems can be recast in a format that is amenabledmrive, move from queue to queue, or leave the network. We
our approach. assume that the number of exogenous arrivals at each time
Finally, a major weakness of Theorem 3.1 is that it reliestep is less than or equal fod. The class of problems we
on sampling constraints according to the distributigpy.  consider is constrained by and 4. For eacha € (0,1) and
In general, y+ v is not known, and constraints must beld < (0,) we denote the associated class of problems by
sampled according to an alternative distributig@nSuppose 2(a,A).
that ¥(x,a) = [i(x)/|#| for some state distributiont. If Consider a problem instanc@ € 2(@, 1) and its associ-
| is “similar” to uy-y, one might hope that the error ated parameterB, d, a, 4., andP(-,-). Let u5 and Jj,
bound (8) holds with a number of samplesclose to the denote an optimal policy and the optlmal cost- to -go functlon
number suggested in the theorem. We discuss two possilpg a problem instanc®. We have the following upper bound
motivations for this: on Jx.
1) Itis conceivable that sampling constraints accordingto | amma 4.1 3

Xi +
leads to a small value of 1 ) Z' 18T (1= or)2

We consider approxmatm@j‘? via fitting a linear combina-
My (X2 (PF)(X) > (Te®F)(X)}) < (1—a)e/2, tion of basis functiong(x) =, k=1,...,d anddg1(x) =

with high probability, even thoughu,v is not identical to 1 using an ALP:

. This would lead to a graceful sample complexity bound, max ersCQ( )(Zk 1rka+Fd+1)
along the lines of (7). Establishing such a guarantee is closely gt 1 Z. X| F Yy Palx,y) (Zk LTV +F rd+1)

reIaFed to_ the p.roblem. of UCI.EP.m which the training and > Zk N+ Tar1, VXE .7, a€ o,

testing distributions differ. This is a well-known but not (12)
so well-understood problem in machine learning (see, e.Gyith state-relevance weights

14]).

[2) ]|2= p (T ®r — ®r)~ < Cii" (Ty-®r — @r)—, for some Co(X) = (1—&)dg—Thax,

scalar C and all r, where fi(x) = %, then

the error bound (8) holds with yprobability 14 for somec € (0,1).

given 5112A 26°C? [l |n1 14K (In ?nggse Lnin ?‘Wﬁe ] 7 The number of constraints imposed by the ALP (12) grows
| ( i )|s concelvable that this will be true fof 3 rea exponentlally with the number of queudsFor even a mod-
Samples. erate number of queues (e.g., ten), the number of constraints

sonably small vailu'e o€ in relevant.contexts. . is unmanageable. Constraint sampling offers an approach to
How to choosér is an open question, and most likely to be

o ) i ~“alleviating this computational burden. To formulate an RLP,
addressed adequately having in mind the particular applic g P

. . . . Sl'ven a problem instanc®, we must define a constraint
tion at hand. As a simple heuristic, noting that (x) — c(x) set 1, and a sampling distributiony. We take 46 to be
as oo — 0, one might choos@i(x) = c(x)V(x). This is the

. : the set of vectors € 091 that satisfy the following linear
approach taken in the examples presented in [3]. constraints:

IV. EXAMPLE: CONTROLLED QUEUEING NETWORKS 2

In order for the error bound (8) to be useful, the parameter Md+1< 77—
. . < (1-a)?
0 should scale gracefully with problem size. We anticipate fgor 1 2
that for many relevant classes of MDPs, natural choices of re+ g < 1—ayd + B(1—a)? vk=1,...,d,
V and.#" will ensure that this term scales gracefully. In this 51 i
section, we illustrate this point through an example involving (5(15 i £BHL(B 4 1)) S feTaa > 0
controlled queueing networks. The key result is Theorem 4.1, 1-¢& =

k=1
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Note that the resulting RLP is a linear program. A desirable
quality of Aq is that it contains optimal solutions to the ALP
(12), as asserted by the following lemma.

Lemma 4.2:For all @ € (0,1) and4 € (0,») and allQ €
2(a, 1), each optimal solutiong to the ALP (12) is inAg.

Another desirable quality of/q is that it is a bounded
set, if the buffer sizeB is large enough.

Lemma 4.3:Suppose thaB > 2d£ /(1—&). Then we have

2L+&/(1-8)]+A(1—- +21

sup o < 27 E/AENHAA-E)/E 120
refg ( - Ot)

As the sampling distribution, we USR5 Vs where

[1]
(2]
[3]

[4]
[5]

(13) [6]

1 d 22
Ve =Ga—a 2 T—ap

Lemma 4.4:For any @ € (0,1) and A € (0,0) and any
Q< 2(a,2), Vg is a Lyapunov function.

Our next lemma establishes that, given our choicel®f
and Vg, SUDE,//QHJE— @rlle1/v, scales linearly with the
number of queues.

Lemma 4.5:Consider a set of problem2(e, 1) for some
o €(0,1) andA € (0,). Letd be the number of queues for a
problem instanc® € 2(a, ). Suppose thaB > d& /(1 &)
and 2d > 1—a. Then,

[7]

[8]

(9]

2 =1- d
sup [[35 —Pr[e 1 v, < 14 |24 : +A —
reg e 1-¢ 3 1-a 10]
Given the preceding lemmas, it is easy to establish the fo[l—
lowing result, which specializes Theorem 3.1 to our queueing

context. We will make use of the constant

2 1-¢ = 21

BT et
1-¢ 3
Theorem 4.1:Consider a set of problemg2(w,1) for
some® € (0,1) and A € (0,»). Let d be the number of
queues for a problem instan€@e 2(a,1). Let 2" be a

§

+ 2/1}

_ [11]
0=|2+

[12]

(random) set ofin state-action pairs sampled independentl){lg]
according to the distributiorq/uan(x, a), where
512426°d? [, 8 64A8de  64AGde
> o o [14]
m> - [In 5 +(d+1)In <(1_ 2)e In (1—06)8)}

Let F be an optimal solution of the ALP (12) and be
an optimal solution of the corresponding RLP. Then, with
probability at least + &, we have

19 — ®F||1.c < (19§ — PF|[1.c+ecT Fo.
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