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ABSTRACT

In this paper we present a very accurate algorithm for com-
puting optical flow with non-uniform brightness variations.
The proposed algorithm is based on a generalized dynamic
image model (GDIM) in conjunction with a regularization
framework to cope with the problem of non-uniform bright-
ness variations. To alleviate flow constraint errors due to
image aliasing and noise, we employ a reweighted least-
squares method to suppress unreliable flow constraints, thus
leading to robust estimation of optical flow. In addition,
a dynamic smoothness adjustment scheme is proposed to
efficiently suppress the smoothness constraint in the vicin-
ity of the motion and brightness variation discontinuities,
thus preserving motion boundaries. To efficiently minimize
the resulting energy function for optical flow computation,
we apply an incomplete Cholesky preconditioned conjugate
gradient algorithm to solve the large linear system. Experi-
mental results on some synthetic and real image sequences
show that the proposed algorithm outperforms most exist-
ing techniques reported in literature in terms of accuracy in
optical flow computation with 100 % density.

1. INTRODUCTION

Without doubt, optical flow provides very important infor-
mation for estimating 3D velocity fields, analyzing object
motion, or segmenting images into regions based on their
motions. A notable optical flow estimation algorithm is the
gradient-based regularization method, which was proposed
by Horn and Schunck [1]. In their method, the optical flow
is estimated from the optical flow constraints, which is de-
rived from the brightness constancy model (BCM), in con-
junction with a first-order smoothness constraint.

Although the traditional gradient-based regularization
method does not seem to perform well in benchmarking
experimental comparison [2], Lai and Vemuri [3] demon-
strated that, with an efficient algorithm, namely the incom-
plete Cholesky preconditioned conjugate gradient algorithm,
the gradient-based regularization method can produce very
accurate optical flow estimation. However, this gradient-
based method suffers from the following problems. Firstly,
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due to BCM, the gradient-based approach is inaccurate when
the image sequence contains brightness variations in the
spatial or temporal domain. Secondly, this approach can
not provide correct image motions in the vicinity of mo-
tion discontinuities owing to the smoothness assumption.
Finally, the errors in the flow constraint due to numerical
approximation, image aliasing and image noise also lead to
inaccurate optical flow computation. Hence, to achieve very
accurate optical flow estimation based on Lai and Vemuri’s
framework, these issues should be considered comprehen-
sively.

In this work, we extend Lai and Vemuri’s method to
accommodate more realistic situations by taking all of the
above issues into considerations. We employ the general-
ized dynamic image model to cope with the problem of non-
uniform brightness variations. To alleviate flow constraint
errors due to numerical approximation, image aliasing and
noise, we employ a reweighted least-squares method to sup-
press unreliable flow constraints, thus leading to robust es-
timation of optical flow. Moreover, we also present a dy-
namic smoothness adjustment scheme to efficiently suppress
the smoothness constraint at motion boundaries. In the fol-
lowing, the detailed formulation of these auxiliary estima-
tion schemes and the minimization algorithm are described.

2. PROPOSED OPTICAL FLOW COMPUTATION

2.1. Energy Function Formulation

The original formulation of the gradient-based regulariza-
tion method proposed by Horn and Schunck [1] involved
minimizing an energy functional of the following form

/Q (Lu+ L+ 1) + Mu2 + uy + vl +vy)dx, (1)

where I is the image intensity function, u = (u,v) is the
motion vector field to be estimated, subscripts x, y and t
denote the direction in the partial derivatives, A is a param-
eter controlling the degree of smoothness. The optical flow
constraint embedded in Eq. (1) is derived from BCM, which
suffers from the problem of brightness variation. To account
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for brightness variations, Negahdaripour proposed a gener-
alized dynamic image model (GDIM) to estimate the gener-
alized optical flow in dynamic imagery [4]. With GDIM, an
extended optical flow constraint, Iyu+Iyv+I;+mI+c =0
is developed, where m and c denote the multiplier and off-
set fields of the scene brightness variation field. Rather than
minimizing the extended optical flow constraint directly, in
this paper we minimize the minimum distance' between the
flow vector and the linear flow constraint to amend the over-
weighting of the flow constraints at the high-gradient and
high-intensity locations [3]. Thus, the energy function to be
minimized can be written in a discrete form as follows,
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where 7 denotes the i-th location, vector u is the concate-
nation of all the flow components u;, v;, m; and ¢;, p is a
parameter controlling the degree of smoothness in m and c.

2.2. Robust Estimation

Robust estimation has been successfully applied in the com-
putation of optical flow to alleviate large errors in the unre-
liable flow constraints [5]. In robust estimation, the square
error function is replaced by a p-function to suppress the
influence of the flow constraints with large residues on the
estimated solution. Typical p-functions used in computer
vision is the Lorentzian function, pro(z) = log(1l + 902—2)
However, using the robust error function transfers the orig-
inal energy function to non-convex, thus complicating the
minimization algorithm in the optical flow estimation. For-
tunately, a reweighted least-squares method [6] can be used
to approximate the solution by minimizing the following
weighted least-squares energy function iteratively,
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where w; is the weight for the i-th data constraint. For the
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2.3. Dynamic Smoothness Adjustment

Lai and Vemuri’s method can not give unambiguous im-
age motions in the vicinity of motion discontinuity owing
to the imposed smoothness constraint. In this paper, we de-
velop a dynamic smoothness adjustment scheme to effec-
tively suppress the smoothness constraint at the locations of
motion boundaries and brightness variation discontinuities
in the multiplier and offset fields. We control the strength of
smoothness constraint by assigning an appropriate weight
for each component of the constraint, thus obtaining the fol-
lowing energy function
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where a5, 0y is Bais By,i> Ya,i> Vy,i> Ox,i and dy ; are the
weights for the corresponding components of the i-th smooth-
ness constraint along x- and y- directions. In this research,
we found that the angular deviation? between adjacent mo-
tion vectors is a good index for locating the motion discon-
tinuities. Hence, we developed the following formulas to
determine these weights.
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where ¥; is defined as (4, 9;, 1). The symbol 6; is the angle
between the vector ¥; and its adjacent vector, ¥;_1, along
x direction. Note that 8 is the mean of §; and o is the
standard deviation of ;. The weights o, ; is determined
similarly to that of a, ; with ¥;_; replaced by #;_p, (h is
image height), the adjacent vector along y-direction. The
other weights v and ¢ also have the same form as those of
« and 3 but with a different definition of 6;. For determin-
ing Yz.i» Vy,i» 02,; and dy ;, the values of ; are defined as
|ty — 11|, [y — Mi—p|s |6 — éi—1] and |& — é_p,

Here, we define the motion vector as (u,v, 1), where (u,v) is the
image motion. Thus, the image motions with the same orientation but
different magnitude can also be distinguished by the angular deviations
between them.
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respectively. These formulas can assign small weights at
the motion boundaries or brightness variation boundaries in
the multiplier and offset fields. From our experiments, we
found that this dynamic smoothness adjustment scheme can
locate the motion boundaries correctly and greatly improve
the accuracy of optical flow estimation.

3. NUMERICAL MINIMIZATION ALGORITHM

The energy function given by Eq. (4) can be rewritten as a
matrix-vector form and minimizing this function is equiva-
lent to solving a large linear system Ku = b. The vector
b € R4 (w and h are image width and height) is given by
b = —[el, e, e, el]", where ey, ey, e and e
are all wh-dimensional vectors with entries w; I, ;I ;/N;,
wily i1y i /N;, wil;I; ; /N; and w; Iy ;/N;, respectively and
N; = IZ ;+1I ;+I? 4 1 is the normalization term. The ma-
trix K € Riwhx4wh ig symmetric positive-definite (SPD)
and takes the following 4 x 4 block structure

K=

)\Ks,a + Eﬂcﬂc Ezy Ex] Ez
E.y MK 5 +Ey, Eyr E,
Em] EyI ,UKs,'y + EII EI ’
E, E, Er K s +E
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where Eyy, Epy, Eor, Eu, Eyy, Eyr, Ey, Efr, Ep and
E are all wh x wh diagonal matrices with diagonal entries
wil?2 i /Ni, wily i1y i /Ni, wily i1; /N, wily i/ Ny, wzljl
/Ni, winviIi/Ni, win,i/Ni, wllf/Nl, wlIl/Nl and U)Z/Nl,
respectively. The matrices K o, K; 3, K; 4, and K; 5
come from the smoothness constraint and are determined
by carefully expanding Eq. (4) and arranging «, 3, v and §
at corresponding locations of K.

In this paper, we apply the preconditioned conjugate
gradient algorithm with an incomplete Cholesky precondi-
tioner P [3] to solve this linear system efficiently. The de-
tailed steps of this algorithm (ICPCG) are described as fol-
lows:

1. Initialize ug; compute rg = b — Kug; £ = 0.
2. Solve Pz;, =vri; k =k + 1.

3. If k =1, p; = zo; else compute 3, = I'Z_lzk—1/
rl 2,5, and update p;, = 21 + BrPj_1-

4. Compute ay = ri_,2—1/p} Kpy.
5. Updatery = rp—; — apKp, Uy = Up_1 + ;P
6. If r; ~ 0, stop; else go to step 2.

The preconditioner matrix P is selected as the incomplete
Cholesky factorization of the matrix K. Thatis P = LLT ~

K. In this work, the matrix L is designed as follows:

L 0 0 0
L3; L3» L3z 0
Ly Lsgp Lys Ly

L= € §R4wh><4wh' (6)

where the submatrices L;; are all of size wh x wh. The
detailed structure and formulas in getting the entries of Lj;
can be obtained in [3] with some modifications.

In our numerical minimization algorithm, the parame-
ters ws, Qg i» Qyis Bais Byis Vayis Vy.ir Oc,i and &y ; are
initially set to 1 and then updated after a fixed number of
the incomplete Cholesky preconditioned conjugate gradient
(ICPCQ) iterations. This manner yields good performance
in our experiments.

4. EXPERIMENTAL RESULTS

The experimental results of using our optical flow estima-
tion algorithm on a synthetic image sequence, Yosemite se-
quence, are presented here. This image sequence is very
challenging owing to that it contains brightness variations
in the sky region, motion discontinuities between sky and
mountain region, and large image motions at the lower-left
corner of the sequence. Fig. 1(a) displays one frame from
this sequence and Fig. 1(b) depicts the estimated motion
field by using our algorithm. From Fig. 1(b), one can
see that our algorithm can produce distinct motion bound-
aries between the sky and mountain region and yields ac-
curate motion field in the sky region. Estimated bright-
ness variations of the Yosemite sequence is shown in Fig.
1(c). This figure indicates that this sequence gets brighter
at the left part of the sky region and becomes darker at
the right part of this region as we observe in this image
sequence. To compare with other techniques, we adopted
the angular error measure used by Barron et al. [2] as our
performance measure. Table 1 lists the results of our al-
gorithm as well as other techniques reported in literature.
Because some researchers only reported their results on the
sky-excluded Yosemite sequence, thus we also list our re-
sults for the sky-excluded Yosemite sequence in Table 1. To
our knowledge, Farnebick’s method [7] has the best per-
formance for the sky-excluded Yosemite sequence reported
to date in literature. Our method has a larger average an-
gular error but smaller standard deviation than Farnebéck’s
method. Considering the average angular error and the stan-
dard deviation simultaneously, our algorithm is still compa-
rable to Farnebick’s method for the sky-excluded Yosemite
sequence. For the sky-included Yosemite sequence, our al-
gorithm has the best performance among the techniques shown
in Table 1.
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(c)

Fig. 1. Experimental results of Yosemite sequence. (a) One frame from this sequence. (b) Computed motion field. (c)
Estimated brightness variations. (Brightness variation is defined as —m1I — ¢.)

5. CONCLUSION

In this paper, we developed a very accurate gradient-based
regularization algorithm for optical flow computation with
non-uniform brightness variations. Our algorithm was con-
structed from the GDIM-based optical flow constraint and
two auxiliary estimation schemes: the robust estimation and
dynamic smoothness adjustment. We adopted GDIM to cope
with the problem of brightness variations and applied robust
estimation to reduce the influence of unreliable image flow
constraints. We proposed a dynamic smoothness adjustment
scheme to effectively suppress the smoothness constraint in
the vicinity of motion discontinuities, thereby yielding more
distinct motion boundaries. The solution of the resulting
linear system for the above optical flow regularization prob-
lem was obtained by using an efficient numerical algorithm,
i.e., the incomplete Cholesky preconditioned conjugate gra-
dient algorithm. Experimental results on some synthetic
and real image sequences showed that our method produces
nearly the most accurate optical flow estimation among the
techniques reported to date in literature.
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