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ABSTRACT

whereW is of N x K, we obtain the modified algorithm given as

Weighted subspace (WS) algorithms developed by Oja and Xu AW(N) = 2x(n)y" (n) — W(N)y(n)y" (n) — x(n)y" (MW (n)W(n),(4)

for PCA are unified into generalized forms and theoretically ana-

lyzed. Itis then proved that the generalized rules are stable at onlyWhich is proposed by Yang [3] and Xu [4], independently. This
the fixed point where the principal components are extracted. We ule is sometimes referred to as normalized Oja’s rule [5]. This rule
moreover find the optimal parameter in terms of the preservation alS0 preserves orthogonality Wt during learning. In the sense of

of orthogonality of estimated principal components during track-

the principal subspace tracking, it is reported in [5] that the learn-

ing. To understand the theoretical behavior, then, toy numerical ing rule given in (4) works better compared to Oja’s rule as in (2).

examples are shown. Moreover, a possibility for the application of

In many applications, however, adaptive rules which track not only

adaptive data compression is discussed, by showing examples oft Principal subspace but also PCs are desirable. For this purpose,

backward adaptation image coding.

1. INTRODUCTION

Principal component analysis (PCA), or equivalently called the

Ojaet al proposed in [6] a weighted version of the subspace rule
given as

AW(n) = x(n)y" (n) - W(n)y(n)y" (n)D, ®)

where D is a diagonal matrix with positive entries in increasing

Karhunen-Loéve transform, is important and extensively used in ©rder 0< do < --- < dc-1. Similarly, Xu proposed the weighted
the fields of signal compression, neural networks pattern recogni- SUbPspace rule given as

tion, and so on [1]. The principal components (PCs) can be ob-

tained by solving an eigenvalue problem of the correlation matrix
R = Ex[xx"], where Ex[] denotes the ensemble average corre-
sponding to a stochastic vecterin the Euclidean spadgN, and
T denotes the transposition. We presume in this papeRHsts
full rank and distinct eigenvalues. Then, there existltheigen-
vectorsg;, i = 0,...,N — 1 and the corresponding eigenvalues
Ao > ... > An-1 > 0. The firstK eigenvectors correspond to tke
PCs and span the principal subspace of dimenikion

Estimation and tracking of the principal subspaoenponents

AW(n) = x(n)y" (N)D™ — W(n)D *y(n)y' (), (6)
and its normalized version given as
AW(n) = 2x(n)y"(n)D™* - W(n)Dy(n)y" (n)
= x(n)y" (n)D*WT (mW(n). 7

As we have seen, the weighted learning rules for PCA summa-
rized here can be categorized into two groups: weighted subspace
(WS) rules, and the normalized weighted subspace (NWS) rules.
Based on these observation, in this paper, we propose a unified

by the gradient descent method can be accomplished by the updatgpproach of WS rules that allow individual PCs to be extracted.

as

W(n + 1) = W(n) + 3,AW(n) 1)

where AW(n) is the updating matrixyV(n) is the principal sub-
spacgcomponents estimate of sidéx K at thenth iteration step,
andp, is a positive learning parameter. Several updating algo-
rithms have been proposed. The well-known method for principal
subspace tracking proposed by Oja [2] is given by

AW(n) = x(n)y" (n) = W(n)y(n)y' (n), )
wherey(n) = W' (n)x(n). By applying the direct dferentiation to
the cost function

J[W] = ExlIx - WW' |7, 3)
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In the rest of the paper, firstly, we propose generalized forms for
the two groups of weighted rules. Secondly, it is proved that the
generalized rules are stable at only the point where the PCs are
extracted. It is finally shown that in special cases, orthogonal-
ity of W is preserved during the learning. It is also proved that
in these cases, the normalized rule preserves orthogonality more
strongly that the non-normalized rules. Simple numerical exam-
ples are provided for illustrating theoretically justified properties
of the proposed rules. Moreover, we provide examples of the ap-
plication to backward adaptation of transform image coding. We
would understand theoretical results through the numerical simu-
lations.

2. GENERALIZED WEIGHTED SUBSPACE RULES AND
THEIR STABILITY

The generalized forms for non-normalized and normalized weighted
subspace rules are derived in this section. By repladiriyj /2 by
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W in the Xu’s weighted rule as in (6), we have the modified form 2.2. Stability on the Manifold

given as

AW() = x(n)y'(n)D™" - W(n)y(n)y'(n) ®)

We investigate the behavior of the dynamics W W)(t) in this
subsection. It is shown that in some particular cases, the man-
ifold S is stable under the rules (10) and (11). The stability of

In the same way as the above, the normalized version as in (7)ihe manifold is a desirable property for adaptive algorithms, since

becomes
AW(n) = x(n)y" (N)D~* = W(n)y(n)y" (n) — x(n)y" (MWTW. (9)

Comparing Xu’s rules (8) and (9) with Oja’s rule (2), we may unify
them and generalize into the following unified rules:

e Generalized WS (GWS) rule:
AW(n) = x(n)y'(n)DP —W(n)y(n)y" (n)D*?,(10)
e Generalized NWS (GNWS) rule:

x(n)y" (n)D~P — W(n)y(n)y" (n) D*~P
— x(n)y" (MWTW D*P.

AW(n) =
11)

wherep is a scalar constant, which will change the learning be-

havior.
If we set in the GWS rule that = 0 andp = 1, we obtain the

Oja’s WS rule (5) and the Xu's WS rule (6), respectively. Further-

more, if we set in the GNWS rule that= 1, we obtain the Xu's
NWS rule (9).

In order to analyze the stochastic behaviors of the algorithms,
as done, for instance, in [1, 4, 6], we introduce the corresponding W'

ordinary diferential equations (ODE) given as

ddltv = RWD™® - WW' RW D', (12)
for the GWS rule and
W
dd_t = 2RWD™® - WW'RWD*P - RWW'W D'P, (13)

for the GNWS rule.

no additional normalization, which would make the system more
complicated, is needed.

Before the stability analysis on the manifdg] we find the
special cases where the manif@ds stable. Assume that at the
nth iteration W(n) is in the manifolds, that is W' (n)W(n) = D™*.
Then, the GNWS rule (11) becomes identical to the GWS rule
(20). From (1) and (10), we have

WT(n+ 1)W(n+ 1)

= D'+pB[(D"W'RW+W'RWD™)
— (D*PWTRWD™ + D™'W'RW D' ?)| + O(8%)(14)

where we omit the iteration indexin the right hand side. It should

be here noted that the signal is not necessarily stationary. In order
thatWT (n+1)W(n+ 1) is still in the manifoldS under the assump-
tion thats? is negligible small, it must hold that

DPW'RW +W'RWD P = D' PW'RWD™ + D'W'RW D' .
(15)
RW is diagonal, the equality holds; however, the diagonality
is guaranteed at the fixed points\Wwf We have now the following
result of the preservation of orthogonality:
Theorem 3 By the update with a small paramej@rit holds that
WT(n+ 1)W(n+ 1) = D1 + O(8?), (16)

ifandonlyifK=1orp=1.

First of all, we find the fixed points of the gradients (10) and |t e chooseK = 1. WTRW is always a scalar, and then the equal-

(11). Assume thaR has nonzero distinct eigenvalugs > 1; >
.-+ > An-1. LetA be a diagonal matrix given @ = diag[A:(), - -
wherer is a permutation of0, ..., N — 1}, that is {=(0), ..., (N —
1)} = {0,...,N - 1}, and diag[} denotes a diagonal matrix. Then,
an eigenvalue decomposition may be giverRas PAPT, where
A = diag[Ay), - - - » Axn-2)]. Now, we present the following result.

Theorem 1 Let P be an Nx K matrix whose columns correspond
to eigenvectors oR in arbitrary order without duplication. The
fixed point is then given By = PD™/2,

Proofs in this paper are omitted due to lack of space. All the proofs

are provided in [7].

Keep in mind that the theorem means that at any fixed point,

W is in the manifoldS.

2.1. Stability of the Fixed Points

We investigate in this section the stability of the fixed points. Firstly,

we show the main result as follows.

Theorem 2 The rules (10) and (11) are stable if and onlyAfis
at the fixed point* D2, whereP* is the Mx K matrix whose

columns are the K PCs in decreasing order of the eigenvalues, that

iS, P = [¢0, LRR) ¢K—l]'

ity holds for arbitraryp. If K # 1, which is a more general cage,

- Ax(n-hust be unity so that the equality holds.

If a signal is stationary, we can provide a precise discussion
and a stronger result of the stability analysis on the manifold in
this special cas& = 1 orp = 1.

Theorem 4 In the learning rules (10) and (11), the manifold is
stable under perturbation when K 1or p= 1.

Furthermore, the perturbation in (11) decays to zero faster
than that in (10).

3. NUMERICAL EXAMPLES

3.1. Random Vectors Generated from One Source

In this section, we show a simulation study of the proposed rules
for a better understanding of the analytical results. We che@ge

to be a sequence of independent jointly-Gaussian random vectors
with the correlation matrix

09 04 07 03
04 03 05 04

R=107 a5 10 06 an
03 04 06 09
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Fig. 1. Average behaviors for fierent values op under the GNWS rule ((a) and (b)). Average behaviors of the GWS pute 1), the
GNWS rule = 1), and the Chen’s rule [8] ((c) and (d)).

We choosK = 2,5 = 0.01, andD = diag[d, d;] = diag[051 1.01].  theoretically justify this fact.

For evaluation of the algorithms, we compute the ensemble aver-  Then, we show the flierence between the GWS and the GNWS

ages of the performance factors as follows: rules in Fig. 1(c) and 1(d). The behavior of the Chen’s rule [8] is
also depicted. It can be observed that the Chen’s rule diverges

Jn) = (1 - P(MPT(M)R(I - P(MP"(n))],  (18) rapidly. The diference of behavior between the GWS and the
n(n) = IPT(NP(n) - Iz (19) GNWS rules is small; however, it should be noted that we can
) ) ) observe the distinct ffierence in the behavior gfas seen in Fig.
for each algorithm using 100 independent runs, whege) = 1(d). The GNWS rule keeps orthogonality more strongly than the
W(n)D*, || - || denotes the Frobenius norm, tr[] is the trace, and GWS rule. This observation coincides with the theoretical result
D2 is a diagonal matrix with the entriegdy, ..., Vdk_1. of Theorem 4.

Figures 1(a) and 1(b) illustrate the average behaviors of the
cost functionsl(n) andr(n) for different valuep under the GNWS
rule, respectively. We examine the cases where-1, 0, Q5, 1,
and 2. The GNWS rule whep = 0.5 is identical to the Xu’'s We next show an application of those rules to a backward adaptive
weighted rule (8). The dlierence of behavior is observed both in  transform system [9]. Block diagram of transform coding system
Figs. 1(a) and 1(b). Interestingly, it can also be observed from with backward adaptive transform updates is illustrated in Fig. 2.
Fig. 1(b) that the GNWS rule witlp = 1 preserves orthogonality  In this adaptive system, the transform matn — 1) at the (n-
more stronger than the GNWS rules wiph# 1. Theorem 4 can 1)th iteration is updated with the quantized vedn); therefore,

3.2. Backward Adaptation in the Presence of Quantization
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Fig. 4. Stability of orthogonality in the “Lena” image.

PSNR [dB]

analyzed. The special case of the proposed form such that orthog-
onality of the estimated matrix is preserved has been found. We
conclude that the GNWS rule with the parametet 1 (Xu's nor-
malized rule) is the most promising among the rules dealt with in
the paper. Future work may involve the development of fast and
orthogonal algorithms as done in [5, 10]
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