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ABSTRACT
This paper presents the application of a new cooperative op-
timization algorithm for image segmentation. In our exper-
iments, it signiÞcantly outperforms graph cuts, an emerging
powerful optimization algorithm for image processing and
computer vision. Compared to graph cuts, it is 10 times
faster, much less restrictive on energy function forms, has
an error rate two to three times smaller, and does not need
extra memory while graph cuts allocated 22 Mbytes more
for a 384 × 288 image. Its operations are simple and fully
parallel that can be implemented in a system of agents (e.g.,
neurons). Also, it has a solid theoretical foundation on its
computational properties.

1. INTRODUCTION

Image segmentation is a fundamental problem in image pro-
cessing and computer vision. Its aim is to partition an im-
age into regions of similar image properties, such as texture,
color, and brightness. It has been studied for decades and
[1] provides a good overview of different approaches. Re-
cent work includes a variety of techniques, such as stochas-
tic model, morphological watershed based region growing,
energy difÞsion, and graph-theoretical methods.
In particular, the graph-theoretical approaches deÞne an

energy function by the similarities of locally extracted im-
age features Þrst and apply different optimization techniques
thereafter. Among them are graph cuts [2], normalized graph
cuts [3], semideÞnite programming [4].
However, those optimization methods become compu-

tationally demanding as image size increases. Also, using
pairwise similarities has limited success in accuracy and tol-
erance to noise because they contain only binary constraints
as the knowledge for segmentation.
This paper presents a new cooperative optimization al-

gorithm for image segmentation. It has the same principle
as the cooperative optimization proposed by D.Marr and
T.Poggio [5], but with a different set of difference equa-
tions. Unlike [5], the new cooperative optimization has a
clearly deÞned objective function to minimize. Also, it has
a solid theoretical foundation on its convergence properties,

completeness, equilibrium, quality of solutions, sufÞcient
conditions, and necessary conditions. It is less restrictive on
energy function forms than graph cuts and [5] so that higher
order constraints can be introduced to improve the accuracy
and noise tolerance level. It has also shown promising pre-
liminary results in the applications for stereo matching [6],
shape from shading [7], and DNA image analysis [8].

2. ENERGY MINIMIZATION IN IMAGE
SEGMENTATION

Like many problems from image processing and computer
vision, image segmentation can be formulated as the mini-
mization of an energy function of the following form:

E(x1, x2, . . . , xn) =
∑

i

Ci(xi)+
∑

i,j,i�=j

Cij(xi, xj) , (1)

Ci is called a unary constraint on variable xi and Cij is
called a binary constraint on variable xi and xj . xi is a dis-
crete variable of domainDi, xi ∈ Di, of a Þnite size. Such a
problem is called the binary constraint-based optimization.
Like many other combinatorial optimization problems, it is
NP-hard despite of the simplicity of its form.
The graph cut algorithm puts some restriction on the bi-

nary constraint Cij(xi, xj). That is, Di = Dj , and

Cij(x1, x2) = 0 ⇔ x1 = x2 ,

Cij(x1, x2) = Cij(x2, x1) ≥ 0 ,

for any x1, x2 ∈ Di. An binary constraint satisfying these
restrictions is called a semimetric constraint. An interest-
ing special case of that is the Potts model [2]. Also, many
existing optimization techniques used for image processing
work only with energy functions with constraints of order
no higher than two due to the tractability issues. If we want
to explicitly keep the discontinuity along object boundaries,
we need to drop the semimetric restriction. If we want to
obtain better solutions, we need to introduce higher order
constraints into energy functions.
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The cooperative optimization algorithm, called CCC al-
gorithm, does not impose those restrictions as long as an
energy function is of an aggregate form:

E(x1, x2, . . . , xn) =
∑

i

Ei , (2)

where Ei is a sub-energy function deÞned on a subset of
variables. Obviously, the energy function (1) is a special
case of (2).
As a generalization of the original cooperative optimiza-

tion, CCC algorithm uses a number of cells (neurons), one
for each variable value. The state of the cell corresponding
to the value xi for variable i is denoted as c

(k)
i (xi), where

k is the iteration step. The difference equations (termed as
�update functions� in [5]) for the states of cells are

c
(k)
i (xi) = σt(k)

(
min

xj∈Xi\xi

Ẽi

)
, for xi ∈ Di and ∀i , (3)

where σt(k) is a threshold function with the threshold t(k).
Any cell of a state value greater than t(k) will be inhibited.
Xi \ xi denotes the set Xi minuses {xi}. Ẽi is called mod-
iÞed sub-objective function:

Ẽi = (1 − λk) Ei + λk

∑
j

wijc
(k−1)
j (xj) , (4)

where λk is a parameter controlling the level of the coopera-
tion at step k,wij are non-negative real values and (wij)n×n

should be a propagation matrix (see [7] for detail).
(wij)n×n deÞnes the neighborhood relations among the

variables. The cell for value xi communicates with the cell
for xj in (3) only if wij is non-zero. The propagationmatrix
is a generalization of neighborhood in the special case of the
pairwise interactions among cells.
One of the key operations of CCC algorithm is cell in-

hibition. Inhibiting a cell means discarding the value for
a variable the cell corresponds to. Such a process is the
same in principle as the one used by the original coopera-
tive optimization. There do exist thresholds for us to dis-
card variable values that can not be in the global optimum
of an energy function [7]. If only one value is left for each
variable after certain iteration, then the global optimum is
found, guaranteed by theory.

3. THEORETICAL FOUNDATIONS

This subsection will show the convergence properties of the
algorithm. For other properties, such as the necessary con-
ditions, the sufÞcient conditions, the completeness of the
algorithm please see [7]. Readers who are not interested in
the theoretical part can skip this section.
The following theorem shows that c(k)

i (xi) for xi ∈ Di

have a direct relationship to the lower bound on the optimal
cost E∗.

Theorem 3.1 Given any propagationmatrixW and the gen-
eral initial condition c(0) = 0 or λ1 = 0,

∑
i c

(k)
i (xi) is a

lower bound on E(x1, . . . , xn), that is∑
i

c
(k)
i (xi) ≤ E(x1, x2, . . . , xn), for any k ≥ 1 . (5)

In particular, let E(k)
− =

∑
c
(k)
i (x̃i), then E

(k)
− is a lower

bound on the optimal cost E ∗, that is E
(k)
− ≤ E∗.

Here, subscript �-� in E
(k)
− indicates that it is a lower

bound on E∗.
This theorem tells us that

∑
c
(k)
i (x̃i) provides a lower

bound on the energy function E. We will show in the next
theorem that this lower bound is guaranteed to be improved
as the iteration proceeds.

Theorem 3.2 Given any propagation matrixW , a constant
cooperation strength λ, and the general condition c (0) =
0, {E(k)

− |k ≥ 0} is a non-decreasing sequence with upper
bound E∗.

The system is called reaching a consensus solution if,
for any i and j, where Ej contains xi,

arg min
xi

Ẽi = arg min
xi

Ẽj .

If a consensus solution is found at some step, then we can
Þnd out the closeness between the consensus solution and
the global optimum in cost. If the algorithm converges to a
consensus solution, then it must be the global optimum also.
The following theorem makes those points clearer.

Theorem 3.3 Given any propagation matrix W , and the
general initial condition c(0) = 0 or λ1 = 0. If a con-
sensus solution x̃ is found at iteration step k1 and remains
the same from step k1 to step k2, then the closeness between
the cost of x̃, E(x̃), and the optimal cost, E ∗, satisÞes the
following two inequalities,

0 ≤ E(x̃) − E∗ ≤
(

k2∏
k=k1

λk

)(
E(x̃) − E

(k1−1)
−

)
, (6)

0 ≤ E(x̃) − E∗ ≤
∏k2

k=k1
λk

1 −∏k2
k=k1

λk

(E∗ − E
(k1−1)
− ) , (7)

where (E∗−E
(k1−1)
− ) is the difference between the optimal

cost E∗ and the lower bound on the optimal cost, E (k1−1)
− ,

obtained at step k1 − 1. When k2 − k1 → ∞ and 1− λk ≥
ε > 0 for k1 ≤ k ≤ k2, E(x̃) → E∗.

The performance of CCC Algorithm depends on the dy-
namic behavior of the difference equations (3). Its conver-
gence properties are revealed in the following two theorems.
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The Þrst one shows that, given any propagationmatrix and a
constant cooperation strength, there does exist a solution to
satisfy the difference equations (3). The second one shows
that the algorithm converges exponentially to that solution.

Theorem 3.4 Given any symmetric propagation matrixW
and a constant cooperation strength λ, then Difference Equa-
tions (3) have one and only one solution, denoted as (c (∞)

i (xi))
or simply c(∞).

Theorem 3.5 Given any symmetric propagation matrixW
and a constant cooperation strength λ, CCC Algorithm, with
any choice of the initial condition c(0), converges to c(∞)

with an exponential convergence rate λ. That is

‖c(k) − c(∞)‖∞ ≤ λk‖c(0) − c(∞)‖∞ . (8)

This theorem is called the convergence theorem. It in-
dicates that CCC Algorithm is stable and has a unique at-
tractor, c(∞). Hence, the evolution of CCC Algorithm is
robust, insensitive to the perturbations, and the Þnal solu-
tion of the algorithm is independent of initial conditions.
In contrast, conventional algorithms [9] based on iterative
improvement, such as Local Search, have many local at-
tractors due to the local minima problem. The evolutions
of these algorithms are sensitive to perturbations, and the
Þnal solutions of these algorithms are dependent on initial
conditions.

4. EXPERIMENTAL RESULTS

Images containing real world objects are used in our exper-
iments. The images are from the evaluation framework of-
fered by Middlebury College [10]. It is originally used for
evaluating different stereo matching algorithms. What we
need from the framework are the Potts energy model, error
calculation, the graph cut algorithm, and the images. One
interesting image is from the University of Tsukuba (see
Fig. 1).
Like many other image segmentation experiments, we

artiÞcially add noise to the original images. The form of
noise is the data drop-out noise (commonly referred to as in-
tensity spikes, speckle or salt and pepper noise). In our case,
pixels are randomly set with a uniform distribution from the
minimum value to the maximum value with a probability p
(see Fig. 1).
The parameters we picked for the Potts model are based

on the best values for the stereo matching. The unary con-
straint Ci(xi) = 0 (see (1)) if xi equals the observed value
at site i, otherwise it is set to 10. Only adjacent sites have
binary constraints. Cij(xi, xj) = 0 if xi = xj , otherwise
it is set to 40. In an image, each site has four adjacent sites
(neighbors).

With this setting, the result of the graph cut algorithm
is shown in Fig. 1. It has 1.87% bad pixels and an error
rate of 1.03. The error rate is satisfying, but we can clearly
see the image has been over ßattened and the camera�s post
and the lamp�s post are almost completely merged into the
background.
In our algorithm, the unary constraintC i(xi) is the same

as the one used by graph cuts. Instead of using the binary
constraint like the graph cuts due to its limitation, we choose
9-ary constraint, denoted as C 9(xi1, . . . , xi9), deÞned by a
3×3mask. That is, given a site i and its eight neighbors, the
constraint is deÞned on the nine corresponding variables. If
a site j is of the same value as the one of the central site
in the mask, then the value at site j is set to 1. Otherwise,
it is set to 0. Therefore, there are in total 29 = 512 tuples
deÞned by the constraint. We rank those tuples based on
their occurring probabilities through a learning process us-
ing the four images, pick the top ones that have a probability
of 99.8% in total, and set C9(xi1, . . . , xi9) = 0, for those
tuples, and a very high value for other tuples.
Since a 3 × 3 mask is used, for the propagation matrix,

we set wij = 1/9 for xi and its eight neighbor variables,
and wij = 0 for the other variables. In the iterative function
(3), the parameter λk is updated as

λk = (k − 1)/k, where k ≥ 1.

With this setting, the result of our algorithm is shown in
Fig. 1. It has 0.63% bad pixels, which is three times smaller
than that of graph cuts, and an error rate of 0.49, which is
more than two times smaller than that of graph cuts. Our
algorithm did not allocate any extra memory besides the
15Mbytes used by the framework, while graph cuts allo-
cated 22 Mbytes more. Graph cuts took 278 sec. on an XP
machine of Pentium 1.4G, while our algorithm took only 33
sec.
Table 1 shows the comparison of our algorithm versus

graph cuts using the Tsukuba image with drop-out noise of
different probabilities p. Table 2 shows the performance
of the two algorithms using the Sawtooth image of size
434 × 380 from the framework. Clearly, our algorithm sig-
niÞcantly outperforms graph cuts both in solution quality
and speed in all cases.

5. CONCLUSIONS

CCC Algorithm is a general global optimization algorithm.
It is applicable to the special case of the binary smoothness
constraints [10], as well as to other cases where constraints
are of higher orders and are non-smooth. In our experi-
ments, it signiÞcantly outperformed graph cuts (a popular
powerful optimization algorithm in image processing and
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Table 1. Performance on the Tsububa image
Our algorithm / Graph cuts

Noise Error rate Bad pixels Time (in sec.)
25% 0.49 / 1.03 0.63% / 1.87% 33 / 278
27% 0.52 / 1.05 0.70% / 1.97% 33 / 279
29% 0.54 / 1.05 0.85% / 1.97% 34 / 364
31% 0.61 / 1.04 0.97% / 1.97% 34 / 367
33% 0.64 / 1.06 1.15% / 2.05% 33 / 375

Table 2. Performance on the Sawtooth image
Our algorithm / Graph cuts

Noise Error rate Bad pixels Time (in sec.)
25% 0.66 / 0.81 0.28% / 0.65% 37 / 619
27% 0.66 / 0.85 0.31% / 0.96% 37 / 355
29% 0.72 / 0.84 0.42% / 0.90% 37 / 347
31% 0.74 / 0.88 0.50% / 1.03% 37 / 352
33% 0.81 / 0.87 0.65% / 1.00% 37 / 432

computer vision) in terms of solution quality and speed. Its
operations are simple and inherently parallel. They can be
directly implemented in systems of locally connected neu-
rons or processors, where their spatio-temporal dynamics is
described by the difference equations in the algorithm.
Our algorithm has a solid theoretical foundation. It is

guaranteed to converge to an unique equilibrium,whichmust
be the global optimum if it is a consensus one. The conver-
gence is exponential, and the process is insensitive to pertur-
bations to the initial conditions and intermediate solutions.
It has both sufÞcient conditions for recognizing global op-
tima and necessary conditions for reducing the search space.
A lower bound on the energy function is also provided by
the algorithmwhich is guaranteed to be improved after each
iteration. All these properties make this algorithm attractive
and remarkably different from classic algorithms for com-
binatorial global optimization.
Unlike the original cooperative optimization [5], the one

proposed in this paper has a clearly deÞned objective func-
tion (2). Its difference equations (3) are also substantially
different from the original ones. The inhibition process used
by both of the cooperative optimization algorithms makes
them fundamentally different from the most known opti-
mization methods. As Steven Pinker pointed out in his book
�How the Mind Works�, the cooperative optimization cap-
tures the ßavor of the brain�s computation of stereo vision.
Further investigation on this new optimization method is
desirable both from the theoretical perspective for under-
standing human vision and from the practical perspective
for a wide range of applications in image processing, pat-
tern recognition, and computer vision.

Fig. 1. Original image (top-left), Noisy image (top-
right), Graph cuts (bottom-left), and Cooperative algorithm
(bottom-right).
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