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ABSTRACT

Image Inpainting refers to the ill-posed problem of filling
in the missing data in digital images by interpolating from
the vicinity. It is shown in this paper how inpainting can be
performed by means of random simulation of boundary in-
tegral, which we call the Monte Carlo method. Our method
is computationally less taxing than the classical diffusion
methods, and yields a solution that may have strong edges.

1. INTRODUCTION

Image inpainting is a practice of filling in the missing data
in digital images by interpolation from the vicinity. It is
an ill-posed problem, in which image prior model play a
crucial role. The continuity and smoothness of the natural
images are the bases for us to build such a prior model, as
demonstrated by the Esedoglu and Shen’s Mumford-Shah-
Euler image model[3] and Chan, Kang and Shen’s elastica
image model[6].

In this paper we present an inpainting algorithm based
on an improved Mumford-Shah image model:

Elu,T) = %/Q\F |Vul|*da

" / (@|X"(5) + BIX"(s)P)ds, (L1
N

where X (s) = [z(s), y(s)], s € [0, 1]. The first term is anal-
ogous to an elastic energy and minimizing F (u, I') force the
image function to be harmonic on the smooth region Q \ T'.
We use the random simulation of boundary integral to inter-
polate the smooth region of the inpainting domain. We call
it a Monte Carlo method. The second term is the elastic en-
ergy of the active contour models[12]. We use it to connect
the broken edges reaching the boundary of the inpainting
domain.

Our algorithm is a fast image inpainting method. The
previous diffusion methods need several minutes to fill in a
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generally small area. Such a speed is unacceptable. Our ap-
proach needs about a second to fill in a general non-texture
inpainting domain, and yields a more natural solution. Our
algorithm can also preserve sharp edges.

2. MONTE CARLO METHOD

We denote € the entire image domain, and D the inpaint-
ing domain where the data is missing, which we suppose to
have piecewise smooth boundary dD. In this section, we
suppose that the inpainting domain D is a smooth domain
and introduce our Monte Carlo method. In this situation we
only need to interpolate it from the vicinity by minimizing

E[u]z/ |Vu|?dz,
D

The Euler-Lagrange equation of it is Au = 0. Consider-
ing the vicinity as the boundary condition, the inpainting
problem of a smooth region constitute a dirichlet problem.
Define the Green’s function for the inpainting domain D
[13]:

(2.1)

1 1
G(z,20) = 5= log = +g(2,20), r=|z—2| (2.2)
2 T

where ¢ is a harmonic function such that G|r = 0. Thus
g(z) = (logr)/2m, z € dD.

An interpolation method for numerically computing the
function g(z) is as follows: In the polar coordinate system
let zp be taken as the pole, and let the polar axis be directed
parallel to the z-axis, thus z —zg = re®’. Let P(z)be the an-
alytic function with g(z) as its real part, and have the series
representation

P(Z) = ch(«z - Zo)k, Ccr = ai + ibg.
k=0

Then we take g(2) = R{Y_ cr(z — z0)*}, i.e.,
k=0

g(r,0) =~ ag + Z ¥ (ay, cos k@ — by sin k).
k=1
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Since this polynomial has(2n+1)coefficients, we take (2n+
1) arbitrary points z1, - - - , 22,41 on 9D and choose the co-
efficients ay, by, such that at the pointsz;,j7 = 1,---,2n +
1, g(z;) = (logr;)/2m, i.e., the coefficients ay, byare deter-
mined from the system of equations:

- 1
ap + Z ¥ (ay, cos kO — by sin kb)) = Dy log 1
k=1

" 1
ag + Z rlg(ak cos kfy — by sin k) = Dy log ro
k=1

n

k .
ap + E 541 (0% cOS ka1 — by sin k2,4 1)
k=1

1
= % log T2n+1

where z; — zg = e j=1,--- 2n + 1.

After the Green’s function for the region D is obtained,
the dirichlet problem for the region D can be solved in ex-
plicit form by using Green’s function,

u(zo):/ u%ds
8

o= (2.3)

where n denote the inward normal to the boundary 0D.
We will use the random simulation of the boundary integral
in (2.3)to solve the inpainting problem. It can be proved
that |, op 9G/0nds = 1, s0 9G/0n is a distribution on the

boundary 0D. We randomly take N points z1,--- , 2y on
0D according to this distribution, and let
1N
u(z0) = + > u(zp). (2.4)

k=1

It is an approximative solution of the dirichlet problem. An
alternative method is: we randomly take N points z1, - -+ , 2
on the boundary 0D according the uniform distribution, and

let
N
L
SN
k=1
Where L = |, op ds is the length of 9D. We use this opera-
tor to fill in the missing data in digital images.

A more fast method is to take N points z1,--- , zy on
the boundary 0D according the uniform distribution, and let

(2.5)

1

al 1
u(zp) = = Z u(zk)g, (2.6)

where C; = ZkN:1 1/l ry = |zi — z0|,p > 1. Itis a
random weighted average operator.

3. PRACTICAL INPAINTING SCHEME

For a general inpainting domains, we detect edges using
’Canny’ operator along the boundary of the inpainting do-
main. If there are not edges reaching it, the inpainting do-
main will be considered as a smooth region, it will be re-
constructed using the Monte Carlo method proposed above.
Figure 1 shows an example in this case. It is produced in
0.32 second. The inpainting result is so natural that we can’t
discern the inpainting domain in the reconstructed image.

Fig. 1. Left: The image to be filled in; Right: The reconstructed
image.

If there are edges reaching the boundary of the inpaint-
ing domain, we will first extend these edges into the in-
painting domain, they naturally partitioning the domain into
smooth regions. Then we complement these smooth re-
gion using random simulation of boundary integral. In fact,
Nitzberg et al[14] have firstly proposed the idea of extend-
ing the edges and piecewise reconstructing the image. Our
work is devoted to design a simulation method to speed up
the inpainting process.

We detect edges along the boundary 952 in the counter-
clock direction. The point P; where there is a edge run to
the boundary 0f2 is denote as a T-junction. And for each
T-junction we compute the intensity of the two side of the
broken edge, and denote them as I} and I, where the super-
script denote respectively the two side in the counter-block
order, while the subscript ¢ denote the ist T-junctions in the
counter-block direction. We also compute the tangent direc-
tion 7;of the broken edge. So we can denote a T-junction
by (pi7 ’I’L“Iz aIz )

In order to decide that two T-junctions can be connected,
we compute

i) = \/ + (12112

The two T-junctions (p;, 77, I}, If)and(pj, n;, Ij , If)whlch
minimize o; ; are considered should be connected. If there
is an edge crossing another in the inpainting domain, this
method will fail.

For the inpainting problem, the ultimate difficulty lies in

producing a natural configuration of edges, which depend-
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ing on the prior model. We use the internal energy of the
snake model[13] to connect the edges, it is to minimize the
energy

E(pin ), (0 75)) = / (@|X'(3)? + BIX" (5)?)ds,

where I' denote edge connecting p; and p;, and s denote the
arc-length. The descent flow of the energy is:

Xi(s,t) = aX"(s,t) — X" (s,1).

We first connect two T-junctions using a polygon, and use it
as the initial solution of the iterative method. In this paper
we leta =0.3,3 =0.7.

As discussed by Chan, Kang and Shen in[6], there are
three kinds of elementary edge shapes in a local inpainting
domain: smooth curve, corner and T-shaped junction. It is
easy to continue the smooth edges, but it is difficult to tell
apart smooth edges from corners. The existence of a cor-
ner or the exact configuration of T-shape inside the inpaint-
ing domain will need extra information or require additional
models and algorithms. This is still an open problem. Sup-
posing we do know the right class that the inpainting do-
main belongs to, we only need to connect those correspond-
ing pair of T-junctions and corner points. The connected
edges of our paradigm are illustrated in the up picture of
Figure 2.

When the edges behind the inpainting domain are all
determined, the inpainting domain is divided into smooth
pieces. These smooth pieces are independent to each other,
so we fill in these smooth pieces one by one using Monte
Carlo method. For each smooth piece, we use its border-
line to determine the harmonic function g and the Green’s
function. But in the interpolation process we only consider
the tangent section of the boundary of inpainting domain,
i.e., we randomly take Npoints on the tangent section of
the boundary of inpainting domain, and compute u(z ) us-
ing (2.5). As illustrated in the up picture of figure 3.2, the
white line represent the connected edge, it go through the
inpainting domain and divide it into two smooth pieces, it
also divide the boundary into two section. The left smooth
piece only depend on the left section of the boundary, and is
independent to the right section. So we compute the Green’s
function using the left section of the boundary and the con-
nected edge, and interpolate this smooth piece only from
the left section of the boundary. It is analogous for the right
smooth piece. The result of interpolation is illustrated in the
middle picture of Figure 2.

As illustrated in the middle picture of Figure 2, edges
formed by our interpolation method are nearly ideal step
edges, we will transform them into natural step edges by a
convolution with the gaussian function with width o, which
is obtained from the corresponding T-junctions. The down
picture of Figure 2 shows the result of edge convolution.

&L(

Fig. 2. Up: The inpainting domain is divided into two smooth
pieces by the connected edge, and we will interpolate them one by
one from their tangent section of the boundary of the inpainting
domain; Middle: The result of interpolation. Down: The result of
edge convolution.
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4. EXPERIMENTAL RESULTS AND
CONCLUSIONS

We have implemented the algorithm in C++ using a S00MHz

Pentium IIT PC with 256MB of memory running Windows98.

Results shown in Figure 3 were produced in about a second
using the operator (2.5). Inaccurate edge detecting and con-
necting caused the artifact on the bright edge of the nose.

Fig. 3.

LENA:
(Down)Restored image obtained with our algorithm.

(Up)Picture with two missing block;

We have presented a digital image inpainting algorithm
based on Monte Carlo method. The results produced by this
method are more natural than those previously inpainting
methods based on diffusion, and is greatly faster.

The presented algorithm is intended for filling in gen-
erally large areas, which is difficult for some previously in-
painting method. Our algorithm is certainly also fit for lo-
cally small areas, but is not fit for long-narrow areas, for
example the random trace of a pencil. We will solve this
problem in our future work.
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